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Executive Summary 
 

The detection and measurement of rebar corrosion in reinforced concrete using ultrasonic Non-Destructive 
Testing (NDT) has been of great interest for several decades, as the operator can monitor corrosion in 
reinforce concrete and ideally detect early signs of corrosion, without any need to drill through or cut the 
concrete.  The limitation of this approach resides in the ability to successfully detect early forms of 
corrosion before cracks reach the surface of the reinforced concrete. 
The goal is to demonstrate the ability to detect early appearance of cracks in reinforced concrete due to 
rebar corrosion, using ultrasonic nondestructive acoustic testing with no direct contact between the sensor 
and the concrete block, in conjunction with a poro-elastic ultrasound propagation model.   
The objectives are threefold: (1) Identify the proper measurement configuration and predict the 
performance, using the modeling of the ultrasound propagation in the reinforced concrete; (2) Perform a 
series of targeted measurements using the proper ultrasonic transducers on a set of existing reinforced 
concrete samples placed in partial or complete immersion; (3) Evaluate the degree of corrosion within the 
reinforced concrete with confidence levels according to the poro-elastic model, and correlate the results 
with those obtained (separately from this proposal) using traditional non-invasive techniques (e.g. 
corrosion current and corrosion potential measurements).  
The proposed poro-elastic model ties the physical properties of the porous medium (such as porosity, 
mean grain diameter, mass density, bulk modulus, shear modulus) to the sound propagation through the 
porous medium.  It can also handle gradual changes of the physical characteristics of the medium and 
produce a synthetic response to a broadband acoustic impulse.  This technique is very relevant in the 
material observed around the corroding bar.  
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Chapter 1. Introduction 
 
1.1 Problem Statement 
 

The detection and measurement of rebar corrosion in reinforced concrete using ultrasonic Non-Destructive 
Testing (NDT) has been of great interest for several decades, as the operator can monitor corrosion in 
reinforce concrete and ideally detect early signs of corrosion, without any need to drill through or cut the 
concrete.  The limitation of this approach resides in the ability to successfully detect early forms of 
corrosion before cracks reach the surface of the reinforced concrete. 
This research would be the foundation for a more detailed acoustic analysis of rebar corrosion detection 
in reinforced concrete pilings/columns out in the field.  

1.2 Objectives 
 
The goal is to demonstrate the ability to detect early appearance of cracks in reinforced concrete due to 
rebar corrosion, using ultrasonic nondestructive acoustic testing with no direct contact between the sensor 
and the concrete block, in conjunction with a poro-elastic ultrasound propagation model.   
The objectives are threefold: (1) Identify the proper measurement configuration and predict the 
performance, using the modeling of the ultrasound propagation in the reinforced concrete; (2) Perform a 
series of targeted measurements using the proper ultrasonic transducers on a set of existing reinforced 
concrete samples placed in partial or complete immersion; (3) Evaluate the degree of corrosion within the 
reinforced concrete with confidence levels according to the poro-elastic model, and correlate the results 
with those obtained (separately from this proposal) using traditional non-invasive techniques (e.g. 
corrosion current and corrosion potential measurements).  
The proposed poro-elastic model ties the physical properties of the porous medium (such as porosity, 
mean grain diameter, mass density, bulk modulus, shear modulus) to the sound propagation through the 
porous medium.  It can also handle gradual changes of the physical characteristics of the medium and 
produce a synthetic response to a broadband acoustic impulse.  This technique is very relevant in the 
material observed around the corroding bar.  
 
1.3 Expected Contributions 
 

At this stage of the project, the contributions are as follow: (i) The development and testing of the poro-
elastic model for the reinforced concrete samples has been completed; (ii) Ultrasonic data and rebar 
potential data have been collected on a limited number of reinforced concrete samples; (iii) Processing of 
simulated data sets and comparison between simulated and measured data were completed; (iv) A non-
linear solver using Trust-Region Reflective (TRR) algorithm has been developed, to optimize the 
coefficient matching between model and experimental data. 
 
In the longer term, using the proposed approach, the detection of pre-cracking corrosion and early-stage 
post-cracking corrosion becomes possible.  
Pre-cracking corrosion would translate into two phenomena: (i) A change in the characteristic impedance 
of the rebar in contact with the concrete, causing predominantly a change in the amplitude of the rebar 
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echo; (ii) A change in the diameter of the rebar, which would produce a change in the time-of-travel 
difference between surface echo and rebar echo. 
Post-cracking corrosion would translate into two phenomena: (i) An accentuated change in the 
characteristic impedance of the rebar in contact with the concrete (in comparison with the pre-cracking 
corrosion case), causing predominantly an accentuated change in the amplitude of the rebar echo;  (ii) The 
appearance of an additional echo due to the presence of forming cracks.   

Differentiating in time between the crack echo and rebar echo would be difficult due to their proximity.  
However, post-cracking corrosion will result in a very different signature from pre-cracking corrosion, 
which in turn will generate significantly different matching parameters in the poro-elastic model.  For this 
reason, post-cracking corrosion is very likely to be detected and identified. 

 
1.4 Report Overview 
 

A literature review is provided in Chapter 2.  The methodology is presented in Chapter 3.  This chapter 
comprises an overview of the proposed approach, a description of the poro-elastic acoustic model and 
associated physical parameters of the reinforced concrete, and a description of the nonlinear solver used 
to improve the accuracy of the physical parameters.  Chapter 4 covers the results and discussion.  This 
chapter includes a description of the initial concrete sample modeling and experimentation.  It also 
includes a description of the ongoing experimentation and analysis of a new set of concrete samples.  
Chapter 5 contains the summary and conclusions and is followed with a list of cited references. 
 
 

Chapter 2. Literature Review 
 

The detection and measurement of rebar corrosion in reinforced concrete using ultrasonic Non-Destructive 
Testing (NDT) has been of great interest for several decades.  The benefit is obvious:  using ultrasonic 
NDT, the operator can monitor corrosion in reinforce concrete and ideally detect early signs of corrosion, 
without any need to drill through or cut the concrete.  The limitation of this approach resides in the ability 
to successfully detect early forms of corrosion, before cracks reach the surface of the reinforced concrete. 
Recent publications indicate that the scientific community is testing a variety of signal processing 
approaches to accurately estimate the propagation of cracks and changes in the rebar diameter, using 
narrow-beam, broadband acoustic transducers.  Such transducers are operated at hundreds of [kHz], with 
[mm] scale resolution.  These approaches include higher-order statistics, Short-Time Fourier Transform 
analysis (STFT), Artificial Neural-Networks (ANN) (Y. Xu et al., 2018), Convolutional Neural Network 
(CNN) (An et al., 2018), Wavelet Decomposition (WD) (Chang et a., 2019), Empirical Mode 
Decomposition (EMD) (Lin et al., 2009) among others (J. Xu et al., 2019).  Such state-of-the-art 
techniques have great merit, but are limited in several ways: 
• The techniques presented rely one way or another on distance measurement, obtained from the time-

of-travel of sound and an estimate of the sound speed in the concrete and rebar.  Propagation of 
ultrasounds through concrete is subject to great attenuation, mostly due to friction and scattering 
(Prassianakis et al., 2004).  Such attenuation increases significantly with frequency, while spatial 
resolution improves as the frequency of operation (thus the effective frequency bandwidth of the 
transducer) increases (Philippidis et al., 2005).  As a result, ultrasonic transducers used to monitor 
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reinforced concrete are often operated around 500 [kHz], so that sound can travel through several [cm] 
of concrete, reach the rebar and produce a sufficiently strong echo, all of this with a resolution of the 
order of 5-to-15 [mm] (depending on the transducer bandwidth and actual speed of sound in the 
concrete) (Chaix et al., 2003; Laureti et al., 2018).  One should note that many techniques exist (shear 
probes, contact transducers, focused and unfocused immersion transducers) and that the angle of 
observation can be adjusted (Panametrics, 2010).  But it remains that the resolution is not sufficient to 
observe cracks a few [mm] long or less, which in turn limits the ability for an early detection. 

• These techniques require either algorithm training (ANN, CNN), thorough observation of damaged 
samples, or an acoustic propagation model: 

 In the first case, the performance of the approach depends heavily on the number of training 
samples available and is limited to the statistical representativity of such samples.  Considering 
the [mm] scale resolution of the transducers, the highly anisotropic nature of concrete and the 
strong variation in shape and composition of the corroded areas, such statistical representativity 
can only be achieved through very large number of concrete samples. 

 In the second case, the published approaches rely on simple acoustic models to translate the 
acoustic signal into actual estimates of the actual damaged occurring in the rebar and the concrete.  
Elastodynamic Finite Integration Technique (EFIT) (Fellinger et al., 1995), volume scattering 
models and similar Finite Element Analysis tools (COMSOL, ANSYS) are commonly used 
(Molero et al., 2014; Nakahata et al., 2015):  while such techniques have great merit and produce 
results of great quality, they rely on a purely elastic model.   

