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Talukder Z. Jubery and Prashanta Dutta
Mechanical and Materials Engineering, Washington State University,
Pullman, Washington, USA
Prediction of accurate trajectories of biological particles is necessary for efﬁcient design of
microdevices for dielectrophoretic manipulation. Due to simplicity, a point-based method is
generally used to simulate particle trajectory, but a point-based method provides signiﬁcant distortion from the actual path when particle size is comparable to the device characteristic dimension. This article reports an efﬁcient numerical model which can overcome these drawbacks of a
point-based method and can be used for accurate predictions of particle trajectory. This model
is formulated on a distributed Lagrange multiplier based ﬁctitious domain (FD) approach for
ﬂow ﬁeld and motion of particles, and the multi-domain method for electric potential. In this
study, the dielectric forces are calculated from the Maxwell stress tensor. The accuracy of
the proposed methods are validated separately with two test problems: terminal velocity of a
particle in a stationary ﬂuid while it is pulled with a constant force, and dielectrophoretic force
acting on a particle when it is placed in between two planar electrodes. The capability of the
proposed model is demonstrated by simulating trajectories of two biological particles (cells)
of the same geometry and size but different dielectric properties in a microdevice. The effects
of frequency, particle-particle initial separation distance, and particles’ relative position are
investigated. Numerical results indicate that this model can capture the physics of particle
manipulation better than the conventional point-based method. Moreover, this algorithm
reduces the computational time signiﬁcantly, which is a major bottleneck in 3-D simulation.

1. INTRODUCTION
Dielectrophoresis (DEP) refers to the motion of polarized particles suspended
in a medium due to a spatially nonuniform electric ﬁeld. In DEP, the direction of this
particle motion depends on polarization properties of the particle and the surrounding medium. For example, when a particle is more polarizable than the medium, the
net force experienced on the particle act towards the higher electric ﬁeld; this process
is called positive DEP (Figure 1a). On the other hand, when a particle is less polarizable than the medium, the net force works towards the lower electric ﬁeld and this
algorithm process is known as negative DEP (Figure 1b).
In recent years, dielectrophoretic forces have been used to manipulate biological
entities (e.g., red blood cell, white blood cell, platelets, cancer cell, bacteria, yeast etc.).
These forces have been used for trapping, sorting, focusing, ﬁltration, patterning, and
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NOMENCLATURE
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height of computational domain, m
rate of strain tensor, 1=s
Indicator function
spacing between electrodes, m
electric ﬁeld, V=m
complex electric ﬁeld, V=m
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frequency, Hz
gravitational acceleration, m=s2
magnetic ﬁeld, A=m
unit tensor
moment of inertia, kg m2
length of computational domain, m
location of 1st electrode starting point
in x-direction, m
total mass, [kg]
surface normal vector, m
pressure, N=m2
pseudo pressure, N=m2
net charge density, C=m3
real part of complex term
radius of particles, m
distance vector with respect to center
of particle, m
Maxwell stress tensor, N=m2
time, s
ﬂow ﬁeld vector, m=s
ﬂow ﬁeld vector at the inlet of main
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amplitude of electric ﬁeld, V=m
body force density vector, N=m3
pseudo force density vector, N=m3
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pseudo ﬂow ﬁeld vector, m=s
width of electrode, m
width of computational domain, m
position vector, m
position in x coordinate, m
position in y coordinate, m
position in z coordinate, m
parameter for fully developed ﬂow
parameter for fully developed ﬂow
permittivity, F=m
complex permittivity
kinematic viscosity, m2 s1
parameter for fully developed ﬂow
density, kg=m3
electrical conductivity, S=m
complex electric potential, V
electric potential, V
amplitude of electric potential, V
computational domain
computational domain boundary
angular frequency [rad=s]

