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Closed-Form Formulation for Continuous Prediction of
at-Rest Coefficient for Saturated Soils
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Beshoy Riad1 and Xiong Zhang, M.ASCE2
Abstract: The at-rest lateral earth pressure coefﬁcient, which is called the k0 coefﬁcient, is an important parameter in geotechnical engineering. An accurate evaluation of k0 is of great signiﬁcance in both theoretic analyses and practical geotechnical applications. Existing analytical
formulations for k0 suffer one or more of the following limitations: (1) they have one or more unrealistic assumptions; (2) k0 is derived as a constant for the very high stress state only, but implicitly applied to the entire stress range; and (3) the k0 equation is often implicit and complicated, and it may require advanced mathematical and computational analysis. This paper provides a simple, explicit formulation to predict
continuous changes of the at-rest earth pressure (k0) coefﬁcient as a function of stress for any critical state constitutive model for saturated soils
without any assumption. The modiﬁed Cam-clay (MCC) model is used as an example to demonstrate the application of the proposed formulation. Procedures are developed to calibrate the model parameters for the MCC model using experimental results from the literature. The continuous changes of the k0 coefﬁcient are then computed during one-dimensional consolidation tests from which the effectiveness and
simplicity of the proposed formulation are evaluated. Calculations indicate that a coefﬁcient of determination around 99% is reached between
the measured and predicted void ratios. DOI: 10.1061/(ASCE)GM.1943-5622.0001491. © 2019 American Society of Civil Engineers.
Author keywords: At-rest coefﬁcient; Odometer test; Elastoplastic; Constitutive modeling; Modiﬁed Cam-clay model (MCC); Stress
path.

Introduction
The at-rest lateral earth pressure coefﬁcient, which is called the k0
coefﬁcient, is one of the most important parameters in geotechnical engineering. The k0 coefﬁcient is deﬁned as the ratio between
lateral and vertical effective stresses (s 0h =s 0v ) under the conditions of zero lateral strains, and the applied stresses are the principal stresses (Bishop 1958; Mesri and Hayat 1993) (please see the
Notation list at the end of the paper). The k0 condition represents
the in situ stress state. The estimation of the k0 coefﬁcient is the
ﬁrst step in any numerical analysis and most of the geotechnical
applications (e.g., deep excavation supporting structures and
foundations). Additionally, k0 is usually used as a basic material
parameter in the calibration of many advanced soil models [e.g.,
the MIS-SI model; Pestana and Whittle (1999)] and E-SCLAY1S
model (Sivasithamparam and Castro 2016; Hu et al. 2018).
Therefore, an accurate evaluation of k0 is of great importance in
both theoretic analyses and practical geotechnical applications.
Although it is quite simple to calculate the in situ vertical
effective stress, determination of the at-rest lateral (horizontal)
effective stress or k0 coefﬁcient is a complex task. This complexity is mainly attributed to the dependency of the at-rest earth pressure coefﬁcient on many factors including the effective angle of
internal friction, the geological and engineering stress history of
1
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the soil deposit (overconsolidation ratio), and conﬁgurations of
the studied locations (e.g., ground surface slope, groundwater table, etc.) (Federico et al. 2009). Most of the commercial ﬁniteelement (FE) software use Jaky’s empirical formula (Jaky 1944)
for prediction of the at-rest earth pressure coefﬁcient because of
its simplicity, as follows:
k0 ¼ 1  sin f 0

(1)

Constant values for k0 for normally consolidated soils are suggested by early researchers for different soil types, as summarized
in Mayne and Kulhawy (1982). In fact, f 0 in Jaky’s formula is the
mobilized friction angle, but it was assumed constant by many engineers for simplicity. In contrast, this angle changes based on the
applied load, especially for soils that pose strain-hardening or
strain-softening behavior (Hu et al. 2018). Jaky’s formula provides
reasonable k0 values for normally consolidated soils only in the case
of horizontal ground surface. However, if the soil mass is bounded
by a nonhorizontal ground surface, then Jaky’s formula is no longer
applicable, and gravity load will be applied to the soil mass; in this
case, the initial stress state depends on the constitutive hypothesis
adopted in the numerical simulation to model the mechanical
behavior of the soil (Federico et al. 2009).
Hu et al. (2018) considered that the k0 was constant only if the
applied pressure was within a narrow range. Numerous researchers
experimentally demonstrated that there is a nonlinear relationship
between k0 and the applied stress for both cohesive and cohesionless
soils (Okochi and Tatsuoka 1984; Yamamuro et al. 1996; Li et al.
2006; Guo 2010; Abdulhadi et al. 2012; Yao et al. 2013; Hu et al.
2018). For cohesive soils, this nonlinear relationship is caused by
the large changes in clay fabric from low pressure to high pressure.
For sand, the k0 value depends on the critical state friction angle,
void ratio, and the applied pressure. Detailed discussion regarding
the evidence of pressure dependency of the at-rest earth pressure
coefﬁcient can be found in Hu et al. (2018).
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Some researchers also proposed analytical expressions for k0
under the framework of the critical state soil mechanics (CSSM)
(Schoﬁeld and Wroth 1968; Roscoe and Burland 1968; Wood 1990;
Federico et al. 2009; Hu et al. 2018). The constitutive models for saturated soils are usually described in the triaxial stress space using
the mean effective stress and deviatoric stress as stress variables
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p0 ¼

s 01 þ s 02 þ s 03
3

q ¼ s 01  s 03

(2)
(3)

and the conjugate strain invariants, which are the volumetric and
deviatoric strains as follows:
ɛ v ¼ ðɛ 1 þ ɛ 2 þ ɛ 3 Þ
ɛs ¼

2ðɛ1  ɛ3 Þ
3

(4)

(5)

The one-dimensional (1D) consolidation test is used in the laboratory to represent the at-rest conditions in the ﬁeld. In the 1D consolidation, the following two conditions hold true: (1) the applied
stresses are the principal stresses (s 0v ¼ s 01 and s 0h ¼ s 03 ), and (2)
the lateral strains are equal to zero (ɛ2 ¼ ɛ3 ¼ 0). The condition of
zero lateral strain leads to the fact that the ratio between total volumetric and deviatoric strain increments is (Wood 1990)
 
 e

d ɛv
d ɛv þ d ɛpv
3
(6)
¼
¼
d ɛs k0
d ɛes þ d ɛps k0 2
where superscripts e and p refer to elastic and plastic strains,
respectively.
A simple equation for k0 coefﬁcient was derived by Schoﬁeld
and Wroth (1968) during the development of the original Cam-clay
(OCC) model based on the following two assumptions:
1. The elastic shear strain increments are very small and negligible, i.e., d ɛes ¼ 0.
2. The stress ratio remains constant during a 1D stress path, i.e.,
h ¼ q=p0 ¼ d q=d p0 ¼ constant.
Based on the same assumptions, Roscoe and Burland (1968)
derived an equation for the at-rest earth pressure coefﬁcient for the
modiﬁed Cam-clay (MCC) model. Considering the elastic shear
strain but keeping the assumption of constant stress ratio, Wood
(1990) derived an implicit expression for the at-rest earth pressure
coefﬁcient for the MCC. Recently, Federico et al. (2009) predicted
the k0 for normally consolidated clay using the same yield surface
as MCC but a different plastic potential surface. However, in their
formulation (Federico et al. 2009), the assumption of constant stress
ratio (Assumption 2) was used; therefore, only the constant steadystate value of k0 could be obtained for stress at very high values. Hu
et al. (2018) relaxed both the previous assumptions and derived an
expression for k0. However, the equation was implicit and very
complex, and it may require advanced mathematical and computational analysis.
Most of the existing methods assumed constant stress ratio (p0 =q)
during 1D consolidation and provided one formulation for the at-rest
earth pressure coefﬁcient for the elastic and elastoplastic zones of
the soil behavior. Using these formulations, a single value for k0 was
predicted along the entire stress path (Federico et al. 2009). In reality, considering the nonlinear soil properties, k0 values should
change continuously with increases in the applied load until it
reaches a constant value under very high pressure when the soil
© ASCE

particles come to steady-state condition (Hu et al. 2018). For numerical simulation, it is also beneﬁcial to have a formulation that can predict continuous k0 changes during the entire loading process to avoid
any possible singularity caused by the discontinuity in the k0 values.
In summary, all existing k0 equations suffer one or more of the
following limitations: (1) they have one or more unrealistic assumptions, (2) k0 is derived as a constant for the very high stress state
only but implicitly applied to the entire stress range, and (3) the k0
equation is often implicit and complicated.
The aim of this study was to provide a simple, explicit formulation to predict continuous changes of the at-rest earth pressure (k0)
coefﬁcient as a function of stress for any critical state constitutive
models for saturated soils without any assumption. The MCC model
was used as an example to demonstrate the application of the proposed formulation. Procedures were developed to calibrate the
model parameters for the MCC using experimental results by
Mahalinga-Iyer and Williams (1994). The continuous changes of
the k0 coefﬁcient were then computed during 1D consolidation tests
from which the effectiveness and simplicity of the proposed formulation are evaluated.