Sample observation clearly indicates that, in the vicinity of corrosion and crack, there is a complex 
structure combining fluid cavities and loose concrete material surrounding the corroded rebar (Presuel, 
2015; Presuel et al., 2018).   This means that a more appropriate acoustic propagation model is the poro-
elastic model, such as the well-established Biot (Biot, 1956; Biot, 1962) and Biot-Stoll (Stoll, 1977) 
models developed for the propagation of sound in the seafloor.  In both cases, fluid-filled cavities and a 
skeletal frame produce couple vibrations induced by the incoming sound, resulting in a dispersive medium 
where two types of compressional waves (the fast wave and the slow wave) and shear waves propagates.  
The frequency response of a poro-elastic medium is different from that of an elastic or even visco-elastic 
medium.   
The Biot-Stoll model (derived from the original Biot model), although complex, has the great benefit of 
tying the physical properties of the porous medium (such as porosity, mean grain diameter, mass density, 
bulk moduli, shear moduli and so on) to the sound propagation through the porous medium.  As such, it 
is possible to fit a set of physical characteristics of the medium to a specific acoustic signature measured 
off a transducer.  While the Biot-Stoll model has been extensively used for foundation engineering and 
Navy purposes over the past fifty years, it has not been applied to the problem studied here.  In addition, 
the Principal Investigator has studied and published a specific technique, derived from the initial work by 
Stern (Stern et al., 1985), to handle gradual changes of the physical characteristics of the medium and 
produce a synthetic response of such a porous medium to a broadband acoustic impulse (Beaujean, 1995; 
Beaujean et al., 2006; Joussein, Beaujean and Schock, 2004).  To be clear, such a model can handle the 
propagation of sound through a pure fluid, a solid and a corroding porous medium.  This technique is very 
relevant at the acoustic frequencies used and in material observed around the corroding bar.  
  



10 | P a g e  

 
Chapter 3. Methodology 

 
3.1 Overview 

 
The overall approach is depicted in Figures 1 and 2. The approach consists in analyzing a limited series 
of reinforced concrete samples provided by the Corrosion Laboratory (Florida Atlantic University, 
Department of Ocean and Mechanical Engineering, under the lead of Dr. Presuel-Moreno) using a narrow-
beam high-frequency submerged transducer operated at 500 [kHz].  In this case, the author uses an 
Olympus Panametrics V389 (Panametrics, 2010) connected to an HP8112A high-frequency impulse 
generator and a Tektronix DPO3014, already available in the author’s laboratory.  This work was 
presented during a TriDurLE symposium in December 2021 (Beaujean et al., 2021; Brogden et al., 2021).  
Regarding the detection ability in the field, two aspects must be considered:  the transducer aspect and the 
signal processing aspect.  It is understood that a submerged transducer is not necessarily the most practical 
choice in field operation.  In the longer term, the author intends on testing the approach using a contact 
transducer.  Using a contact transducer will not modify the proposed approach, which is entirely based on 
the acoustic signature of the signal as it travels through the concrete to the rebar.  
Regarding the signal processing aspect, we must keep in mind that the Panametrics V389 immersion 
transducer is operated at 500 [kHz] with a pulse length of 7 [µs], which corresponds to a range resolution 
of nearly 16 [mm] (using an estimated 4500 [m/s] for the compressional sound speed in concrete), while 
the acoustic wavelength is 9 [mm].  This unfocused transducer also has a beamwidth of 14 [deg] at -6 [dB] 
in the concrete, which corresponds to an across-range resolution of 12 [mm]. 
Using this transducer, pre-cracking corrosion would translate into two phenomena: 

◦ A change in the characteristic impedance of the rebar in contact with the concrete, causing 
predominantly a change in the amplitude of the rebar echo. 

◦ A change in the diameter of the rebar, which would produce a change in the time-of-travel 
difference between surface echo and rebar echo. 

Also, post-cracking corrosion would translate into two phenomena: 

◦ An accentuated change in the characteristic impedance of the rebar in contact with the concrete 
(in comparison with the pre-cracking corrosion case), causing predominantly an accentuated 
change in the amplitude of the rebar echo. 

◦ The appearance of an additional echo due to the presence of forming cracks.  Differentiating 
in time between the crack echo and rebar echo would be difficult due to their proximity.  
However, post-cracking corrosion will result in a very different signature from pre-cracking 
corrosion, which in turn will generate significantly different matching parameters in the poro-
elastic model.  For this reason, post-cracking corrosion is very likely to be detected and 
identified.   

◦ Detection and identification of pre-cracking corrosion is expected to be more challenging than 
that of post-cracking corrosion.  
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Figure 1.  Experimental setup. 
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Data acquisition
. Precisely place the transducerover the 
rebar (y = 0), and at various locations 
over the rebar (by default x = 0, 0.005, 
0.01, … , 0.1 [m]
. At every location, acquire 10 records 
and sum them together to reduce the 
electric noise (both in-band and out-of 
band).

Identify the first concrete echo and first 
rebar echo (measured) using time 
gating

Establish a set of default physical 
parameters for the seawater, concrete 
and rebar

Calculate the theoretical noise-free 
acoustic response using the poro-elastic 
model (assuming either homogeneous 
layer or gradual changes in physical 
properties vs. depth)

Verify that the default parameters 
produce a reasonable match (in terms 
of time alignment and echo amplitude)

Establish a value interval for every 
adjustable physical parameters. By 
default:
. Concrete:  porosity, mass density, bulk 
modulus, shear modulus of the poro-
elastic material.
. Rebar:  mass density, modulus of 
elasticity, distance from the top of the 
rebar to the top of the concrete block.

Use the least-square non-linear solver 
(trust region reflective or Levenberg-
Marquardt) to adjust the physical 
parameters, so that the least-squared 
error between measured and simulated 
echoes (first concrete echo and first 
rebar echo) is minimized.

Identify the first concrete echo and first 
rebar echo (simulated) using time gating

Record and analyze the change in 
physical properties in both concrete 
and rebars from one acquisition to 
the next, and identify trends.  
Compare these trends against the 
corrosion potential  measurements.

Repeat the process at fixed periods 
(by default once a month).

 
Figure 2. Process for the ultrasonic detection of rebar corrosion using poro-elastic model. 
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3.2 Poro-Elastic Acoustic Model Parameters 
 

A complete theory of propagation of acoustic waves in fluid saturated porous media (such as sediments 
and concrete) was first developed by Biot (Biot, 1941; Biot, 1956a; Biot, 1956b; Biot, 1962). Starting with 
a general theory of three-dimensional consolidation of porous media, he applied his research to acoustic 
waves propagation at low and high frequencies. A generalized theory of acoustic propagation in porous 
dissipative media followed a few years later. Physically, a saturated porous medium consists in a porous 
assemblage of grains (in this case the mixture of cementite, sand and coarse) called the skeletal frame, 
whose interconnected pores are filled with water, the pore fluid, and usually a small amount of gas, which 
is often neglected.  By adjusting the parameters governing the Biot model, the propagation of sound in 
concrete can also be modeled.  Figure 3 shows a representation of the reinforced concrete model used at 
present in this research. 
 
 

 
Figure 3. Poro-elastic model for a submerged reinforced concrete block. 

 
The Biot model treats both the individual and coupled behavior of both frame and pore fluid when excited 
by acoustic waves. The energy loss is expected to be caused by the viscosity of the pore fluid as it moves 
relatively to the frame.  The model predicts that the sound speed, the attenuation, and the angle of 
refraction of the incident acoustic wave will depend on frequency, on the elastic properties of the grains 
and pore fluid, on porosity, mean grain size, permeability and effective stress within the porous medium. 
Usually, fourteen parameters are required to describe completely the porous medium and to use the Biot 
model (Table I). The description of these geotechnical parameters is given in Stoll (Stoll, 1977; Stoll, 
1989). 
The main difficulty with the Biot and Biot-Stoll models is the number of parameters required. Fortunately, 
many studies concerning their applicability have been completed (Beebe et al. 1982).  Also, Hovem 
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(Hovem et al., 1979) studied the acoustic waves to infer the pore size parameter ap and the structure factor 
a from different geophysical properties of porous media. Assuming uniform spherical grains, the pore size 
parameter is: 

     𝑎𝑎𝑝𝑝 = 𝛽𝛽𝛽𝛽
3(1−𝛽𝛽)       (1) 

 

Table I.  Original Biot-Stoll model parameters. 