Subscripts
f
ﬂuid
r
rigid body
s
solid

complex conjugate
Superscripts
n
parameter for time level
m
parameter for time level
k
parameter for time level

separation of biological entities suspended in buffer media [1, 2, 3]. In these processes,
trajectories of particles are of paramount interest for efﬁcient design of microdevices.
For example, in some microdevices, a mixture of particles is separated by levitating
them at different heights by dielectrophoretic forces [4]. Efﬁcient positioning of separation channels for different particles also depends on the accurate prediction of particles’ levitation height. Until now, most of the work used very simpliﬁed calculations
to predict particle trajectories. For example, particles’ trajectories are predicted based
on a model with an isolated particle using the point-dipole [5, 6] approximation. The
point-dipole approximation is computationally efﬁcient as the size or the presence of
the particle does not need to be considered while solving electric=ﬂow ﬁeld. However,
when the size of the particle is comparable to the device characteristic dimension
and=or if a particle is in close proximity to an electrode or another particle, the
point-dipole approximation is not accurate. The presence of the particle modiﬁes
the overall electric-ﬁeld distribution and, thus, the dielectrophoretic forces [7, 8]. In
such cases, multipolar approximation [9] has been used to obtain better results than
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Figure 1. Dielectrophoresis of a particle in a nonuniform electric ﬁeld created by the electrodes of different
lengths. A high electric ﬁeld region is created close to the bottom electrode and a low electric ﬁeld is formed
close to the upper electrode. (a) The particle is more polarizable than the medium and it experiences net
force towards the higher electric ﬁeld (Ehigh) region. This process is known as positive dielectrophoresis; and
(b) The particle is less polarizable than the medium, and the net force on the particle acts towards the lower
electric ﬁeld (Elow) region. This type of particle motion is known as negative dielectrophoresis (color ﬁgure
available online).

the point-dipole approximation [10]. In this method, the particle under consideration
is modeled by a set of multipoles producing the same ﬁeld distortion caused by the
presence of the particle. However, this multipole approximation is only developed
for spherical particles, and so far it has been extended to some non-spherical particles
in uniform applied electric ﬁeld only [11, 12].
Biological particles are not spherical; for example, human red blood cells
(RBCs) are essentially oblate spheroids with indented sides, while viruses and
bacteria often have elongated cigar shapes. Moreover, a nonuniform electric ﬁeld
is generally applied in microﬂuidic devices, where the size of the particles is comparable to device characteristic dimension. In such a situation, an alternative approach
to ﬁnd dielectrophoretic force is the Maxwell stress tensor (MST) method [9]. This
method considers the size and shape of the particle in electric ﬁeld calculation,
and is applicable for any shape and size of particles.
The motion of the particle due to dielectrophoretic force is also affected by the
hydrodynamic drag from the surrounding ﬂuid ﬂow. Due to low Reynolds number
in such ﬂows, generally, hydrodynamic drag force acting on the particle is calculated
by the Stokes drag method [13]. Morgan and Green [5] have determined particle
velocity by equating Stokes drag force with dielectrophoretic force. When particles
are close to the wall or other particle and are comparable with device size, a correction factor is used along with Stokes drag [14, 15]. However, expression for Stokes
drag force is only available for regular shaped bodies (e.g., spheres, ellipsoids, and
cylinders) [16], and extension of this method to irregular shaped bodies is not as
straightforward. Thus, in such cases, a more appropriate approach is to solve the
ﬂuid ﬂow considering the presence of the particle.
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There are limited models and numerical works for dielectrophoretic particle
manipulation in a microdevice considering the presence of particles, while solving ﬂow
ﬁeld and electric ﬁeld. A conventional approach is to use unstructured grids that
conform to the particle-ﬂuid interface. Ai et al. [17] developed a model using unstructured grids in an arbitrary Lagrangian-Eulerian (ALE) framework to solve ﬂow ﬁeld,
electric ﬁeld, and particle motion simultaneously. In the ALE framework, an iterative
algorithm is used to maintain the particle-ﬂuid interface conditions, and a moving
mesh scheme is used to update the interface; mesh regeneration is required when grid
becomes distorted. Though this method provides an accurate solution, moving mesh
and mesh regeneration increase the computational cost and memory requirements signiﬁcantly. To reduce the computational tax, numerical schemes have been developed
based on ﬁxed grid with a nonconforming particle-ﬂuid interface. In these methods,
the particle-ﬂuid interface location and related interface conditions are imposed with
model equations so that nonconforming mesh can be implemented [18, 19]. In this
case, the ﬂuid and solid equations are solved independently from each other with their
respective grids, and re-meshing is not necessary. Several numerical schemes have
been reported based on a ﬁxed grid for simulating DEP manipulation of a particle
using an immersed electrokinetic ﬁnite element method [20] and coupled immersed
interface–boundary element method [21]. In the immersed electrokinetic ﬁnite element
method, the ﬂow and electric ﬁelds were solved with the immersed ﬁnite
element method. On the other hand, in the coupled immersed interface–boundary
element method, the ﬂow ﬁeld was solved with the immersed interface method and
the electric ﬁeld was solved with the boundary element method. In these ﬁxed
grid-based methods, a model governing equation is developed by adding an extra
force-equivalent term to ﬂuid equations to represent the ﬂuid-particle interface conditions. In these uniﬁed ﬂuid equations, the extra forces are satisﬁed through iterative
process or explicit calculation [19, 22]. Recently, Hsu et al. [23] developed an adapted
version of distributed Lagrange-multiplier based ﬁctitious domain (FD) model to
solve the ﬂow ﬁeld, and a ﬁnite volume method to solve the electric ﬁeld. In this model,
the extra force in the uniﬁed ﬂuid equation does not require to be calculated explicitly.
Rather, it has been implemented using a momentum conservation principle in the solid
domain. Thus, this method is simple and computationally efﬁcient, and it can also
be easily implemented to any arbitrary shaped particles. Implementation of this
method to device level simulation has not been presented. Device level simulation
for dielectrophoretic manipulation requires solving unsteady three-dimensional
equations. As a result, more computer memory and time are required for device level
simulation. In this article, we have presented an efﬁcient algorithm for device
level simulation of DEP which can reduce the computing time signiﬁcantly. Moreover,
this algorithm has been implemented to analyze the path-lines of different cells in a
DEP assisted continuous cell separation device.
2. GOVERNING EQUATIONS
In DEP, particles are suspended in a ﬂuid medium, as shown in Figure 2. Thus,
we ﬁrst introduce governing equations for solid and ﬂuid separately. If we consider
the ﬂuid is incompressible and Newtonian, the motion of ﬂuid is governed by the
Navier-Stokes equation [24].
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Figure 2. Schematic of the domain considered for presenting the governing equations of particle manipulation. The computational domain (X) consists of a solid domain Xs(t) and a ﬂuid domain Xf(t). The entire
domain is ﬁxed with respect to time; however, due to motion of particle, both solid and ﬂuid domain are
cosidered as a function of time. The interface between the solid and the ﬂuid domain is denoted by qXs(t)
and other boundaries are denoted as qX (color ﬁgure available online).
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~
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~ þ qf ~
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g þ~
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~ , and p are the ﬂuid density, viscosity, velocity and pressure, respectwhere qf, m, V
ively, and ~
g is the gravitational acceleration. The last term of Eq. (1a) is the body
force experienced by ﬂuid due to the applied electric ﬁeld. The incompressibility
condition requires a divergence-free velocity ﬁeld given by the continuity equation.
~¼0
rV