Theoritical Basis of the Proposed Formulation
Any constitutive model should be able to predict the volumetric and
shear strains for a soil if there are arbitrary changes in mean effective stress (dp0 ) and deviatoric stress (dq), which can be generally
represented by the following two equations:
dɛv ¼ f1 dp0 þ f2 dq

(7)

dɛs ¼ g1 dp0 þ g2 dq

(8)

where, f1, f2, g1, and g2 are functions of mean effective stress p0 and
deviatoric stress q. These functions are in fact the constitutive relations relating stresses to strains, and they vary based on different
models.
Substituting Eqs. (7) and (8) into Eq. (6), one has
ð2f1  3g1 Þdp0 ¼ ð3g2  2f2 Þdq

(9)

Substituting Eqs. (2) and (3) into Eq. (9), it is always possible to
derive a closed-form solution for the k0 coefﬁcient as follows Eq.
(10a):
ds 03 ¼

2f1 þ 6f2  3g1  9g2
ds 0
4f1 þ 6f2 þ 6g1  9g2 1

(10a)

By considering the deﬁnition of the k0 coefﬁcient, consequently,
one has Eq. (10b)
k0 ¼

2f1 þ 6f2  3g1  9g2
4f1 þ 6f2 þ 6g1  9g2

(10b)

To illustrate the simplicity of the proposed equations, the k0
expression will be derived for the MCC model as an example. The
elastic and plastic stress–strain relations of MCC have the following
expressions (Wood 1990):
0 k
1




0
B vp0
C dp0
dɛv e
B
C
¼
(11)
0
@
2ð1 þ  Þ k A dq
dɛs e
0
9ð1  2 0 Þ vp0

04019110-2

Int. J. Geomech., 2019, 19(10): 04019110

Int. J. Geomech.

0

Downloaded from ascelibrary.org by Missouri University of Science and Technology on 07/22/19. Copyright ASCE. For personal use only; all rights reserved.




0

dp
dq

1

0

M 2 p 2  q2


B
p
λ

k
dɛv
B
p0
¼
B
02
2
2
dɛs p
vðM p þ q Þ @
2q

2q
4p0 q2
 q2

has the same expression as that for the MCC model [Eq. (15)]. In
the elastoplastic zone, k0 has the following expression:

C
C
C
A

k þ A1 ðMp0  qÞ
9A1 p0
þ 3A1  9D 
0
p
B1
k0 ¼
k þ A1 ðMp0  qÞ
9A1 p0
4
þ
12A

9D

1
p0
B1

M2 p0 2

1
A


2q
C dp0
B B p0
C
¼ B
4p0 q2 A dq
v@
2q
A

2

0

(12)

where
A1 ¼

where
A ¼ M2 p2  q2 ; B ¼

λk
2ð1 þ m Þ k
1
¼
; and D ¼
2
9ð1  2 m Þ p 3G
þq

M 2 p2

The total stress–strain relationships in the elastoplastic zone for
the MCC model have the following expressions:
0
1
AB þ k




2qB
C dp0
1 B p0
dɛv
C
¼ B
(13)
A dq
dɛs
4Bp0 q2
v@
þD
2qB
A
Comparing Eq. (11) with Eqs. (7) and (8), it was found that in
the elastic zone, f1, f2, g1, and g2 in Eqs. (7) and (8) have the following expressions:
f1 ¼

k
p0

In this section, step-by-step procedures are provided to calculate the
at-rest earth pressure coefﬁcient for the entire stress range. The
MCC model is used as an example to demonstrate the implementation of the proposed procedures. However, similar procedures can
be applied easily to any other constitutive models for saturated soils.
The procedures are as follows:
1. Start from the initial condition in which the vertical and lateral
stresses are zero.
2. Assume a small increase in the vertical stress ds 01 and calculate the increase in lateral stress ds 03 using Eq. (15) for the
stress path in the elastic zone.
3. Update the stress state using Eqs. (19) and (20)
 0
 
s 1 iþ1 ¼ s 01 i þ ds 01
(19)
 0
 
s 3 iþ1 ¼ s 03 i þ ds 03

(14)

0
1  0

(15)

In the elastoplastic zone, by comparing Eqs. (7) and (8) with Eq.
(13), it was found that f1, f2, g1, and g2 in Eqs. (7) and (8) have the
following expressions:

k þ AB
f1 ¼
p0
f2 ¼ g1 ¼ 2Bq
g2 ¼ D þ

4Bp0 q2
A

(16)

Substituting Eq. (16) into Eq. (10), the ﬁnal expression of k0 for
the MCC model in the elastoplastic zone is obtained as follows:

k þ AB
36Bp0 q2
þ 2Bq  9D 
0
p
A
k0 ¼
k þ AB
36Bp0 q2
þ 24Bq  9D 
4
p0
A
2

(17)
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dp0 ¼ p0iþ1  p0i

(21)

dq ¼ qiþ1  qi

(22)

5. Calculate the elastic volumetric and deviatoric strains using
Eq. (11).
6. Calculate the elastic void ratio using the following equation:
eeiþ1 ¼ eei þ dɛev ð1 þ e0 Þ

(23)

 
 
7. Use s 01 iþ1 and s 03 iþ1 as a new initial state. Repeat Steps 2–
6 until the preconsolidation stress is reached.
8. For the elastoplastic part, starting from the preconsolidation
stress, assuming a small increase in vertical stress ds 01 , calcu0
late the incremental change
 in lateral stress
 ds 3 using Eq. (17).
9. Update the stress state s 01 iþ1 and s 03 iþ1 using Eqs. (19)
and (20), respectively.
10. Update the stress state variables p0 , q, dp0 , and dq using Eqs.
(2), (3), (21), and (22), respectively.
11. Calculate the total volumetric and deviatoric strains using
Eq. (13).
12. Calculate the void ratio using the following equation:
eiþ1 ¼ ei þ dɛv ð1 þ e0 Þ

Similar analysis could be performed for the OCC model. For
brevity, only the ﬁnal expression is presented. In the elastic zone, k0

(20)

4. Calculate p0 and q for the same points using Eqs. (2) and (3)
and dp0 and dq using the following equations:

Plugging Eq. (14) (i.e., f1, f2, g1, and g2) into Eq. (10), the k0
expression for stress states in the elastic zone is obtained as follows:
k0 ¼

λk
; and B1 ¼ Mp0  q
Mp0

Calculation Procedure

2ð1 þ  0 Þ k
g2 ¼
9ð1  2 0 Þ p0
f2 ¼ g1 ¼ 0

(18)

(24)

13. Repeat Steps 8 and 12 to calculate the stress path for the entire
odometer k0 loading conditions.

04019110-3

Int. J. Geomech., 2019, 19(10): 04019110

Int. J. Geomech.

Finally, using this procedure, the 1D consolidation stress path can
be calculated. The void ratios also can be computed based on the
calculated k0 stress path using the calibrated model parameters and
compared with the experimentally measured values to check the accuracy of the proposed expression.