Category Description Symbol Units 

Grain Properties       

  Grain Bulk Modulus Kr [Pa] 

  Grain Mass Density ρr [kg/m3] 

Pore Fluid Properties       

  Fluid Mass Density ρf [kg/m3] 

  Fluid Bulk Modulus Kf [Pa] 

  Fluid Viscosity η [kg/m.s] 

Frame Properties       

  Structure Factor α [non-dimensional] 

  Porosity β [non-dimensional] 

  Permeability ϰ [m2] 

  Pore Size Parameter ap [m] 

  Dry Frame Shear Modulus µ [Pa] 

  Dry Frame Bulk Modulus Kb [Pa] 

  Mean Grain Diameter d [m] 

  Shear Logarithmic Decrement δs [non-dimensional] 

  Bulk Logarithmic Decrement δp [non-dimensional] 

 
 
Stoll (Stoll, 1989) studied the variation of the structure factor α as a function of frequency for different 
kinds of porous media. In the worst case of randomly oriented ducts, corresponding to poorly graded 
coarse sands, α can be as high as 3. Generally, 1 ≤ α ≤ 3.  The frame moduli may be deduced from empirical 
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relations or computed from the self-consistent theory of composites introduced by Berryman (Berryman, 
1980). Hamilton (Hamilton, 1989) derived the following regression formula: 

     𝑙𝑙𝑙𝑙(𝑅𝑅𝑅𝑅{𝐾𝐾𝑏𝑏}) = 𝐾𝐾𝑏𝑏0 − 𝛽𝛽𝐾𝐾𝑏𝑏1      (2) 

Given the compressional bulk modulus of the porous medium, the shear modulus can be expressed as: 

     𝑅𝑅𝑅𝑅{µ𝑏𝑏} = 3𝐾𝐾𝑏𝑏
(1−2𝜎𝜎)
2(1+𝜎𝜎)

       (3) 

where Poisson's ratio is found in the literature.  The determination of the logarithmic decrements is usually 
found experimentally.  Typically, δs ≥ δp due to the higher attenuation of the shear waves as compared 
with the compressional waves of the first kind.  From these, the imaginary part of the bulk modulus and 
shear modulus can be determined: 

     𝐼𝐼𝐼𝐼{𝐾𝐾𝑏𝑏} = 𝛿𝛿𝑝𝑝
𝑅𝑅𝑅𝑅(𝐾𝐾𝑏𝑏)

𝜋𝜋
       (4) 

     𝐼𝐼𝐼𝐼{𝜇𝜇𝑏𝑏} = 𝛿𝛿𝑠𝑠
𝑅𝑅𝑅𝑅(𝜇𝜇𝑏𝑏)

𝜋𝜋
       (5) 

 
 
3.3 Poro-Elastic Acoustic Model 

 
We define 𝑢𝑢�⃗   as the displacement of the frame, and 𝑈𝑈��⃗  is the displacement of the pore fluid relative to the 
frame. The dilatation of an element of volume attached to the frame is: 

     𝑒𝑒 = ∇.𝑢𝑢�⃗         (6) 

The volume of fluid that has flowed into or out of this element is: 

     𝜁𝜁 = 𝛽𝛽∇. (𝑢𝑢�⃗ − 𝑈𝑈��⃗ )      (7) 

Biot (Biot, 1956a; Biot, 1956b) proposed the following equations to be constitutive equations for a 
porous, saturated, isotropic medium: 

     𝜏𝜏𝑖𝑖𝑖𝑖 = 2𝜇𝜇𝑒𝑒𝑖𝑖𝑖𝑖 + 𝛿𝛿𝑖𝑖𝑖𝑖�(𝐻𝐻 − 2𝜇𝜇)𝑒𝑒 − 𝐶𝐶𝐶𝐶�    (8)  

     𝑃𝑃 = 𝑀𝑀𝑀𝑀 − 𝐶𝐶𝐶𝐶        (9) 

where τij and eij are the stress and strain components, respectively, of an element of volume attached to 
the skeletal frame, P is the pore fluid pressure and µ is the shear modulus.  

To understand the meaning of H, C and M and the origin of these two equations, let's consider the case 
where the fluid cannot move relatively to the frame, i.e. when the permeability ϰ is extremely small and 
the pore size is much smaller than the acoustic wave- length.  Then, the equations of motion for a visco-
elastic medium are obtained: 

     𝜏𝜏𝑖𝑖𝑖𝑖 = 2𝜇𝜇𝑒𝑒𝑖𝑖𝑖𝑖 + 𝜆𝜆𝜆𝜆𝛿𝛿𝑖𝑖𝑖𝑖       (10) 
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On the other hand, if the fluid can move with respect to the frame, some coupling terms must be added, 
and an equation has to be created concerning the pore fluid. Thus, H, C and M are introduced. H-1 is the 
compressibility of the grain frame for a change in water pressure, while M -1 corresponds to the ratio of 
the volume of water remaining in the pores to the external pressure -P.  The product Ce corresponds to 
the reaction of the grain frame on the pore fluid due to the deformation of the skeletal frame: 

     𝐶𝐶𝐶𝐶 = 𝑃𝑃 −𝑀𝑀𝑀𝑀       (11) 

From the stress-strain equations, Biot (Biot, 1956a; Biot, 1956b) derived two equations of motion for 
compressional waves and one for shear waves.  For compressional waves, the equations are: 

     𝛻𝛻2(𝐻𝐻𝐻𝐻 − 𝐶𝐶𝐶𝐶) = 𝑑𝑑2

𝑑𝑑𝑡𝑡2
�𝜌𝜌𝜌𝜌 − 𝜌𝜌𝑓𝑓𝜁𝜁�    (12) 

     𝛻𝛻2(𝐶𝐶𝐶𝐶 −𝑀𝑀𝑀𝑀) = 𝑑𝑑2

𝑑𝑑𝑡𝑡2
�𝜌𝜌𝑓𝑓𝑒𝑒 − 𝑚𝑚𝑚𝑚� − 𝜂𝜂𝜂𝜂

𝜅𝜅
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

   (13) 

Where ρ is the averaged mass density of the element of volume: 

     𝜌𝜌 = 𝛽𝛽𝜌𝜌𝑓𝑓 − (1 − 𝛽𝛽)𝜌𝜌𝑟𝑟      (14) 

The added mass coefficient m is defined as: 

     𝑚𝑚 = 𝛼𝛼𝜌𝜌𝑓𝑓
𝛽𝛽

       (15) 

F is the Biot complex correction factor.  In the Biot theory, only a part of the pore fluid moves in the 
direction of the macroscopic gradient of pressure because of the tortuous, multi-directional nature of the 
pores. Therefore, less fluid flows in and out of an element of the skeletal frame for a given acceleration 
than if all the pores were uniform and parallel to the gradient.  As a result, an apparent mass m is introduced 
in replacement of the real mass of fluid contained within the pores. 

Two kinds of viscous damping have been taken into account by Biot: (i) the viscous resistance to fluid 
flow, which needs to be frequency dependent, because the fluid behavior depends on the wavelength to 
pore size ratio; (ii) the local viscous losses occurring in the fluid as a result of local motion near the 
intergranular contacts. 

     𝐹𝐹𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣 = −𝜂𝜂𝜂𝜂𝜂𝜂𝜂𝜂
𝜅𝜅𝜅𝜅𝜅𝜅

      (16) 

     𝐹𝐹(𝐾𝐾) = 𝐹𝐹𝑟𝑟(𝐾𝐾) + 𝑖𝑖𝐹𝐹𝑖𝑖(𝐾𝐾) = 1
4
� 𝐾𝐾𝐾𝐾(𝐾𝐾)

1−2𝑇𝑇(𝐾𝐾)
𝑖𝑖𝑖𝑖

�    (17) 

     𝑇𝑇(𝐾𝐾) = 𝑏𝑏𝑏𝑏𝑟𝑟′(𝐾𝐾)+𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖′(𝐾𝐾)
𝑏𝑏𝑏𝑏𝑏𝑏(𝐾𝐾)+𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖(𝐾𝐾)       (18) 

     𝐾𝐾 = 𝑎𝑎𝑝𝑝 �
𝜔𝜔𝜌𝜌𝑓𝑓
𝜂𝜂
�
1
2       (19) 

Biot (Biot, 1956a) proved this function, initially developed to fit cylindrical ducts, to be accurate enough 
to fit two-dimensional ducts also. 𝜔𝜔 is the angular frequency.  The functions ber(K) and bei(K) are the 
real and imaginary parts of the Kelvin function (Abramowitz et al., 1970):   
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     𝑏𝑏𝑏𝑏𝑏𝑏(𝐾𝐾) + 𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖(𝐾𝐾) = 𝐽𝐽0 �𝐾𝐾𝑒𝑒
3𝑗𝑗π4�     (20) 

     𝑏𝑏𝑏𝑏𝑟𝑟′(𝐾𝐾) =
[𝑅𝑅𝑅𝑅(𝐽𝐽1�𝐾𝐾𝑒𝑒

3𝑖𝑖π4�+ 𝐼𝐼𝐼𝐼(𝐽𝐽1�𝐾𝐾𝑒𝑒
3𝑖𝑖π4�]

√2
    (21) 

     𝑏𝑏𝑏𝑏𝑖𝑖′(𝐾𝐾) =
[−𝑅𝑅𝑅𝑅(𝐽𝐽1�𝐾𝐾𝑒𝑒

3𝑖𝑖π4�+ 𝐼𝐼𝐼𝐼(𝐽𝐽1�𝐾𝐾𝑒𝑒
3𝑖𝑖π4�]

√2
    (22) 

The Biot model also predicts that three kinds of acoustic wave propagate through the concrete.  The 
compressional wave dispersion equation is: 

  (𝐻𝐻𝑙𝑙2 − 𝜌𝜌𝜔𝜔2) �𝑚𝑚𝜔𝜔2 −𝑀𝑀𝑙𝑙2 − 𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖
𝐾𝐾
� − �𝜌𝜌𝑓𝑓𝜔𝜔2 − 𝐶𝐶𝑙𝑙2��𝐶𝐶𝑙𝑙2 − 𝜌𝜌𝑓𝑓𝜔𝜔2� = 0   (23) 

Where l is the acoustic wavenumber. The two roots, l1 and l2 , are the complex wavenumbers of two 
compressional waves. The first one is called compressional wave of the first kind or fast wave and 
corresponds to the usual high velocity sound wave obtained in the elastic and visco-elastic models. The 
second one, called compressional wave of the second kind or slow wave, has a low phase velocity and a 
high attenuation. These waves are depicted in Figure 4. 