in Xf ðtÞ

ð1bÞ

The motion of rigid particle is generally expressed by Newton’s equations of
motion. However, for the ﬁctitious domain method, the interior of the particle
is assumed to be ﬁlled with the ﬂuid. A pseudo-body force is introduced over the
particle’s inner domain to make the ﬁctitious ﬂuid satisfy the rigid body motion. In
the distributed Lagrange multiplier method, the pseudo-body force is implemented
using rigidity constraint [25]. Thus, the governing equation for the particle motion
becomes the following.

qs

~
qV
~ÞV
~r
~Þ
þ ðV
qt

!
~ þ qs g þ ~
¼ rp þ mr2 V
fbs þ ~
fps

in Xs ðtÞ

ð2aÞ
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with incompressibility and rigidity constraints as,
~ ¼ 0 in Xs ðtÞ
rV

ð2bÞ

~ ¼ 0
D½V

ð2cÞ

in Xs ðtÞ

~
where qs is the particle
 density, and D½
 V  is the rate of strain tensor which is related to
T
1
~ þ ðrV
~Þ . ~
~  ¼ rV
velocity by D½V
fbs is the equivalent body force experienced by
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2

solid due to applied electric ﬁeld, and ~
fps is the pseudo force due to rigidity constraint.
Combining Eqs. (1) and (2), the motion for the whole domain (X) can be
expressed with the following uniﬁed equations:
~
qV
~ÞV
~r
~Þ
þ ðV
q
qt