To validate the proposed theoretical formulation and to check the
accuracy of the predicted at-rest coefﬁcient of lateral earth pressure,
the experimental results obtained by Mahalinga-Iyer and Williams
(1994) were considered. The relevant tests were performed for the
calibration of the consolidation and shear strength parameters of lateritic clay. Undisturbed and disturbed soil samples were collected
from different depths at Victoria Point, Queensland, Australia. The
classiﬁcation tests of air-dried samples indicated that the soil is silty
sandy CLAY (23%–58% clay, 6%–12% silt, and 1%–38% sand)
with an in situ moisture content of 20% to 25% and average liquid
and plastic limits of 60% and 44%, respectively. Two samples collected from a depth of 0.50 m (one undisturbed sample and another
disturbed) were tested under oedometric conditions to characterize
the stiffness and deformation parameters of the soil. Fig. 1 illustrates the void ratio variations with the logarithm of the applied
pressure for the disturbed and undisturbed specimens collected
from the 0.5-m depth. The preconsolidation stresses were determined for the two samples using the Casagrande (1936) method and
were 290 kPa for the undisturbed sample and 330 kPa for the disturbed sample, as illustrated on Fig. 1. The soil shear strength was
evaluated using the direct shear test for samples from different
depths. The shear stresses versus the horizontal displacement for
tests under different normal stresses are presented in Fig. 2. The
applied normal stress during shearing ranged from 24 to 554 kPa. It
was clear that the soil shear strength increased as the applied normal
stress increased, which is typical for most of the soils. The saturation shear strength and consolidation parameters for the disturbed
and undisturbed samples calibrated from both the odometer and
direct shear test results are presented in Table 1. It is clear from
2.05

2.00
Specific Volume
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Calculation Example and Discussions

Table 1 that the undisturbed soil has higher initial speciﬁc volume
and steeper void ratio versus pressure in logarithmic scale in both
the elastic (k ) and elastoplastic (λ) behaviors, which is mainly
attributed to some ﬁssures noticed in the undisturbed samples
before testing (Mahalinga-Iyer and Williams 1994). The critical
state line slope in the p0 -q plane was calculated based on an average
angle of internal friction of 32.0°.
Using the previously described calculation procedure and the
soil parameters illustrated in Table 1, the at-rest lateral earth pressure was calculated and the applied vertical stresses versus predicted and measured speciﬁc volumes are presented in Fig. 3. It was
clear that a reasonable agreement was reached. The coefﬁcients of
determination (R2) were calculated for both samples, and their values were 99.05% and 98.75%; the standard deviations were 0.074
and 0.041 for the undisturbed and disturbed samples, respectively.
Moreover, the proposed equation was capable of predicting the atrest soil behavior in the case of unloading conditions with high
accuracy.
The stress paths during k0 loadings were calculated following
the same previously described procedure and given in Fig. 4. It was
clear that the stress paths were not straight lines with constant
slopes. In contrast, the stress paths consisted of two straight lines
(one was in the elastic zone and the other was in the elastoplastic
zone) that were connected by a smooth transition curve. In the elastic zone, the deviatoric stress increased with the mean effective
stress at a constant ratio (q=p0 ) of 0.667. The transition zone started
where the mean effective stress reached the preconsolidation stress.
At the transition zone, increasing the mean net stress caused the
deviatoric stress to decrease until reaching a stable constant slope
under very high pressure when the soil particles reached a steadystate condition. Many researchers noticed the constant stress ratio
under very high consolidation pressure (Hu et al. 2018). The ﬁnal
slope (q=p0 ) of the elastoplastic zone was different from that of the
elastic zone and was equal to 0.483.
As discussed previously, the angle of internal friction had inﬂuence on k0. This is reﬂected by changing M. The extent of this transition zone was mainly dependent on the critical state line slope
value (M). The variation in the transition zone extension with

Undisturbed (0.50m)
1.95
Disturbed (0.50m)
Pre-consolidation
stress

1.90

1.85

1.80
1

10

100

1000

Vertical stress (kPa)
Fig. 1. One-dimensional consolidation test results for the lateritic soils.
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Fig. 2. Direct shear test results for the lateritic soil.

Table 1. Shear strength and consolidation parameters for the lateritic soil
Depth (m)
0.50
0.50
a

b

f 0 (degrees)

p00 (kPa)

Initial void ratio (eo )

λ

k

0a

M

32
32

290
330

1.035
0.98

0.170
0.107

0.007
0.005

0.35
0.35

1.29
1.29

Poisson’s ratio.
Undisturbed sample.

b

different M values can be clearly seen in Fig. 5 through a parameter
study. As given in Fig. 5, when the M value decreases, the transition
zone extension increases and vice versa. Note that increasing the
critical state line slope (M) or critical state friction angle causes the
k0 to decrease. This behavior was also featured by Jaky’s formula
(Jaky 1944) and most of the available k0 formulations based on
CSSM (Schoﬁeld and Wroth 1968; Roscoe and Burland 1968;
Wood 1990; Federico et al. 2009, Hu et al. 2018).
The proposed expression for k0 is derived based on the deﬁnition
of the k0 condition with zero lateral strains without any additional
assumptions. Thus, it is expected that the back-calculated lateral
strain increments should be zero. Fig. 6 presents the backcalculated lateral strain increments versus the applied vertical effective stress for the two samples. Note that the lateral strain increments are computed using the calibrated model parameters given in
Table 1, and the k0 stress paths are given in Fig. 4. The predicted lateral strain increments are in the power of 10−15, which was essentially negligible, whereas spikes in the range of 10−6 were noticed in
the transition zone. In general, such small lateral strains are in the
acceptable range, indicating that the predicted stress paths according to the proposed approach are highly accurate. The previously
mentioned Fig. 3 in fact supported this conclusion in which R2 was
found to be 99% and the standard deviation was 0.074.
Fig. 7 presents the calculated at-rest earth pressure coefﬁcient
changes with applied vertical effective stress. The k0 has a constant
value in the elastic zone of 0.538, which corresponds to a Poisson’s
ratio of 0.35. When it reached the preconsolidation stress and went
into the transition zone, the k0 value increased gradually and ﬁnally
© ASCE

reached a second constant value of 0.635 under very high pressure
in the elastoplastic zone. This agreed very well with the experimental ﬁndings of many researchers (Abdulhadi et al. 2012; Guo 2010;
Hu et al. 2018; Li et al. 2006; Okochi and Tatsuoka 1984;
Yamamuro et al. 1996; Yao et al. 2013) that the relationship
between k0 and the applied vertical effective stress was nonlinear.
Most of the available expressions based on the CSSM principals
overpredicted the k0 value (Federico et al. 2009). However, relaxing
the constant stress ratio assumption and making it variable along the
stress path in the proposed formulation (Fig. 7) led to a correct estimation for k0 value, especially in the elastic zone.
Fig. 8 presents the generic stress ratio ( h ¼ q=p0 ) based on the
stress path predicted using the proposed expression (Fig. 4) versus
the applied vertical stress. The same as the stress path, the generic
stress ratio changes with mean effective stress and consists of two
lines connected by a transition curve (i.e., the transition zone
between elastic and elastoplastic behaviors). The generic stress ratio
has a value of 0.667 at the elastic zone; then the value drops
smoothly in the transition zone until reaching a steady value of
0.483 at the elastoplastic zone (under very high pressure). Most of
the existing k0 analytical expressions are derived based on the constant stress ratio assumption (Schoﬁeld and Wroth 1968; Roscoe
and Burland 1968; Wood 1990; Federico et al. 2009). However,
Fig. 8 clearly indicates that the assumption of constant stress ratio
under the k0 condition is problematic.
Fig. 9 illustrates the predicted stress paths for the undisturbed
sample in the p0 -q plan using different well-known expressions that
were derived based on several assumptions to compare the results
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Fig. 3. Measured and predicted speciﬁc volumes versus applied vertical effective stresses for the lateritic soils.
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Deviatoric stress, q (kPa)
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0
0

100
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Fig. 4. One-dimensional consolidation stress path for the lateritic soil.

with the proposed expression predicted stress path. The MCC
model yield surface was also shown on the same ﬁgure. It was clear
that Jaky’s empirical formula (Jaky 1944) underestimated the k0
value for both elastic and elastoplastic behaviors. However, the
other methods (Schoﬁeld and Wroth 1968; Roscoe and Burland
1968; Wood 1990) overestimated the k0 value, especially for elastic
© ASCE

behavior. This could mainly be attributed to adopting a constant
stress ratio, which is true only under very high stresses when the
soil particles come to steady-state conditions. The proposed equation in this study had the advantage of considering the changeable
stress ratio along the stress path, which led to more accurate estimations for k0 in the elastic zone. Note that the stress path predicted
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Fig. 5. Transition zone extension with M value changes.
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200

400

600

800

Vertical effective stress, v' (kPa)
Fig. 6. Back-calculated lateral strain versus applied vertical stresses for the lateritic soil.

using the Wood (1990) expression matched the proposed equation
predictions under very high stresses very well. This could be attributed to the assumptions adopted by Wood (1990), which are (1)
considering the elastic shear strain increments that are true and
accurate and (2) constant stress ratio, which holds true only under
very high pressures.
Fig. 10 gives the ratio of elastic shear strain to plastic shear
strain against the applied vertical effective stress. It was found
that in the transition zone the ratios between elastic and plastic
shear strains were negative for the disturbed and undisturbed
samples and were in the range of –20%. The ratio continued to
increase after that until reaching a stable positive ratio (about 4%)
under very high pressures. The reason behind the negative ratio in
© ASCE

the transition zone could be attributed to the decrease in the deviatoric stress (q) because the mean effective stress (p0 ) increased, as
clearly presented in Fig. 6. It was clear that the elastic shear
strains were not negligible values compared with the plastic shear
strains and should not be neglected. In the OCC and MCC models
it was assumed that the elastic shear strains were negligible compared with the plastic shear strain. Based on this assumption
Schoﬁeld and Wroth (1968) and Roscoe and Burland (1968)
derived their equations for k0. However, from Figs. 8 and 10 it
was concluded that the Schoﬁeld and Wroth (1968) assumptions
related to the constant shear stress ratio and neglecting the elastic
shear strains was incorrect. In contrast, considering the elastic
shear strains and allowing the stress ratio to change with the
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Fig. 7. The k0 value changes with the applied vertical effective stresses.
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Fig. 8. Generic stress ratio versus applied vertical effective stress.

applied loads, in turn, led to a more accurate estimation for the atrest coefﬁcient of earth pressure.