 

 

Figure 4. Acoustic wave propagation in the concrete block according to the poro-elastic model. 

 

The shear wave dispersion equation is: 
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     (𝜌𝜌𝜔𝜔2 − 𝜇𝜇𝑙𝑙2) �𝑚𝑚𝜔𝜔2 − 𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖
𝐾𝐾
� − �𝜌𝜌𝑓𝑓𝜔𝜔2�

2
= 0       (24) 

This equation produces a single root, which is the shear wave number ls . It means that only one kind of 
rotational wave or shear waves exists, highly attenuated and propagating at low speed.  Experimentally, 
Plona (Plona, 1980) has proved the existence of these three waves.   

The displacement potential for the incident wave in the water half-space is: 

     𝛷𝛷1 = �𝑒𝑒−𝑖𝑖𝑙𝑙1z + 𝑅𝑅𝑏𝑏𝑒𝑒𝑖𝑖𝑙𝑙1z�𝑒𝑒−𝑖𝑖𝑖𝑖𝑖𝑖     (33) 

In the concrete layer, the scalar and vector displacement potentials are: 

     𝛷𝛷2,𝑠𝑠1 = �𝐴𝐴2,1𝑒𝑒−𝑖𝑖𝑙𝑙2,1𝑧𝑧 + 𝐵𝐵2,1𝑒𝑒𝑖𝑖𝑙𝑙2,1𝑧𝑧�𝑒𝑒−𝑖𝑖𝑖𝑖𝑖𝑖   (34) 

     𝛷𝛷2,𝑠𝑠2 = �𝐴𝐴2,2𝑒𝑒−𝑖𝑖𝑙𝑙2,2𝑧𝑧 + 𝐵𝐵2,2𝑒𝑒𝑖𝑖𝑙𝑙2,2𝑧𝑧�𝑒𝑒−𝑖𝑖𝑖𝑖𝑖𝑖   (35) 

     𝛹𝛹2,𝑠𝑠 = �𝐴𝐴2,3𝑒𝑒−𝑖𝑖𝑙𝑙2,3𝑧𝑧�𝑒𝑒−𝑖𝑖𝑖𝑖𝑖𝑖     (36) 

     𝛷𝛷2,𝑠𝑠 = 𝛷𝛷2,𝑠𝑠1 + 𝛷𝛷2,𝑠𝑠2      (37) 

     𝛷𝛷2,𝑓𝑓 = 𝛿𝛿2,1𝛷𝛷2,𝑠𝑠1 + 𝛿𝛿2,2𝛷𝛷2,𝑠𝑠2      (38) 

     𝛿𝛿2,1 = 𝐻𝐻𝑙𝑙2,1
2 −𝜌𝜌𝑠𝑠𝜔𝜔2

𝐶𝐶𝑙𝑙2,1
2 −𝜌𝜌𝑓𝑓𝜔𝜔2       (39) 

     𝛿𝛿2,1 = 𝐻𝐻𝑙𝑙2,2
2 −𝜌𝜌𝑠𝑠𝜔𝜔2

𝐶𝐶𝑙𝑙2,2
2 −𝜌𝜌𝑓𝑓𝜔𝜔2       (40) 

     𝜌𝜌𝑠𝑠 = 𝜌𝜌𝑟𝑟(1 − 𝛽𝛽) + 𝜌𝜌𝑓𝑓𝛽𝛽      (41) 

In the rebar, the scalar and vector displacement potentials are: 

     𝛷𝛷3,𝑠𝑠1 = �𝐴𝐴3,1𝑒𝑒−𝑖𝑖𝑙𝑙3,1(𝑧𝑧+ℎ)�𝑒𝑒−𝑖𝑖𝑖𝑖𝑖𝑖     (39) 

     𝛷𝛷3,𝑠𝑠2 = �𝐴𝐴3,2𝑒𝑒−𝑖𝑖𝑙𝑙3,2(𝑧𝑧+ℎ)�𝑒𝑒−𝑖𝑖𝑖𝑖𝑖𝑖     (40) 

     𝛹𝛹3,𝑠𝑠 = �𝐴𝐴3,3𝑒𝑒−𝑖𝑖𝑙𝑙3,3(𝑧𝑧+ℎ)�𝑒𝑒−𝑖𝑖𝑖𝑖𝑖𝑖     (41) 

The displacement potential in the fluid is related to the acoustic pressure and to the particle displacement 
by the relations: 

  

     𝑈𝑈��⃗ = 𝛻𝛻𝛻𝛻       (48) 

  

     𝑝𝑝 = −𝜌𝜌 𝜕𝜕2𝛷𝛷
𝜕𝜕𝑡𝑡2

       (49) 
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In the concrete layer(s), the skeletal frame and the pore water are strained because of the propagating 
waves. ζ represents the volumetric strain of the pore fluid, while θ represents the volumetric strain of the 
skeletal frame. They can be expressed as functions of the displacement potentials: 

     𝜁𝜁 = 𝛻𝛻2𝛷𝛷𝑓𝑓       (50) 

     𝜃𝜃 = 𝛻𝛻2𝛷𝛷𝑠𝑠        (51) 

There are two kinds of particle displacements within the N concrete layers:  the displacement of the 
skeletal frame and the displacement of the pore fluid. They are related to the displacement potentials 
respectively by: 

     𝑢𝑢�⃗ = 𝛻𝛻𝛷𝛷𝑠𝑠 + 𝛻𝛻 × 𝛹𝛹𝑠𝑠       (52) 

     𝑉𝑉�⃗ = 𝛻𝛻𝛷𝛷𝑓𝑓        (53) 

  

Because of the dual structure of concrete, several kinds of stress also exist: the compression of the 
skeletal frame, the shear of the skeletal frame and the pore water pressure. They are respectively related 
to the volumetric strains by: 

     𝑝𝑝𝑍𝑍𝑍𝑍 = 𝐻𝐻𝐻𝐻 − 2𝜇𝜇 𝜕𝜕𝑢𝑢𝑥𝑥
𝜕𝜕𝜕𝜕

− 𝐶𝐶𝐶𝐶     (54) 

     𝑝𝑝𝑧𝑧𝑧𝑧 = 𝜇𝜇 �𝜕𝜕𝑢𝑢𝑥𝑥
𝜕𝜕𝜕𝜕

+ 𝜕𝜕𝑢𝑢𝑍𝑍
𝜕𝜕𝜕𝜕
�      (55) 

     𝑝𝑝𝑓𝑓 = 𝑀𝑀𝑀𝑀 − 𝐶𝐶𝐶𝐶      (56)  

H,M,C are the Biot coefficients and µ is the shear modulus. The rebar is assumed to be an elastic 
medium.  Therefore, the relation between the displacement potentials, the acoustic pressure and the 
particle displacement are: 

     𝑢𝑢�⃗ = 𝛻𝛻𝛻𝛻         (57) 

     𝑝𝑝 = −𝜌𝜌 𝜕𝜕2𝛷𝛷
𝜕𝜕𝑡𝑡2

        (58) 

If the medium is modeled as a homogeneous fluid half-space on top of N-2 homogeneous concrete layers 
(in our case N = 1), with an elastic rebar at the bottom, then 4N-6 boundary conditions are needed so that 
the problem be solvable. They are found using the continuity of the particle displacement and the stress 
equilibrium on both sides of each interface. The boundary conditions at the water-top layer interface, 
located at z = -h1, are: 

     𝑈𝑈1,𝑧𝑧 = 𝑢𝑢2,𝑧𝑧 − 𝑉𝑉2,𝑧𝑧       (59) 

     −𝑝𝑝1 = 𝑝𝑝2,𝑧𝑧𝑧𝑧        (60) 