!
~ þ qg þ ð1  dh Þ~
¼ rp þ mr2 V
fbf þ dh ð~
fbs þ ~
fps Þ
~¼0
rV

in X ð3aÞ

in X

ð3bÞ

~ ¼ 0
r  D½V

in Xs ðtÞ

ð3cÞ

~  ~
D½V
n¼0

in qXs ðtÞ

ð3dÞ

where dh is the indicator function. The value of dh is 1 in the solid domain and 0 in
the ﬂuid domain. Thus, the expression of density for the uniﬁed domain can be given
as follows.
q ¼ ð1  dh Þqf þ dh qs

ð3eÞ

Body force acting on the ﬂuid and solid domains depends on the distribution of
the electric ﬁeld in the domain. The governing equation for the electric ﬁeld can be
derived from the Ampere’s Law with Maxwell’s correction, and it can be expressed
in the frequency domain as follows.
~~ þ ixeE
~~
r  H ¼ rE

ð4aÞ

where H, e, and r are the magnetic ﬁeld, permittivity and conductivity, respectively,
and x is the angular frequency which is related to applied electric frequency f as
~~ is related to the complex electric potential
x ¼ 2pf. The complex electric ﬁeld E
~ ) by the following.
(/
~
~~ ¼ r/
E

ð4bÞ

Taking divergence of Eq. (4a), the LHS ( r  (r  H)) becomes zero and the equation
can be expressed as follows.
~~ þ ixr  ðeE
~~Þ ¼ 0
r  rE

ð4cÞ
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Deﬁning complex permittivity as ~e ¼ e  ir
x , Eq. (4c) can be written as follows.
~Þ ¼ 0
r  ð~er/

ð4dÞ

in X
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Thus, for uniﬁed domain, ~e is the uniﬁed complex permittivity which is given
ir
as ~e ¼ dh  ~es þ ð1  dh Þ  ~ef , where ~es ¼ es  irxs and ~ef ¼ ef  xf are the complex
permittivity of solid and ﬂuid, respectively.
The electrical body force acting on the solid can be expressed using MST (TM).
~
fbs ¼ r  TM

in Xs ðtÞ

ð5aÞ

In most DEP application, frequency of the applied electric ﬁeld is below 100 MHz.
In this case, the electromagnetic wavelength (in meter scale) of the applied ﬁeld is
several orders of magnitude higher than the typical electrode dimension (in micron
scale). It implies that the electromagnetic wave’s transit time across the system is much
smaller than the characteristic time of the system. Thus, using quasi-electrostatic
approximation [26], the effect of magnetic ﬁeld can be neglected [27] and the MST
can expressed as [9] follows.


~E
~  1 ð~
TM ¼ e E
E~
E ÞI
2

ð5bÞ

Using complex variables formulation, Eq. (5b) can be written as follows.


1
~
~~E
~~ þ E
~~ ~
TM ¼ Reð~eÞ ðE
E Þ  jE j2 I
4 

1
~~ E
~~  E
~~ þ E
~~ þ E
~~E
~~  E
~~ ÞI
~~ Þ  1 ðE
þ e ðE
4
2

ð5cÞ

~
~~ is the complex conjugate of ~
where E
E . Note, that the second term of the right side
is an instantaneous part and it will be zero if averaged over time.
In DEP, particle response time scale is much higher than the frequency time
scale of the AC electric ﬁeld. So, averaged electrical body force term is used in
this case. The time-averaged body force in the solid domain can be expressed using
Eqs. (5a) and (5c) as follows.
 
Reð~eÞ
~ ~~ ~~2
~
~~E
~~ þ ~
fbs ¼
r  ðE
 E  IÞ
E E
4

in Xs ðtÞ

ð5dÞ

Similarly, the time-averaged body force on the ﬂuid can be expressed as follows [27]:
1
~
fbf ¼ Re
2

"