Conclusions
In this study, a simple, explicit, and closed-form formulation was
provided to predict continuous changes of the at-rest earth pressure
(k0) coefﬁcient as a function of stress for any critical state constitutive models for saturated soils without any assumption. The proposed formulation eliminated some limitations in the existing k0
equations, such as (1) they had one or more unrealistic assumptions,
(2) k0 was derived as a constant for the very high stress state only
© ASCE

but implicitly applied to the entire stress range, and (3) the k0 equation was often implicit and complicated.
The MCC model was used as an example to demonstrate the
application of the proposed formulation. Procedures were developed to calibrate the model parameters for the MCC using experimental results from the literature. The continuous changes of the k0
coefﬁcient were then computed during 1D consolidation tests from
which the effectiveness and simplicity of the proposed formulation
are evaluated. The comparison between predictions using the proposed procedure and laboratory test results indicated that the proposed approach is simple and objective. Close to zero lateral strains
were predicted using the proposed k0 formulations, indicating that
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Fig. 9. Stress path under k0 conditions using different expressions.
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Fig. 10. Ratio between elastic and plastic shear strains versus the applied vertical effective stress.
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the predicted stress paths according to the proposed approach were
highly accurate.
Results also indicated that there was a transition zone between
the elastic and elastoplastic behaviors at a high stress level, which
was consistent with experimental results reported by many
researchers. Parameter analyses indicated that the range of the transition zone was mainly dependent on the critical state line slope
(M). It was found that the elastic shear strains were of considerable
values compared with the plastic shear strains at some stress ranges
and should not be neglected in the k0 prediction. In addition, the
generic stress ratio was not constant under all 1D loading conditions. Continuous prediction for k0 is very important for the numerical analysis to ensure a smooth transition between elastic and elastoplastic soil behaviors.

Notation
The following symbols are used in this paper:
dp0 ¼ mean effective stress increment;
dq ¼ deviatoric stress increment;
dɛs ¼ total shear strain increment;
dɛes ¼ elastic shear strain increment;
dɛps ¼ plastic shear strain increment;
dɛv ¼ total volumetric strain increment;
dɛev ¼ elastic volumetric strain increment;
dɛpv ¼ plastic volumetric strain increment;
e ¼ void ratio;
e0 ¼ initial void ratio;
k0 ¼ at rest earth pressure coefﬁcient;
M ¼ slope of the critical state line;
p0 ¼ mean effective stress;
p00 ¼ preconsolidation stress;
q ¼ deviatoric stress;
v ¼ speciﬁc volume = 1 þ e;
ɛs ¼ total shear strain;
ɛes ¼ elastic shear strain;
ɛps ¼ plastic shear strain;
ɛv ¼ total volumetric strain;
ɛev ¼ elastic volumetric strain;
ɛpv ¼ plastic volumetric strain;
ɛ1 ; ɛ2 ; and ɛ3 ¼ principal strains;
h ¼ generic stress ratio and equal q=p0 ;
k ¼ slope of the unloading-reloading line in
the e  log p0 plane;
λ ¼ slope of the virgin compression line in
the e  log p0 plane;
 0 ¼ Poisson’s ratio;
s 0h ¼ horizontal effective stress;
s 0v ¼ vertical effective stress;
0
0
s 1 ; s 2 ; and s 03 ¼ principal effective stresses; and
f 0 ¼ angle of internal friction.

© ASCE
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Abstract
Unsaturated soils are often used as a construction material in transportation infrastructures. In this situation, unsaturated soils
are subjected to cyclic mechanical loading from traffic loads or wetting-drying cycles in seasonal climatic conditions. While
mechanical hysteresis is a common feature of soils in general, hydraulic hysteresis is associated with unsaturated soils. Although
several constitutive models for unsaturated soils have been proposed, the mechanical and hydraulic hysteresis behavior of unsaturated soils has been little studied. A modified state surface approach (MSSA) was first proposed for investigating the mechanical
behavior of unsaturated soils. It was then extended to study the coupled hydro-mechanical behavior of unsaturated soils with a
special focus on the consistency between different soil phases. However, hydraulic and mechanical hysteresis were neglected in
MSSA formulations. In this paper, based on evidence from experimental results, the MSSA is extended further to study the
coupled hydro-mechanical hysteresis behavior of unsaturated soils. The extended MSSA can reproduce several forms of mechanical and hydraulic behavior observed in experimental results that cannot be represented by existing constitutive models. To
demonstrate the capabilities of the extended MSSA, typical behaviors are simulated and compared, qualitatively, with the characteristic trends of the behavior of unsaturated soils. Experimental results from the literature are then used to evaluate the model
to predict, quantitatively, the observed behaviors. The agreement between measured and predicted results is considered satisfactory and confirms the possibility of the proposed approach to reproduce the hysteresis behavior of unsaturated soils.

When a road embankment is constructed, soils are often
compacted at the optimum moisture content to achieve
the best performance. After construction, the road and
the underlying unsaturated soils are typically subjected
to cyclic mechanical loading as a result of traffic loads or
wetting-drying cycles as a result of seasonal climatic conditions (1). Hysteresis is a common feature in the
mechanical (loading-unloading) behavior of soils in the
general and hydraulic (wetting-drying) behavior of unsaturated soils. Plastic strains may be cumulated as a result
of combined repeated traffic load and wetting-drying
cycles. Consequently, roads suffer from deteriorations,
rutting, and, sometimes, failures (2–4). The first elastoplastic model for unsaturated soils was pioneered by
Alonso et al. (5). The model was later referred to as the
Barcelona Basic Model (BBM) and gained considerable
acceptance within the unsaturated soils research community. However, Wheeler and Karube (6) pointed out the
inconsistency between the mechanical and hydraulic
behaviors in the BBM that is related to using one simple
elastic logarithmic equation to simulate the hydraulic
behavior which is inconsistent with the elastoplastic

mechanical behavior. Wheeler and Sivakumar (7) proposed an elastoplastic model for unsaturated soils within
the critical state framework. The model is very similar to
the BBM and, again, the hydraulic behavior was totally
neglected. Cui and Delage (8) proposed an inclined elliptical yield surface, a non-associated flow rule, and hyperbolic plastic potential to better simulate the soil shear
behavior during shearing. Obviously, the hydraulic behavior was not considered. Since then, several constitutive
models have been proposed to simulate the mechanical
behavior of unsaturated soils, and reviews of these models can be found in, for example, (9–11). In other words,
in these early models, elastoplasticity was used to mainly
simulate the mechanical behavior of unsaturated soils,
while the coupling effects between the mechanical and
hydraulic behaviors of unsaturated soils were neglected.
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Several models were proposed to separately simulate
the hydraulic behavior of unsaturated soils only without
considering the effect of soil deformation (e.g., 12, 13).
These models described the relationship between the
degree of saturation and suction, called soil-water characteristic curve (SWCC) or soil-water retention curve
(SWRC) that was obtained from experimental tests
under constant stresses. Since soil deformation was not
included in these models, the soils were implicitly
assumed to be rigid. However, soils are deformable
materials in which the mechanical and hydraulic behaviors are coupled together. Hysteresis is a common feature in the hydraulic behavior of unsaturated soils. At a
given matric suction value, the water content on a drying
curve is always higher than that on a wetting curve.
Thus, the hydraulic hysteresis may affect the mechanical
behavior of unsaturated soils and vice versa.
Vaunat et al. (14) proposed the first coupled hydromechanical constitutive model for unsaturated soils with
a focus on considering the effect of hydraulic hysteresis
on the mechanical behavior. After that, several models
were proposed to simulate the coupled hydro-mechanical
behavior of unsaturated soils (e.g., 15–31). All of these
models focused on considering the effect of hydraulic
hysteresis on mechanical behavior. Meanwhile, they
neglected the mechanical hysteresis and its effect on
hydraulic behavior. Among these models, two models
are particularly discussed here because of their comprehensive approach and consideration of the hydraulic hysteresis. The first is the model proposed by Wheeler et al.
(17) and then further enhanced and extended by (32–35)
and referred to as Glasgow coupled model (GCM). The
model was able to simulate most of the features related
to the coupled hydro-mechanical behavior of unsaturated soils under isotropic and triaxial stress conditions.
It was developed using three stress state variables which
are the mean Bishop’s stress p , deviatoric stress q, and
modified suction s , defined as follows (please see the
notation list at the end of the paper):
p = p  Sr uw  ð1  Sr Þua = p + Sr s