     𝑝𝑝1 = 𝑝𝑝2,𝑓𝑓        (61) 

At each concrete-concrete layer interface, located at z =-hm-1 (m=3,..,N-1), the boundary conditions are: 
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     𝑢𝑢𝑚𝑚−1,𝑧𝑧 = 𝑢𝑢𝑚𝑚,𝑧𝑧       (62) 

     𝑢𝑢𝑚𝑚−1,𝑧𝑧 − 𝑉𝑉𝑚𝑚−1,𝑧𝑧 = 𝑢𝑢𝑚𝑚𝑚𝑚 − 𝑉𝑉𝑚𝑚,𝑧𝑧    (63) 

     𝑝𝑝𝑚𝑚−1,𝑧𝑧𝑧𝑧 = 𝑝𝑝𝑚𝑚,𝑧𝑧𝑧𝑧      (64) 

     𝑝𝑝𝑚𝑚−1,𝑓𝑓 = 𝑝𝑝𝑚𝑚,𝑓𝑓       (65) 

Finally, at the bottom concrete layer-rebar interface, located at z = -hN-1, the boundary conditions are: 

     𝑢𝑢𝑁𝑁−1,𝑧𝑧 = 𝑢𝑢𝑁𝑁,𝑧𝑧        (66) 

     𝑢𝑢𝑁𝑁−1,𝑧𝑧 − 𝑉𝑉𝑁𝑁−1,𝑧𝑧 = 𝑢𝑢𝑁𝑁,𝑧𝑧      (67) 

     𝑝𝑝𝑁𝑁−1,𝑧𝑧𝑧𝑧 = 𝑝𝑝𝑁𝑁,𝑧𝑧𝑧𝑧       (68) 

The 4N-6 (in our case N = 3) boundary conditions obtained can be sorted out in two groups. The emitted 
acoustic field is assumed to be known. Therefore, the set of boundary conditions at the water-top layer 
interface contains some known parameters: u1, particle displacement at z=-h1, and p1, acoustic pressure at 
the same depth. 

The second group contains only the parameters to be determined, which correspond to the amplitude of 
the different displacement potentials in the layers and in the bedrock, and to the reflection coefficient at 
the top layer-water interface. The propagator matrix [X] relates the vectors representing these two groups: 

  

     [𝑿𝑿]

⎩
⎪
⎪
⎪
⎨

⎪
⎪
⎪
⎧
𝐴𝐴21
𝐵𝐵21
𝐴𝐴22
𝐵𝐵22
𝐴𝐴31
𝐵𝐵32
…
𝐴𝐴𝑀𝑀1
𝑅𝑅𝑏𝑏 ⎭

⎪
⎪
⎪
⎬

⎪
⎪
⎪
⎫

=

⎩
⎪
⎪
⎪
⎨

⎪
⎪
⎪
⎧
𝐴𝐴0
𝐵𝐵0
𝐶𝐶0
0
0
0
…
0
0 ⎭
⎪
⎪
⎪
⎬

⎪
⎪
⎪
⎫

      (69) 

The propagator matrix terms are: 

𝑋𝑋1,1 = −𝑖𝑖𝑙𝑙2,1�1 − 𝛿𝛿2,1�     (70)  

𝑋𝑋2,1 = −𝐻𝐻𝑙𝑙2,1
2 + C𝛿𝛿2,1𝑙𝑙2,1

2      (71)  

𝑋𝑋3,1 = −𝑀𝑀𝛿𝛿2,1𝑙𝑙2,1
2 + C𝑙𝑙2,1

2      (72)  

𝑋𝑋4,1 = −𝑖𝑖𝑙𝑙2,1𝑒𝑒−𝑖𝑖𝑙𝑙2.1(ℎ1−ℎ2)     (73)  

𝑋𝑋5,1 = −𝑖𝑖𝑙𝑙2,1𝑒𝑒−𝑖𝑖𝑙𝑙21(ℎ1−ℎ2)�1 − 𝛿𝛿2,1�    (74)  

𝑋𝑋6,1 = �−𝐻𝐻 + 𝐶𝐶𝛿𝛿2,1�𝑙𝑙2,1
2 𝑒𝑒−𝑖𝑖𝑙𝑙21(ℎ1−ℎ2)   (75)  
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𝑋𝑋1,2 = 𝑖𝑖𝑙𝑙2,1�1− 𝛿𝛿2,1�𝑒𝑒𝑖𝑖𝑙𝑙2,1(ℎ2−ℎ1)    (76)  

𝑋𝑋2,2 = �−𝐻𝐻 + 𝐶𝐶𝛿𝛿2,1�𝑙𝑙2,1
2 𝑒𝑒𝑖𝑖𝑙𝑙2,1(ℎ2−ℎ1)    (77)  

𝑋𝑋3,2 = �−𝑀𝑀𝛿𝛿2,1 + 𝐶𝐶�𝑙𝑙2,1
2 𝑒𝑒𝑖𝑖𝑙𝑙2,1(ℎ2−ℎ1)    (78)  

𝑋𝑋4,2 = 𝑖𝑖𝑙𝑙2,1       (79)  

𝑋𝑋5,2 = 𝑖𝑖𝑙𝑙2,1�1 − 𝛿𝛿2,1�      (80)  

𝑋𝑋6,2 = �−𝐻𝐻 + 𝐶𝐶𝛿𝛿2,1�𝑙𝑙2,1
2      (81)  

𝑋𝑋1,3 = −𝑖𝑖𝑙𝑙2,2�1 − 𝛿𝛿2,2�     (82)  

𝑋𝑋2,3 = −𝐻𝐻𝑙𝑙2,2
2 + 𝐶𝐶𝛿𝛿2,2𝑙𝑙2,2

2      (83)  

𝑋𝑋3,3 = −𝑀𝑀𝛿𝛿2,2𝑙𝑙2,2
2 + 𝐶𝐶𝑙𝑙2,2

2      (84) 

     𝑋𝑋4,3 = −𝑖𝑖𝑙𝑙2,2𝑒𝑒−𝑖𝑖𝑙𝑙22(ℎ1−ℎ2)     (85)  

𝑋𝑋5,3 = −𝑖𝑖𝑙𝑙2,2𝑒𝑒−𝑖𝑖𝑙𝑙22(ℎ1−ℎ2)�1 − 𝛿𝛿2,2�    (86)  

𝑋𝑋6,3 = �−𝐻𝐻 + 𝐶𝐶𝛿𝛿2,2�𝑙𝑙2,2
2 𝑒𝑒−𝑖𝑖𝑙𝑙22(ℎ1−ℎ2)   (87)  

𝑋𝑋1,4 = 𝑖𝑖𝑙𝑙2,2�1− 𝛿𝛿2,2�𝑒𝑒𝑖𝑖𝑙𝑙2,2(ℎ2−ℎ1)    (88)  

𝑋𝑋2,4 = �−𝐻𝐻 + 𝐶𝐶𝛿𝛿2,2�𝑙𝑙2,2
2 𝑒𝑒𝑖𝑖𝑙𝑙22(ℎ2−ℎ1)    (89)  

𝑋𝑋3,4 = �−𝑀𝑀𝛿𝛿2,2 + 𝐶𝐶�𝑙𝑙2,2
2 𝑒𝑒𝑖𝑖𝑙𝑙22(ℎ2−ℎ1)    (90)  

𝑋𝑋4,4 = 𝑖𝑖𝑙𝑙2,2       (91)  

𝑋𝑋5,4 = 𝑖𝑖𝑙𝑙2,2�1 − 𝛿𝛿2,2�      (92) 

     𝑋𝑋6,4 = �−𝐻𝐻 + 𝐶𝐶𝛿𝛿2,2�𝑙𝑙2,2
2      (93)  

𝑋𝑋𝑙𝑙,5 = 0,  𝑙𝑙 = 1, … ,3      (94)  

𝑋𝑋4,5 = −𝑖𝑖𝑙𝑙2,1       (95)  

𝑋𝑋5,5 = 0       (96) 

     𝑋𝑋6,5 = −𝜌𝜌𝜔𝜔2       (97) 

     𝑋𝑋1,6 = −𝑖𝑖 𝜔𝜔
𝑐𝑐𝑓𝑓

       (98) 

     𝑋𝑋2,6 = 𝜌𝜌𝑓𝑓𝜔𝜔2       (99) 

     𝑋𝑋3,6 = −𝜌𝜌𝑓𝑓𝜔𝜔2       (100) 

     𝑋𝑋𝑙𝑙,6 = 0,  𝑙𝑙 = 4, … ,6      (101) 
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The solution vector is: 

     𝐴𝐴0 = −𝑖𝑖 𝜔𝜔
𝑐𝑐𝑓𝑓

       (102) 

     𝐵𝐵0 = −𝜌𝜌𝑓𝑓𝜔𝜔2       (103) 

     𝐶𝐶0 = 𝜌𝜌𝑓𝑓𝜔𝜔2       (104) 

Rb(f) is found using   

     

⎩
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     (105) 

The pressure reflection coefficient is a complex value calculated as a function of frequency f.  Knowing 
the spectrum S(f) of the signal incident to the seafloor (in our case a time-gated impulse), the reflected 
spectrum becomes Rp(f)S(f).  The spectrum of the compressed reflected impulse is the product Rp(f)|S(f)|2 
gated between 0 Hz and the Nyquist frequency.  An inverse Fourier Transform of this spectrum produces 
the compressed reflected signal r(t), which is the complex envelope of the reflected impulse. 