ð1Þ

q = s1  s3

ð2Þ

s = nðua  uw Þ = ns

ð3Þ



The GCM authors adopted these stress variables
because of their conceptual advantages as the straightforward transition between saturated and unsaturated states
(as discussed by Lloret-Cabot et al. [36]) and the direct
incorporation of the hydraulic hysteresis. However,
incorporating soil properties in the stress state variables
may lead to difficulties (6, 37). The principles of plasticity
indicate that variables used for the description of the soil
behavior should be independent of soil properties (38).
Besides, incorporating the strain variables (i.e., porosity,

n and degree of saturation, Sr ), which is one of the advantages that make the model thermodynamically consistent,
can become a disadvantage as well, particularly for presenting the stress paths which in turn made it complex to
run a quantitative prediction. For instance, it is difficult
to experimentally prove the simultaneous evolution of
the mechanical yield (M) with the wetting retention
(WR) and drying retention (DR) yield surfaces adopted
in the model. Although the hydraulic hysteresis behavior
and its effect on the mechanical behavior were addressed
in the GCM, the mechanical hysteresis behavior and its
effects on the hydraulic behavior and the subsequent
loading stages were not considered. This can be claimed
as an inconsistency in the GCM as during unloadingreloading the soil attains both hydraulic and mechanical
hysteretic behavior simultaneously. This will be elaborated on more in later sections.
Another new model was proposed by Sheng et al. (22).
This model was intended to fix many issues related to the
unsaturated soil’s hydro-mechanical behavior. These issues
are related to the yield surface changes with suction, simulation of slurry soil behavior, and the transition zone
between saturated and unsaturated soils. The authors proposed a new modeling approach and formulated a model
referred to as the SFG model. However, the new approach
made the model more complex and had some issues related
to the compatibility and consistency between volumetric
and hydraulic behaviors (39). Efforts to fix the mechanical
and hydraulic inconsistency issues in the SFG model were
presented by Sheng and Zhou (31).
Although attention was increasingly paid to study the
coupled hydro-mechanical behavior of unsaturated soils,
compatibility among the elastoplastic relation between different soil phases (i.e., solid, water, and air phases) was less
considered (40). In other words, the intrinsic phase relationship between different soil phases was not satisfied all
the time (i.e., under different loading conditions). All the
previous models were intended to simulate the hydraulic
hysteresis behavior of unsaturated soils, but they neglected
the mechanical hysteresis behavior during loadingunloading cycles that is closely related to the hydraulic
hysteresis behavior. In other words, they neglected the
compatibility among the elastoplastic relations between
the three phases that may lead to conflicting predictions in
relation to the unsaturated soil behavior (41).
Zhang and Lytton (42, 43) proposed the modified
state surface approach (MSSA) to study the volume
change for unsaturated soils using independent stress
state variables (i.e., mean net stress, p = sm  ua , and
suction, s = ua  uw ). In the MSSA, the void ratio constitutive surface was divided into elastic and plastic surfaces. The plastic surface is a unique constant surface,
but the elastic surface is moveable, depending on the
occurrence of the plastic deformation. The MSSA was
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used to explain the BBM and many other unsaturated
soils behaviors. Later, Zhang and Lytton (41) extended
the MSSA to study the coupled hydro-mechanical behavior of unsaturated soils. They paid special attention to
the compatibility among the elastoplastic relations for
the three soil phases. The BBM was used, then, to
demonstrate how to use the MSSA to modify an existing
model to simulate the hydro-mechanical behavior of
unsaturated soils. One of the main challenges to most of
the existing models is predicting an unsaturated soil
behavior under undrained conditions in a consistent way
that was addressed and solved by the MSSA (41). The
coupled hydro-mechanical MSSA was used successfully
to predict the soil behavior, for different soils, under
undrained conditions (44–47). It is worth noticing that
the soil hysteresis behavior, both mechanical and hydraulic, of unsaturated soils was neglected during the formulation of the MSSA (41–43)
From the previous literature review we can conclude
that all existing models suffer from one or more of the
following limitations: (1) inconsistency among the equations proposed to simulate behavior of different soils
phases (i.e., soil solids, water, and air phases); (2) neglecting the mechanical hysteresis that is critical for transportation infrastructures as a result of the cyclic traffic
loads; (3) violating the theory of plasticity for the sake of
capturing the experimental results; (4) difficulties in presenting the stress paths; and (5) neglecting the interaction
between both hydraulic and mechanical hysteresis.
In this paper, the MSSA is further extended to simulate
the hysteresis behavior of unsaturated soils both mechanical and hydraulic with considerable attention paid to the
consistency between them. Experimental results reported
by Rampino et al. (48) and Sharma (49) are used to qualitatively investigate the main features related to the hysteresis behavior of unsaturated soils. Based on this qualitative
analysis, a theoretical formulation is provided for one surface equation that is able to simulate the hysteresis behavior. To demonstrate the capabilities of the extended
MSSA, typical soil behaviors are simulated and compared,
in a qualitative way, with the characteristic trends of the
behavior of unsaturated soils. Afterward, the model is used
to quantitatively predict and compare the soil behavior
with the experimental observations.

Modified State Surface Approach: An
Overview
Zhang and Lytton (42, 43), first developed the MSSA to
study the elastoplastic mechanical behavior of unsaturated soils under isotropic stress conditions (ISCs). Later,
Zhang and Lytton (41) extended the MSSA to study the
hydro-mechanical behavior of unsaturated soils. In the
following section, the principles of the MSSA are

3

Figure 1. Three-dimensional representation of the volume
change of the soil (MSSA).

introduced. It is then extended to consider the hysteresis
behavior.

Principles of the Coupled MSSA
In the MSSA, the void ratio was divided into an elastic
and a plastic surface. The plastic surface is a unique constant surface, but the elastic surface is moveable depending on the occurrence of plastic deformations (Figure 1).
Zhang and Lytton (42) derived mathematical expressions
for the elastic and plastic surfaces for the BBM and successfully used the MSSA to represent many features
related to unsaturated soil behavior. The BBM surfaces
included an elastic and a plastic surface, which was made
up of two parts: a plastic collapsible surface and a plastic
expansive surface. The elastic surface is expressed by
Equation 4. The mathematical expressions for the two
plastic surfaces are presented in Equations 5 and 6.
ve = C1  k ln p  ks lnðs + pat Þ


s + pat
v = C2  ks ln
pat
 
p
 lðsÞ ln c ðPlastic collapsible surfaceÞ
p
v = C3  k lnð pÞ
 ls lnðs + pat Þ ðPlastic expansive surfaceÞ