 

3.4 Nonlinear Parameter Optimization 
 

Trust-Region Reflective (TRR) algorithm:  A non-linear solver using the Trust-Region Reflective (TRR) 
algorithm is used to match a set of synthetic data to the Biot-Stoll model. Synthetic data is produced 
separately using set values in a script that functions purely as a table of constants. The synthetic pulse is 
then fed these constants and uses the Biot model for sound propagation in a porous medium to create a 
fake signal that the model can be ran against to test for accuracy. 
The TRR method of optimization and data fitting uses an objective function f which takes n arguments 
and returns a scaler. The objective function is defined by the user and relates a set of m data points (of the 
form (x,y)) and a model function 𝜑𝜑 that relates the points by a set of n parameters 𝛽𝛽 where 𝑚𝑚 ≥ 𝑛𝑛 :  
 

𝑓𝑓 = ∑ (𝑦𝑦𝑖𝑖𝑚𝑚
𝑖𝑖=1 − 𝜑𝜑(𝑥𝑥𝑖𝑖,𝛽𝛽))2     (106) 

 
The goal of the algorithm is to minimize the objective function by altering the parameters so as to get the 
smallest value of f for all m. In the case of this research, the model function is the Biot-Stoll model with 
a subset of the constants in the Biot-Stoll model representing the free parameters in the model function. 
The TRR approach does this by minimizing a function q which adequately approximates f in a specific 
trust region N. A trial step, s, is calculated such that:  
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min
𝑠𝑠

{𝑞𝑞(𝑠𝑠), 𝑠𝑠 ∈ 𝑁𝑁}     (107) 
 
The point x+s is retained if f(x+s) < f(x). Meaning that the new point is accepted if it reduces the value of 
the optimization function.  
The specific calculations of q, s, and the rules for updating N are what define the particularities of any 
given trust region method.  The MATLAB function lsqnonlin uses a TRR method employing 
preconditioned conjugate gradients, where each iteration of the objective function is approximated as the 
solution to a series of linear equations. Additionally, the nonlinear solver built into MATLAB uses what 
is called a subspace trust-region method wherein the trust-region is restricted to a two-dimensional 
subspace S. Minimizing the two-dimensional case is much simpler and therefore all that is needed to find 
basis vectors for S which are defined to be in the direction of the gradient and in the direction of negative 
curvature. The main steps taken when optimizing a nonlinear least squares problem using the TRR method 
are as follows:  

 
1. Find the two-dimensional subspace, S, of the trust region N. 
2. Solve the following to find trial step size: min {1

2
𝑠𝑠𝑇𝑇𝐻𝐻𝐻𝐻 + 𝑠𝑠𝑇𝑇∇ ∋ �|𝐷𝐷𝐷𝐷|� < 𝜆𝜆} where 𝜆𝜆 is the 

scaling factor and Ds is the scaling matrix. 
3. If 𝑓𝑓(𝑥𝑥 + 𝑠𝑠) < 𝑓𝑓(𝑥𝑥) then x = x+s, else increase the trust-region dimension and size by some 

constant amount. 
4. Adjust 𝜆𝜆. 

This process is repeated until the algorithm minimizes the objective function past the function tolerance 
specified in the problem.  
 
Levenberg-Marquardt Algorithm:  The Levenberg-Marquardt Algorithm works in a similar way to the 
TRR and is another option for non-linear least squares data fitting. The LMA is set up the same way by 
minimizing the sum of the squares of the residuals of the objective function:  
 

𝑓𝑓 = ∑ (𝑦𝑦𝑖𝑖𝑚𝑚
𝑖𝑖=1 − 𝜑𝜑(𝑥𝑥𝑖𝑖,𝛽𝛽))2     (108) 

 
The main difference between the trust region and the LM algorithms is that the LMA adapts the update 
criteria 𝜆𝜆 based off the objective function. As the objective function is minimized, the successive steps 
taken by the algorithm get smaller and smaller, so they converge more quickly on a minimum. In this 
regard, the LMA can be thought of as switching between gradient-descent and Gauss-Newton methods 
depending on the change in the objective function.  
For these reasons, the LMA is a common choice in non-linear model fitting; however, when compared to 
the TRR on the Biot-Stoll model, the TRR performed better. The TRR approach converged more slowly 
than the LMA, however the TRR converged to more optimal solutions (the parameter values were closer 
to the actual values than they were in the LMA) and had better first order optimality than did the LMA. 
With this in mind, the TRR was selected for the analysis of the data collected for this project.  
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Chapter 4. Results and Discussion 
 
 
4.1 Initial Concrete Sample Modeling and Experimentation 

 
In the initial phase of the project, the investigator focused his effort on the modeling and acoustic analysis 
of a specific concrete sample provided by Dr. Presuel Moreno Using this sample, the following work has 
been completed: 
◦ Development and testing of the poro-elastic model for the reinforced concrete samples. 
◦ Ultrasonic data collection on a limited number of reinforced concrete samples.  The concrete block 

sample was submerged in salt water in a small tank.  An Olympus Panametrics V389, operated at 500 
[kHz] and connected to an HP8112A high-frequency impulse generator and a Tektronix DPO3014, 
was placed at 12 [cm] above the concrete surface, to avoid near-field acoustic interferences (Figure 
5).   

◦ A sample of experimental results is shown in Figure 6.  The transducer was carefully placed on top of 
the corroded rebar and moved along the axis of the rebar in increments of 0.5 [cm].  The initial position 
was at 2.5 [cm] off the edge of the concrete block.  The last position was at 9.5 [cm] off the edge of 
the concrete block.  At every position, ten acoustic signatures were recorded.  In order to reduce the 
electric and thermal noise contained in the high-frequency measurements, an acoustic signature 
averaged across the ten measurements was computed (Figure 7). 

◦ Processing of simulated data sets and comparison between simulated and measured data were 
completed.  Figure 8 shows an example of measured vs. simulated acoustic signatures, using the 
parameters listed in Table II.  The table coefficients were obtained from concrete sample information 
provided by Dr. Presuel Moreno and from literature. The results clearly indicate that model and 
measurements match closely. 

◦ Finally, the non-linear solver using Trust-Region Reflective (TRR) algorithm is under evaluation, in 
an attempt to match a set of synthetic data to the Biot-Stoll model. Synthetic data are produced 
separately using set values in a script that functions purely as a table of constants. The synthetic pulse 
is then fed these constants and uses the Biot model for sound propagation in a porous medium to create 
a fake signal that the model can be ran against to test for accuracy. As of now, the model is capable of 
successfully matching the parameters shown in Table III.  

 
To clarify Figure 8, the focus is both on the surface concrete echo and on the rebar echo.  There is an 
excellent match in amplitude and time-signature at the concrete surface between model and measurement, 
which indicate that the poro-elastic model uses a representative set of physical parameters.  
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Figure 5.  Ultrasonic testing of the reinforced concrete sample fully immersed in salt water.  Left:  side-

view.  Right:  Top view. 

 

 
Figure 6.  Waterfall plot of ten ultrasonic signatures for the tested concrete sample,  

measured every 0.5 [cm] from the edge of the concrete block and averaged over 10 records. 
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Figure 7.  Overlaid concrete surface echo and rebar echo, with the transducer placed at 2.5 [cm] from the 

edge of the concrete block, averaged across the ten measurements (following careful time alignment). 