ð4Þ

ð5Þ

ð6Þ

where lðsÞ = lð0Þ½ð1  rÞ expðbsÞ + r
The loading-collapse (LC) yield curve is the intersection between the elastic surface and the plastic collapsible
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surface. The LC yield curve expression can be derived as
follows by making Equations 4 and 5 equal:
 
p
C4
ln c =
l ðsÞ  k
p

ð7Þ

where C4 = C2  C1 + k lnðpc Þ + ks lnðpat Þ = constant
Similarly, the suction-increase (SI) yield curve is the
intersection between the elastic surface and the plastic
expansive surface. The SI yield curve expression can be
derived as follows by making Equations 4 and 6 equal:
C3 C1

s = e ls ks  pat = constant

ð8Þ

The SI yield curve equation reveals a constant yield
suction that is constrained by the assumption made by
Alonso et al. (5). They assumed that the SI yield curve is
a horizontal line in the p  s space. It is worth noting
that the shape of the LC yield curve is widely accepted
and has been experimentally proved by several researchers, whereas the shape and existence of the SI yield curve
have not been experimentally verified. Since the surface
corresponding to the expansive soil behavior in the BBM
was not verified and is not able to fully explain the
expansive soil behavior, only the collapsible soil behavior
was considered for the coupled MSSA for the BBM.
Zhang and Lytton (41) extended the MSSA to study
the hydro-mechanical behavior of unsaturated soils.
They paid considerable attention to the compatibility
and consistency between the soil solid, water, and air
phases that were neglected by most of the coupled models, as mentioned earlier. Based on discussion of evidence
from experimental results, Zhang and Lytton (41) came
up with several consistency requirements/principles for
any coupled model for unsaturated soils. These requirements/principles can be summarized as follows: (1) the
degree saturation, Sr , and water content, wGs , are closely
related to the void ratio, e, and shall be coupled; (2) elastoplasticity is a material behavior while Sr , wGs , and e
are incarnations of such behavior and, consequently,
they should be simultaneously elastic or elastoplastic and
share the same elastoplastic model; (3) the Sr , wGs , and e
constitutive surfaces shall share the same LC yield curve;
(4) LC yield curves for different constitutive surfaces
might have different shapes in the 3D plane; however,
their projection in the p-s plane have to be the same;
(5) the plastic volumetric strain is exactly equal to the
plastic water content changes; and (6) the air phase
behavior is always elastic. Based on these principles,
besides the void ratio constitutive surface, conventional
water content constitutive surfaces were also divided
into elastic and plastic regions by the LC yield curve
and used to describe the coupled hydro-mechanical
behavior of unsaturated soils. The derived water content surfaces are as follows:

ðwGs Þe = C5  lw ln p  lws lnðs + pat Þ+ðlw  kw Þ
  

ð9Þ
p
C4
ln c 
ðElastic surfaceÞ
lðsÞ  k
p
ðwGs Þp = C5  lw ln p  lws lnðs + pat Þ ðPlastic surfaceÞ
ð10Þ
The LC yield curve can be derived from the water content surfaces by setting Equation 9 equal to Equation 10,
and the same Equation 4 was obtained. Hence, both the
void ratio and water content constitutive surfaces share
the same yield curve that satisfies requirement (2) in the
aforementioned compatibility requirements.
The intrinsic relationship between void ratio, water
content, and degree of saturation holds true all the time
and can be used to find the degree of saturation surfaces
as follows:
Sr =

wGs
e

ð11Þ

The soil hysteresis behavior, both mechanical and
hydraulic, of unsaturated soils was neglected during formulating of the MSSA (41–43). In the next section, the
main features of the hysteresis behavior of unsaturated
soils are presented and discussed based on experimental
results.

Hysteresis Behavior of Unsaturated Soils
The importance of hysteresis in the hydraulic soil behavior is widely recognized (50) and recent emphasis has
been given to its effect on mechanical behavior and the
coupling between them (17, 22, 51). The mechanical hysteresis for saturated soils was discussed and simulated by
many models within the critical state soil mechanics
framework, for example, the MIT-E3 model developed
by Whittle (52–54). The mechanical hysteresis behavior
of unsaturated soils can be seen clearly in Figure 2, which
presents a suction-controlled isotropic compression test
modified from Rampino et al. (48) for a sample tested at
constant suction of 0.30 MPa in which the sample was
first loaded to a mean net stress of 0.44 MPa, then
unloaded to 0.045 MPa and reloaded again to a stress of
0.65 MPa. Figure 2 shows the void ratio, water content,
and degree of saturation changes with mean net stress in
e  log p, wGs  log p, and Sr  log p spaces, respectively.
It is clear from Figure 2 that mechanical loading and
unloading have the same hysteresis effect on void ratio,
water content, and degree of saturation. Most of the
existing models (e.g., [17–19, 22, 24–27, 31]) have
attempted to simulate the hydraulic hysteresis behavior
only and have neglected the mechanical hysteresis.
However, as a result of the compatibility and consistency
requirements, and to satisfy the intrinsic relationship
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Figure 2. Suction-controlled compression test at s = 0:30 MPa
(modified from [48]).

between different soils phases, eSr = WGs , the void
ratio, degree of saturation, and water content shall
have a hysteretic behavior simultaneously. In other
words, to have consistent predictions for void ratio and
degree of saturation, the mechanical hysteresis behavior shall be considered in the model. Point (B) is the
unloading point and point (D) is the point of intersection between the reloading line and the virgin compression line. The difference between the unloading point
(B) and the intersection point (D) shows that the soil
behavior was not a closed-loop hysteretic stress-strain
and some plasticity component needs to be included to
simulate the asymmetric hysteresis behavior. Therefore,
it is better to have an equation that has the flexibility to
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simulate both symmetric and asymmetric mechanical
hysteretic behaviors.
To investigate the hydraulic hysteresis behavior, the
experimental results presented by Sharma (49) are considered. The stress path included in test-10 (as nominated by
Sharma) was very complex and included most of the features related to hysteresis behavior in unsaturated soils.
For test-10, a sample of bentonite-kaolinite mixture
(20% of bentonite and 80% of kaolin, by weight) was
first statically compacted (non-impact, mechanical,
monotonic stress) under a pressure of 0.4 MPa and then
equalized to a suction value of 0.20 MPa. Figure 3a presents the stress path for test-10 with corresponding
revolted LC yield curves. The sample was subjected to an
isotropic loading-unloading cycle (ABC) under a constant suction (s = 0:20 MPa) then followed by a wettingdrying cycle (CDE) under a constant mean net stress
(p = 0:01 MPa) and then subsequent isotropic loadingunloading (EFG) under constant suction (s = 0:20 MPa).
Figure 3 shows the results for test-10 in 3D spaces.
Figure 3, b and c, show the void ratio and degree of
saturation changes with mean net stress and suction,
respectively. The hysteresis behavior of unsaturated soils
is more prominent in Figure 3c; there is a significant shift
between points C and E as a result of the hydraulic hysteresis. However, points C and E are almost identical in
Figure 3b which shows the void ratio changes. This
means that no irreversible compression occurred during
the drying path. During the second isotropic loading
stage EF, yielding occurred at mean net stress lower than
the value of 0.1 MPa previously applied that caused the
LC yield curve to shift to the left from point P2 to point
P3 as shown in Figure 3a. This shift indicates that the soil
behavior was softer at the beginning of the subsequent
loading cycle and was affected by the increase in the
degree of saturation during the preceding wetting-drying
cycle. As the second loading stage continued further, the
post-yield compression curve gradually converged to the
original normal compression line. These behavioral features will also be included within any surface equation to
simulate the hysteresis behavior of unsaturated soils.

Theoretical Formulation
The same stress variables used in previous papers related
to the MSSA (41–43) are also used in this paper. These
are the mean net stress and matric suction. Zhang and
Lytton (41) expressed the water phase in relation to the
product of the water, w, and specific gravity, Gs , wGs .
The degree of saturation can be calculated easily by using
Equation 11. Several models were proposed to simulate
the hydraulic hysteresis behavior of unsaturated soils
(e.g., [17, 19, 20, 22, 24, 28–30, 33]). However, mechanical hysteresis as a result of loading and unloading cycles
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Figure 3. Experimental results for test-10 from Sharma (49): (a) stress path in p–s space; (b) e–log p–log s space; and (c) Sr–log p–log s
space.
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Figure 4. Schematic 3D plot for the hysteretic behavior of
unsaturated soil.

is also a common feature in unsaturated soils. The surface equation proposed in this paper is able to simulate
both the mechanical and hydraulic hysteresis behavior of
unsaturated soils.
Figure 4 shows a 3D schematic plot for the soil hysteresis behavior for any stress path (ABCDEFPG) that
includes mechanical loading-unloading or hydraulic
wetting-drying cycles. It is obvious that unloading the sample or subjecting it to wetting-drying cycles caused the
yield point to move from point C to point P and the yield
curve to shift from LC2 to LC3. Point P is the intersection
between the reloading surface and the plastic surface and,
based on the principles of MSSA, it should be laying on
an arbitrary LC yield curve. Thus, by determining point P,
it is easy to define the yield curve on which it is laying.
This shift (between points C and P) mainly depends on
how further the sample was unloaded in relation to mean
net stress or suction. A mapping function will be utilized
to relate between the intersection point (P) and both the
unloading point (C) and the reversal point (point E in this
case). The following mapping function is proposed:


ðC1 ÞP = ðC1 ÞC  H ðC1 ÞC  ðC1 ÞE0

ð12Þ

where ðC1 ÞC and ðC1 ÞE0 are constants and can be calculated using Equation 4 by knowing the void ratio, suction, and mean net stress at points C and E’, respectively.
H is a soil parameter called the hardening parameter.
The hardening parameter represents the soil stiffening or
softening as a result of cyclic loading or wetting-drying.
A similar expression was proposed by Dafalias (55) to
describe cyclic hardening or softening attained by any
material under such cyclic loading conditions. Using

Equation 12, which depends on C1 values, makes it easy
to include the effect of any wetting and drying cycles on
the soil stiffness within the mapping function. The symmetric hysteresis behavior can be simulated easily by
assigning a zero value the hardening parameters, H.
Otherwise, a value greater than zero will be used to simulate the asymmetric hysteresis behavior.
A surface equation is proposed for the void ratio reloading surface (EFP). The reloading surface equation will satisfy several requirements: (a) it starts (point E) at the elastic
unloading surface and the equation will converge on the
elastic surface equation (Equation 4); (b) it ends (point P) at
the plastic surface and the equation will converge on the
plastic surface equation (Equation 5); (c) the intersection
curve between the reloading surface and the plastic surface
is an LC yield curve (LC3 curve in Figure 4); (d) the location
of the intersection curve depends on how much further the
sample was unloaded in relation to mean stress or suction;
(e) both the unloading-reloading and wetting-drying effects
will be included within this surface equation. These requirements work as additional principles in the extended MSSA.
Thus, any proposed formulation for a reloading surface
within the MSSA framework will satisfy these requirements
(principles). All these requirements can, therefore, be satisfied by a unique equation (Equation 13) for the BBM:


s + pat
pat
 
p
 dA k lnð pÞ  ð1  dÞB lðsÞ ln c
p

er = C2 ð1  dÞ + dC6  ks ln

ð13Þ

where
er is the void ratio during reloading (or drying),
A and B are two new parameters that control the shape
of the reloading surface,
C6 = C1  ks lnðpat Þ and it is a constant value, and
d is a new parameter that can be called the unloadingreloading or wetting-drying ratio and can be calculated
as follows:


C1n int  C1n


ð14Þ
d= n
C1 int  C1n re


where C1n int and C1n re are C1n at the intersection (point
P) and reloading (point E) points, respectively.
C1n for any point on the reloading surface can be calculated as follows:
 
p
C1n = C2 + ks lnðpat Þ + k lnð pÞ  lðsÞ ln c
p

ð15Þ

The reloading and drying effects are both considered
in C1n parameter that is affected by both the mean net
stress and suction changes as shown in Equation 15. To
check the satisfaction of the aforementioned requirements
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Table 1. Summarized Soil Parameters
Parameter

Best fit value
reference soil

Best fit value for silty
sand soil used by Rampino et al. (48)

Best fit value for bentonite-kaolinite
mixture used by Sharma (49)

Unit

0.0038
0.0052
0.339
0.017
0.717
5.429
0.182
0.006
0.256
0.003
0.008
1.50
2.0
0.60

0.002
0.0048
0.377
0.018
0.759
9.114
0.024
0.006
0.256
0.003
0.008
0.16
1.8185
0.9487

0.172
0.015
3.284
0.416
0.355
357.95
1.55E-7
0.009
0.502
0.0001
0.28
0.87
1.985
0.964

na
na
na
na
na
MPa21
MPa
na
na
na
na
na
na
na

ks
k
C2
lð0Þ
r
b
pc
kw
C5
lw
lws
H
A
B
Note: na = not applicable.

(principles), for the reloading surface equation, at point
E, plugging d = 1 in Equation 13, the elastic surface
equation (Equation 4) is reached; and at point P, plugging d = 0 in Equation 13, the plastic surface equation
(Equation 5) is reached. In this case, all the previously
mentioned requirements are satisfied by using Equation
13. It is worth noting that Equation 13 is for the void
ratio reloading surface only. However, as concluded by
Zhang and Lytton (41), the only parameter that controls
yielding in both void ratio and water content surfaces is
C1. Therefore, the C1 is back-calculated for every point
on the reloading surface using Equation 16 and plugged
into the elastic water content surface Equation 9. By
doing that, there is no need for any additional parameters
to simulate the water phase hysteresis behavior.
C1 = er + k lnð pÞ + ks lnðs + pat Þ

ð16Þ

In this section, an equation for the reloading surface
that accounts for both mechanical and hydraulic hysteresis is proposed. In the next section, the extended MSSA
is validated by simulating the soil behavior for some
selected stress paths and further verified by comparing
the simulated soil behavior against the measured experimental results.

Model Validation: Typical Features of
Predicted Behavior
Before comparing with experimental results, it is convenient to show the MSSA capabilities by computing its
predictions along several selected stress paths. The
selected stress paths are: (a) a stress path that has several
loading-unloading cycles; and (b) a stress path that has
several wetting-drying cycles. In these two cases, a single

set of parameters has been selected to describe the soil.
Table 1 shows the selected soil parameters (reference
soil). The soil parameters for this model can be calibrated using the procedure recommended by Zhang and
Xiao (56). They provided a detailed description for a surface approach procedure and then used it to calibrate
parameters for the BBM model and showed a good
match with the experimental results. For the first sample,
subjected to cyclic mechanical loading, the initial void
ratio is assumed to be 0.375 (v = 1:375) and the initial
mean net stress and matric suction are pi = 0:01 MPa
and si = 0 MPa respectively. In addition, the initial position of the LC yield curve is at p0 = 0:027 MPa. The first
stress path is related to mechanical cyclic loading in
which the sample was loaded from initial conditions to
0.40 MPa, then subjected to three cycles of loadingunloading between 0.40 and 0.08 MPa. Figure 5 shows
the soil behavior when subjected to cycles of mechanical
loading and unloading. Figure 5, a and b, present the
void ratio and water content changes with mean net
stress respectively. It is clear that the proposed equation
can simulate the cumulated plastic strains during
loading-unloading cycles and also that the yielding stress
is increased, as expected, after the soil was subjected to
cyclic loading. This kind of behavior was experimentally
reported for many saturated and unsaturated soils (57–
64). For the second sample, subjected to cycles of wetting
and drying, the initial void ratio is assumed to be 0.375
(v0 = 1:375) and the initial mean net stress and matric
suction are pi = 0:01 MPa and si = 0:80 MPa. In addition, the initial position of the LC yield curve is at
p0 = 0:0004 MPa. The second stress path is related to
applying cycles of wetting and drying in which the sample was subjected to four cycles between s = 0:80 MPa
and s = 0:01 MPa. Figure 5 shows the soil behavior
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Figure 5. Estimated soil response to mechanical and hydraulic cyclic loading: (a) void ratio-mean net stress relationship because of
mechanical loading; (b) water content-mean net stress relationship because of mechanical loading; (c) void ratio-suction relationship
because of hydraulic loading; and (d) water content-suction relationship because of hydraulic loading.

when applied to cycles of wetting and drying. Figure 5, c
and d, present the void ratio and water content changes
with matric suction respectively. It is clear that the proposed equation can simulate the cumulated plastic
strains during wetting-drying cycles. It is obvious that
the sample volume increased from point A to point E
after several wetting-drying cycles that indicated expansive soil behavior. Many researchers have experimentally
reported this kind of behavior (e.g., [17, 49, 65]). In fact,
the behavior expected by this model is very similar to the
behavior reported by Sharma (49) for a sample of compacted kaolin subjected to a cycle of wetting-drying
under constant isotropic stress of 0.05 MPa. The estimated response using the proposed surface equation
makes sense when compared with the characteristic
behavior of unsaturated soils. This good match demonstrated the capabilities of the extended MSSA.