 

 
Figure 8.  Comparison between measured and simulated results.  In blue:  concrete echo and rebar echo 
obtained using an average across the ten ultrasonic signatures (following careful time alignment, with 

the transducer placed at 2.5 [cm].  In red:  Poro-elastic model simulation result for the same 
configuration, using the parameters listed in Table I. 
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Table II.  Physical Properties of the reinforced concrete material used in the simulation. 
Layer Physical Property Symbol Value 

Salt water (top layer 
and pore fluid) 

Mass density of the fluid 𝜌𝜌𝑓𝑓 1026 𝑘𝑘𝑘𝑘/𝑚𝑚3 
 

Phase Speed in the Fluid 𝑐𝑐𝑓𝑓 1.5 ∗ 103 𝑚𝑚/𝑠𝑠  
Bulk modulus of the Pore Fluid 𝐾𝐾𝑓𝑓 2.28 ∗ 109 𝑃𝑃𝑃𝑃     

Concrete: 16.6% 
cementite, 33.4% 

sand, 43.1% coarse, 
6.8% water (if 

saturated) 

Bulk modulus of the Concrete 
Material 

𝐾𝐾𝑟𝑟 4.49 ∗ 1010 𝑃𝑃𝑃𝑃 

 
Mass density of the dry concrete 

material 
𝜌𝜌𝑟𝑟 2341 𝑘𝑘𝑘𝑘/𝑚𝑚3 

 
Fluid Viscosity η 0.001 𝑘𝑘𝑘𝑘/𝑚𝑚. 𝑠𝑠  

Porosity β 0.1  
Permeability ϰ 8. 0∗10−12𝑚𝑚2  

Pore Size Parameter ap 1.3975∗10−5𝑚𝑚  
Dry Concrete Shear Modulus µ 1.22 ∗ 1010𝑃𝑃𝑃𝑃  

Poisson’s ratio of the Dry Concrete ν 0.27  
Mean Grain Diameter d 0.0002 𝑚𝑚  

Shear Logarithmic Decrement δs 0.12  
Bulk Logarithmic Decrement δp 0.12  
Biot Added Mass Coefficient c 1.25     

Rebar Mass density of the Rebar 𝜌𝜌𝑏𝑏 7800 𝑘𝑘𝑘𝑘/𝑚𝑚3  
Phase Speed in the Rebar 𝑐𝑐𝑏𝑏 5180 𝑚𝑚/𝑠𝑠  

Depth below the concrete surface h 0.022 𝑚𝑚 

 
Table III.  Error Performance Analysis in Estimating the Simulated Physical Properties of the 

Reinforced Concrete Material using the TRR algorithm. 
 Synthetic Value Algorithm Value Percent Error 
Concrete Porosity [%] 10.0 9.93 -0.7% 
Concrete Bulk Modulus 
[Pa] 

4.488*10^10  4.4431*10^10 
-1.0% 

Concrete Compressional 
Log Decrement 

0.12 0.1160 
-3.3% 

Concrete Shear Log 
Decrement 

0.12 0.1231 
2.6% 
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4.2 Experimentation and Analysis of New Concrete Samples 
 
In the later stage of this year, a new set of concrete samples (shown in Figure 9), showing various 
degrees of cracking, has been identified for new acoustic tests.  The intent is to compare the corrosion 
potential measurements with the acoustic measurements to establish corrosion and cracking trends in the 
data.   
 
Rebar Potential Measurements:  A series of rebar potential measurements was first performed to verify 
that corrosion is indeed taking place. A galvanostatic pulse (GP) approach was used to obtain Rs and icorr 
, one week after the samples were placed indoors.  The results are shown in Table IV.  These measurements 
were done using a saturated calomel electrode along with a galvanostatic pulse to gather Rs and icorr. Both 
measurements will be repeated every time new acoustic measurements are taken to quantify the corrosion 
of the rebar over time. In Figure 9 and Table IV, the concrete samples are numbered from left to right, 
where Rebar 1 is at the top of each concrete sample.  The cracks in samples two and three are a result of 
the corrosion of the rebar beams (2) embedded in each of the samples. Note that each rebar extended 25.4 
[cm] inside the reservoir with a diameter of 1.6 [cm] yielding a surface area of 128.6 [cm2] (including the 
area of the end of the rebar) that is available to corrode.  Also, the samples were stored outside in marine 
atmosphere and brought indoors to gather the E, Rs and icorr values.  Before rebar potential measurements 
were taken, the samples were wet using a sponge and allowed to sit for some time. 
 

 

 
Figure 9.  New set of reinforce concrete samples showing various levels of cracking due to corrosion. 

Note that each sample contains two rebars. 
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Table IV.  Rebar potential measurement for a new set of samples.  
Sample 1 Sample 2 Sample 3 

 
Rebar 1 Rebar 2 Rebar 1 Rebar 2 Rebar 1 Rebar 2 

Ecorr [mV] -31.10 -183.90 -159.20 -281.60 -142.20 -91.15 

Rs [kΩ] 0.96 0.81 0.15 0.29 0.26 0.75 

Icorr [μA] 54.83 29.83 326.25 348.00 381.95 313.20 

icorr [μA/cm2] 0.43 0.23 2.54 2.71 2.97 2.43 

 
In Table IV, more negative corrosion potential measurements indicate an increased likelihood of corrosion 
taking place within the rebar. These measurements consist of recording the potential difference between 
the material and a reference electrode (in this case a calomel electrode), this difference is then used to 
generalize the electrochemical environment of the rebar. If these measured potentials trend positive over 
time, then that can indicate that passivation is occurring; however, if the measurements trend negative 
over time than that is an indication that the corrosion rate of the rebar is increasing. It is important to note 
that these rebar potential measurements are localized and do not give information on the chemical kinetics 
of the reactions taking place. This is important to note as the corrosion of the rebar is likely highly localized 
and not uniform across the beam, this can be seen in the variability of the corrosion potential measurements 
along each of the steel rebar beams. These measurements help qualify the presence of corrosion along the 
rebar and are couple with galvanostatic pulse measurements to get a more complete understanding of the 
corrosive environment of the rebar and surrounding concrete.  The corrosion current density and resistance 
measures are used for quantifying the rate of corrosion taking place within the concrete. icorr is defined as 
the current density and represents the electrical current flowing through a unit cross section of the material 
being measured. In this case, the material being measured is the current running through the rebar as it 
corrodes in units of [ 𝜇𝜇𝜇𝜇

𝑐𝑐𝑚𝑚2]. This is a helpful measure as it can be used to estimate the mass of steel loss due 

to corrosion; these values are standardized by the ASTM and anything above 0.1 [ 𝜇𝜇𝜇𝜇
𝑐𝑐𝑚𝑚2] indicates that 

corrosion is occurring.  
 
Acoustic Measurements:  Following this, the acoustic procedure described in section 4.1 was completed 
on these new samples. The data acquisition process went as follows; each reinforced concrete block has 
two steel rebar beams embedded inside of it. Each rebar beam extended 25.4 [cm] inside the concrete and 
each beam had a diameter of 1.6 [cm]. The concrete sample was then submerged in a saltwater solution 
(15% NaCl concentration by mass) to mimic a marine environment. All acoustic data was collected using 
a high-frequency, narrow beam transducer operating at 500 [kHz] connected to a high-frequency impulse 
generator and an oscilloscope. The transducer was placed in the water and positioned 12 [cm] above the 
surface of the concrete directly in line with the corroded rebar sample. The origin is 2.5 [cm] off the edge 
of the concrete, this is to ensure that the acoustic measurements were not hitting the edge and disrupting 
the signal. Measurements were taken at 5mm increments along the rebar running for 10 [cm]; at each point 
along the rebar 10 acoustic samples were taken. These samples were then averaged to reduce noise in the 
signal. After the data were averaged, the average is will be given to the TRR to fit to the Biot-Model. This 
process was repeated for all rebar beams.  
At this time, the model analysis and matching has not been completed.  In year 2, these measurements 
will be repeated to understand the changes of the Biot parameters as the rebar corrodes. Given that all the 
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measurements will take place along the same points of the rebar, the only variable that will be changing 
is the elapsed time between measurements which will reflect the corrosion of the steel beams over time. 
This is because as steel corrodes it expands as the iron in the rebar beams corrodes and forms iron-
hydroxides which exert pressure on the surrounding concrete, leading to cracks and eventually failure of 
the structure if these issues are not addressed. The aim of the repetition is to establish the trends between 
these parameters and corrosion with the end goal being field applications. 
 
 

Chapter 5. Summary and Conclusions 
 

The model and rebar echo match in time delay and amplitude.  However, there could be a better match for 
the duration of the rebar echo. Such a match in time delay and amplitude is an important indication that 
the physical characteristics of both rebar and concrete are representative of the actual sample.  The second 
half of the rebar echo is much more pronounced in the model than in the measurement.   
A reasonable explanation for this observation is interference from a secondary echo produced by the rebar.  
In the model used here, only one echo is produced at the interface between concrete and rebar.  In reality, 
the elastic rebar produces multiple echoes as sound travels across both the diameter and the circumference 
of the rebar.  Since the rebar has a diameter of 16 [mm], the next (and most significant) secondary echo is 
delayed by nearly 5.8 [µs].  The author plans on accounting for the total thickness of the rebar in the poro-
elastic model, in order to produce a better match in the acoustics signature of the rebar. 
In the longer term, using the proposed approach, the detection of pre-cracking corrosion and early-stage 
post-cracking corrosion becomes possible.  
Pre-cracking corrosion would translate into two phenomena: (i) A change in the characteristic impedance 
of the rebar in contact with the concrete, causing predominantly a change in the amplitude of the rebar 
echo; (ii) A change in the diameter of the rebar, which would produce a change in the time-of-travel 
difference between surface echo and rebar echo. 
Post-cracking corrosion would translate into two phenomena: (i) An accentuated change in the 
characteristic impedance of the rebar in contact with the concrete (in comparison with the pre-cracking 
corrosion case), causing predominantly an accentuated change in the amplitude of the rebar echo; (ii) The 
appearance of an additional echo due to the presence of forming cracks.   