Model Validation: Comparison of Model
Predictions with Experimental Results
Tests on Unsaturated Compacted Silty Sand Reported
by Rampino et al. (48)
Details of the tests performed on unsaturated compacted
silty sand are reported by Rampino et al. (48) and only a
brief summary is given here. The soil used in this research
was collected from the core of the Metramo dam, Italy.
Specimens were prepared by compacting the soil at optimum moisture content using the modified proctor test.
Isotropic compression tests under suction-controlled
conditions were performed using the triaxial cell for samples at suction levels of 0 (saturated), 0.10, 0.20, and
0.30 kPa. In this section, the extended MSSA is used to
model the soil’s behavior and compare it with the experimental observations. Table 1 shows the model parameters
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calibrated for the silty sand soil used by Rampino et al.
(48). Figure 6 shows comparisons between the predicted
and measured soil behaviors for tests at suction levels of
0, 0.1, 0.2, and 0.3 MPa. In fact, the soil behavior is
changing non-linearly with suction. Consequently, matching several tests for the same soil is much harder than
matching one test for several soils. Figure 5, a–g, were,
therefore, presented to show that the extended MSSA is
capable of providing an overall match for the soil behavior at different suction levels (from 0 to 0.3 MPa). It is
obvious that predictions of the void ratio and degree of
saturation matched the measured soil responses very well.
Calculations indicated that average coefficients of determination above 99% and 94% were reached between the
measured and predicted void ratio and degree of saturation for all Rampino’s cases. Each coefficient of determination is shown on the corresponding figure.

Tests on Unsaturated Compacted Bentonite-Kaolinite
Mixture Reported by Sharma (49)
Sharma (49) reported several suction-controlled isotropic
compression tests for a compacted mixture of bentonite
and kaolinite (20% bentonite and 80% kaolin by weight).
An important aim of Sharma’s research was to investigate the soil behavior under different stress paths that
include cycles of loading-unloading or wetting-drying.
Among the different results reported, two tests were
selected for comparison with the MSSA predictions.
These two tests are interesting since they reveal most of
the features related to the hysteresis behavior of unsaturated soils. Figure 3a shows the stress path for the first
test considered in this comparison. Test-10 (as nominated
by Sharma) demonstrates the influence of the degree of
saturation on the mechanical behavior during subsequent
isotropic loading. Figure 3, b and c, show the experimental results for test-10 in 3D plots. Another test that is
considered in this paper is test-9 (as nominated by
Sharma) which is a suction-controlled isotropic compression test. The soil specimen has the following initial conditions: initial specific volume of v0 = 2:267, initial mean
net stress and suction of pi = 0:10kPa, and si = 0:20kPa.
The sample was isotopically loaded to 0.10 MPa at a constant suction of 0.20 MPa. It was then unloaded to
0.01 MPa and subsequently loaded to 0.25 MPa. Finally,
the sample was unloaded to 0.1 MPa all at a constant
suction of 0.2 MPa before the test was terminated.
The calibrated parameters used in this simulation are
listed in Table 1 (bentonite-kaolinite mixture used by
Sharma [49]). Predictions using these calibrated parameters and the extended MSSA are compared against
the measured soil response as shown in Figure 7.
Calculations indicated that for the two tests presented
here, coefficients of determination above 99% and 86%
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were reached between the measured and predicted void
ratios and degrees of saturation, respectively. Each coefficient of determination is shown on the corresponding
figure. The quantitative agreement, in this case, is satisfactory. This agreement demonstrated, again, the ability
of the extended MSSA to reproduce the main features
related to the unsaturated soil’s hysteresis behavior. It is
worth noting that the overall match was good considering the complex stress path for Test-10 (the average Rsquared was 93%). However, less agreement was reached
between measured and predicted degrees of saturation
compared with void ratios (the lowest R-squared for Sr
was 74%). This could be attributed to the limited number of parameters and the simplicity of the model equations. As previously mentioned, only two parameters
were added to handle the fully coupled hydro-mechanical
behavior with hysteresis that was not achieved by any of
the existing models. A much better match can be
achieved by proposing complex equations and this, in
turn, will increase the number of model parameters,
which is indeed a practical disadvantage. In addition, the
main focus of this paper is to demonstrate the capability
of the proposed approach (extended MSSA) to simply
consider both the mechanical and hydraulic hysteresis
behaviors. Consequently, simple equations and a limited
number of parameters are used to keep the model as
straightforward as possible.

Concluding Remarks
A review of the main characteristics of the hysteresis
behavior of unsaturated soils has shown that most of the
existing models covered limited aspects of the mechanical
and hydraulic response of these soils. Most of the available models are intended to simulate the hydraulic hysteresis behavior neglecting the mechanical hysteresis
behavior as a result of cyclic loading. Although, these
models are coupled hydro-mechanical models, they are
suffering some limitations related to the compatibility
between the different soils phases (i.e., solid, water, and
air phase) and some other models suffering from difficulties related to the adopted stress state variables that made
it very complex to represent the stress paths. Zhang and
Lytton (42, 43) developed the MSSA to study the
mechanical behavior of unsaturated soils. The MSSA
was then used to explain the BBM and many other features related to the unsaturated soil’s behavior. Zhang
and Lytton (41) extended the MSSA to study the coupled
hydro-mechanical behavior of unsaturated soils. They
also paid considerable attention to the compatibility
among the elastoplastic behavior of different soil phases.
Besides the void ratio constitutive surface, the conventional unique water content, and the degree of saturation,
constitutive surfaces were also divided into elastic and
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Figure 6. Comparison of predicted and experimental results for isotropic compression tests from Rampino et al. (48): (a) e-p
relationship at s=0 MPa; (b) e-p relationship at s=0.10 MPa; (c) Sr-p relationship at s=0.10 MPa; (d) e-p relationship at s=0.20 MPa; (e) e-p
relationship at s=0.20 MPa; (f) e-p relationship at s=0.30 MPa; and (g) Sr-p relationship at s=0.30 MPa.
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Figure 7. Comparison of predicted and experimental results for isotropic compression tests reported by Sharma (49) (a) e-p
relationship for test-10; (b) e-s relationship for test-10; (c) Sr-p relationship for test-10; (d) Sr-s relationship for test-10; (e) e-p relationship
for test-9; and (f) Sr-p relationship for test-9.

plastic regions by LC yield curves and used simultaneously to describe the coupled hydro-mechanical behavior
for unsaturated soils. In this paper, the MSSA is further
extended to simulate the hysteresis behavior of unsaturated soils. A new surface equation is theoretically formulated for the reloading/drying surface. The extended

MSSA is able to reproduce several forms of mechanical
and hydraulic behavior observed in experimental results
that cannot be represented by existing constitutive models. These forms include the influence of cyclic mechanical
loading on the void ratio and the degree of saturation
changes (i.e., hydraulic behavior), the effect of mechanical
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and hydraulic hysteresis on the subsequent behavior during isotropic loading, and irreversible compression during
the drying stage of wetting-drying cycles.
The extended MSSA is validated by qualitatively
simulating the soil’s behavior for typical stress paths.
The predicted behavior is, qualitatively, compared with
the characteristic behavior of unsaturated soils observed
from experimental results in the literature. Quantitative
comparisons are also made between experimental results
collected from literature and the MSSA predictions.
These comparisons demonstrated that the extended
MSSA is able to reproduce most of the features related
to the hysteresis behavior of unsaturated soils.

List of Notations

(continued)
lws
kw
H
C1n
ðC1 Þi
C1n i
d
A
B
er
pi
si
p0

slope of the segment beyond the yield
suction on the soil-water characteristic
curve under a constant net normal stress
slope of the unloading-reloading segment in
the wGs versus lnp curve for isotropic
compression test at constant suction
soil hardening parameter
constant
constant C1 at point (i)
constant C1n at point (i)
unloading-reloading or wetting-drying ratio
model parameter
model parameter
void ratio during reloading
initial men net stress
initial matric suction
preconsolidation pressure at zero suction
(saturation conditions)

The following symbols are used in this technical note:
Acknowledgments
C1 , C2 ,
C3 , C4 , C5 , and C6
p
q
s
p
uw
Sr
ua
s
s1
s3
n
p
ve
v
e
sm
k
ks
pat
lðsÞ
pc
ls
lð0Þ
r
b
w
Gs
lw

constant
mean Bishop’s stress
deviatoric stress
modified suction
mean net stress
pore water pressure
degree of saturation
pore air pressure
suction
major principal stress
minor principal stress
porosity
applied mean stress
elastic specific volume
total specific volume
void ratio
total mean stress
slope of the unloading-reloading line
associated to the mean net stress
slope of the unloading-reloading line
associated to soil suction
atmospheric pressure
slope of the virgin expansion line associated
to the mean net stress
reference stress
slope of the virgin compression line
associated to soil suction
slope of the virgin compression line
associated to the mean net stress for s = 0
parameter controlling the slope of the virgin
compression line
parameter that controls the slope of the
virgin compression line for s6¼0
gravimetric water content
soil specific gravity
slope of the normal consolidation for the
water phase under a constant matric
suction
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