Differentiating in time between the crack echo and rebar echo would be difficult due to their proximity.  
However, post-cracking corrosion will result in a very different signature from pre-cracking corrosion, 
which in turn will generate significantly different matching parameters in the poro-elastic model.  For this 
reason, post-cracking corrosion is very likely to be detected and identified. 

 

References 
 

• Abramowitz, M. and Stegun, I.A., “Handbook of Mathematical Functions,” New-York, Dover 
Publications (1970). 

• An, Y. K., Jang, K., Kim, B., & Cho, S., “Deep learning-based concrete crack detection using hybrid 
images”, SPIE Sensors and Smart Structures Technologies for Civil, Mechanical, and Aerospace 
Systems 2018 (Vol. 10598, p. 1059812), 1-12, International Society for Optics and Photonics. 



31 | P a g e  

• Beaujean P.P., Presuel-Moreno F., Brogden M., “Ultrasonic Nondestructive Detection of Rebar 
Corrosion in Reinforced Concrete Using Biot-Stoll Model”, TriDurLE Symposium, Washington State  
University, December 6-7 (2021). 

• Beaujean P.P., Joussein M., Schock S.G., “Influence of Depth-dependent Sediment Properties on the 
Pressure Reflection,” U.S. Navy Journal of Underwater Acoustics, Vol. 56, 85-111 (2006). 

• Beaujean P.P., “Sediment Classification of the Sea Floor using the Chirp Sonar and the Biot Model”, 
MS Thesis, Florida Atlantic University, December 1995. 

• Beebe, J.H. McDaniel S.T. and Rubano, L.A., " Shallow Water Transmission Loss Prediction Using 
the Biot Sediment Model," J. Acoust. Soc. Am. 71, 1417-1426 (1982). 

• Berryman, J.G., "Long Wavelength Propagation in Composite Elastic Media," J. Acoust. Soc. Am. 
68, 1809-1831 (1980). 

• Biot M.A., “General Theory of Three-Dimensional Consolidation”, J.Appl.Phys. 12,155-164 (1941). 
• Biot M.A., “Theory of Propagation of Elastic Waves in a Fluid-Saturated Porous Solid. I. Low-

Frequency Range”, J.Acoust.Soc.Am. 28, 168-178 (1956). 
• Biot M.A., “Theory of Propagation of Elastic Waves in a Fluid-Saturated Porous Solid. II. Higher 

Frequency Range”, J.Acoust.Soc.Am. 28, 179-191 (1956). 
• Biot M.A., “Generalized Theory of Acoustic Propagation in Porous Dissipative Media”, 

J.Acoust.Soc.Am. 34, 1254-1264 (1962). 
• Brogden M., Beaujean P.P., Presuel-Moreno F., “Ultrasonic Nondestructive  Detection of Rebar 

Corrosion in Reinforced Concrete Using Biot-Stoll Model”, TriDurLE Symposium, Washington State  
University, December 6-7 (2021). 

• Chaix J.F., Garnier V., Corneloup G., “Concrete Damage Evolution Analysis by Backscattered 
Ultrasonic Waves”, Elsevier NDT&E International 36 (2003), 461-469. 

• Chang C.C., Yu C.P., Lin Y., “Distinction between Crack Echoes and Rebar Echoes based on Morlet 
Wavelet Transform of Impact Echo Signals”, Elsevier NDT&E International 108 (2019), 1-14: 
102169. 

• Fellinger, P., Marklein R., Langenberg K.J., and S. Klaholz. "Numerical modeling of elastic wave 
propagation and scattering with EFIT—elastodynamic finite integration technique." Wave motion 21, 
no. 1 (1995), 47-66. 

• Hamilton, E.L., "Acoustic and Related Properties of the Sea Floor: Density and Porosity Profiles and 
Gradients," NUC Tech. Pap. #459, 1-47 (1975) 

• Hovem, J.H. and Ingram, G.D., "Viscous Attenuation of Sound in Saturated Sand," J. Acoust. Soc. 
Am. 66, 1807-1812 (1979). 

• Joussein M., Beaujean P.P., Schock S.G., “Influence of Depth-Dependent Sediment Properties on the 
Pressure Reflection Coefficient at Normal Incidence using the Biot-Stoll Model”, MTS/IEEE 
Oceans’04 Proceedings, pp. 1-11, Kobe, Japan, Sept. 2004. 

• Laureti S., Ricci M., Mohamed M.N.I.B., Senni L., Davis L.A.J., Hutchins D.A., “Detection of Rebars 
in Concrete using Advanced Ultrasonic Pulse Compression Techniques”, Elsevier Ultrasonics 85 
(2018), 31-38. 

• Lin, C. C., Liu, P. L., Yeh, P. L., “Application of empirical mode decomposition in the impact-echo 
test”,  NDT & E International, 42(7) (2009), 589-598. 

• Marshall R.M., “Acoustic Emission Associated with Embedded Metal Corrosion in a Concrete Slab”, 
Master’s Thesis, Florida Atlantic University, December 1982. 



32 | P a g e  

• Molero-Armenta M., Iturrarán-Viveros U., Aparicio S., Hernández, M. G., “Optimized OpenCL 
implementation of the elastodynamic finite integration technique for viscoelastic media”, Computer 
Physics Communications, 185(10) (2014), 2683-2696. 

• Nakahata, K., Kawamura G., Yano T., Hirose S., "Three-dimensional numerical modeling of 
ultrasonic wave propagation in concrete and its experimental validation." Construction and Building 
Materials 78 (2015): 217-223. 

• Plona, T.J., "Observation of a Second Bulk Compressional Wave in a Porous Medium at Ultrasonic 
Frequencies," Appl. Phys. Lett. 36, 259-261 (1980) 

• Panametrics, Ultrasonic Transducers, Olympus, Technical Document, www.olympus-ims.com 
(2010). 

• Philippidis T.P., Aggelis D.G., “Experimental Study of Wave Dispersion and Attenuation in 
Concrete”, Elsevier Ultrasonics 43 (2005), 584-595. 

• Prassianakis I.N., Prassianakis N.I., “Ultrasonic Testing of Non-Metallic Materials: Concrete and 
Marble”, Elsevier Theoretical and Applied Fracture Mechanics 42 (2004), 191-198. 

• Presuel-Moreno, F., "Corrosion Propagation of Carbon Steel Rebar with Different Concrete Covers 
and Concrete/Mortar Composition", in CORROSION 2015. NACE International, 2015. 

• Presuel-Moreno F., Tang F., "Corrosion Propagation of Rebar Embedded in Low w/c Binary Concrete 
Blends Exposed to Seawater", in CORROSION 2018. NACE International, 2018. 

• Stern M., Bedford A., Millwater H.R., “Wave Reflection from a Sediment Layer with Depth-
Dependent Properties”, J.Acoust.Soc.Am. 77, 1781-1788 (1985). 

• Stoll R.D., “Sediment Acoustics”, New York, Ed Springer-Verlag (1989). 
• Stoll R.D., “Acoustic Waves in Ocean Sediments”, Geophysics 42, 715-725 (1977). 
• Weng M.Y., “Detection of Deterioration of Reinforced Concrete by Acoustic Emission Techniques”, 

Master’s Thesis, Florida Atlantic University, December 1980. 
• Xu, Y., Jin, R., “Measurement of reinforcement corrosion in concrete adopting ultrasonic tests and 

artificial neural network”, Construction and Building Materials, 177 (2018), pp.125-133. 
• Xu, J., Wei, H., “Ultrasonic Testing Analysis of Concrete Structure Based on S Transform”, Hindawi 

Shock and Vibration (2019), 1-9: 2693141. 
• Young J.D., “Acoustic Emissions Testing as a Nondestructive Monitor of Concrete Cracking due to 

Reinforcing Bar Corrosion”, Master’s Thesis, Florida Atlantic University, December 1982. 
 

http://www.olympus-ims.com/

	Acknowledgements
	Disclaimer
	Table of Contents
	List of Figures
	List of Tables
	Executive Summary
	Chapter 1. Introduction
	1.1 Problem Statement
	1.2 Objectives
	1.3 Expected Contributions
	1.4 Report Overview

	Chapter 2. Literature Review
	Chapter 3. Methodology
	3.1 Overview
	3.2 Poro-Elastic Acoustic Model Parameters
	3.3 Poro-Elastic Acoustic Model
	3.4 Nonlinear Parameter Optimization

	Chapter 4. Results and Discussion
	4.1 Initial Concrete Sample Modeling and Experimentation
	4.2 Experimentation and Analysis of New Concrete Samples

	Chapter 5. Summary and Conclusions
	References