!
#
~~ ~ 1  ~2
ðrre  errÞ  E
~  E
~ re
E
in Xf ðtÞ
r þ ixe
2

ð6Þ
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3. COMPUTATIONAL DOMAIN AND BOUNDARY CONDITIONS
Figure 3a shows the schematic of a DEP assisted continuous cell separation
device considered for this study. The device has three inlets and two outlets, and
has two electrodes at the bottom wall. A mixture of biological particles (cells) is
fed through the center inlet, while a buffer solution is introduced in the device
through two side inlets. It is important to note that the Reynolds number of ﬂuid
ﬂow through this device is very small. Therefore, the cells suspended in this ﬂow
should maintain their path with ﬂuid ﬂow if there is no electric ﬁeld. When electric
potential is applied across the electrode, a nonuniform electric ﬁeld is generated in
the channel. Since the dielectric property of the cells and the surrounding buffer is
different, the nonuniform electric ﬁeld will cause dielectrophoretic force on the cells

Figure 3. (a) Schematic of DEP assisted continous cell separation device. A mixture of cells are introduced
at the center of a microchannel by focusing with two streams of buffer. Cells are separated by applying
electric potential difference between electrodes at the bottom of the microchannel; (b) computational
domain considered for both dielectrophoretic and hydrodynamic force calculations. The threedimensional computational domain has two electrodes of length (w) and separation distance (d). The
length, width, and height of the rectangular channel are (L), (W) and (D), respectively; (c) and a subdomain is considered around the particle as shown by a long dash-dot line in the main computational domain
(b) for a multidomain-based electric ﬁeld calculation (color ﬁgure available online).
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and causes them to move. The electric ﬁeld strength, applied frequency, and the ﬂow
rate can be controlled in such a way that cells can be directed to different outlets.
In the above-mentioned device, due to low Reynolds number of the ﬂow, the
mixtures of cells maintain their path with ﬂuid ﬂow until in the region close to
the electrodes. Moreover, the three inlet streams merge into a single channel, and
the ﬂow can be considered to be fully developed at 2 W away from the inlet [28],
where W is the width of the microchannel. The electrodes are generally fabricated
more than 2 W away from the inlet. As ﬂuid ﬂow and cell trajectories are predictable
in the device (expect in the electrode region), we considered a calculation domain
(Figure 3b) which is smaller than the actual device to reduce the computational cost.
It includes the area just upstream of the electrodes region to just downstream of that
region.
For the uniﬁed solid-ﬂuid formulation (Eq. 3a), a fully developed ﬂow is
considered at the inlet. Considering the same ﬂuid velocity at the three inlets
~Entry ) of the main device (Figure 3a), the fully developed ﬂow velocity at the inlet
(V
of the computational domain (Figure 3b) are obtained from the Stokes equations
using the separation of variables technique [29].


48
~
~
V ¼ Ventry
bðy; zÞ; 0; 0
ap3

ð7aÞ

where
a¼1

bðy; zÞ ¼

1
192W X
tanhðnðmÞÞ
5
p m¼1;3;5
m5



cosh½ð2z  1ÞnðmÞ cosð2ynðmÞÞ
ð1Þðm1Þ=2 1 
coshðnðmÞÞ
m3
m¼1;3;5:::
1
X

ð7bÞ

ð7cÞ

and
nð m Þ ¼

mp
2W

ð7dÞ

On the other hand, at the outlet, normal ﬂow with p ¼ 0 is considered as
boundary condition. For top and bottom walls of the subdomain (Figure 3b), no slip
and no penetration boundary conditions are prescribed.
As seen in Figure 3b, the immersed solid domains are biological cells, which
generally consist of thin membrane and cytoplasm. The cytoplasm is comprised of
liquid of the same density as the surrounding medium [30]. Thus, we neglect the
density variation between solid and particle domains. However, the variations of
dielectric properties are signiﬁcant between solid and ﬂuid domains. For the uniﬁed
electrostatic equation (Eq. (4d)), speciﬁed electric potential is considered at electrodes and insulating boundary is considered at all boundaries. The electrical properties
of the ﬂuid and solid domain are considered homogenous. In this study, we neglect
the effect of Joule heating as the applied electric ﬁeld is quite small.
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4. NUMERICAL TECHNIQUES
The governing equations used to describe the uniﬁed ﬂuid-solid motion and the
electric potential=ﬁeld is coupled. The body force terms in the uniﬁed ﬂuid-solid
motion equation (Eq. (3a)) is calculated from the solution of electric potential. On
the other hand, the electric potential distribution is affected by the position of solid
domains which are obtained from the solution of uniﬁed ﬂuid-solid motion. Here
an explicit algorithm is used for solving the coupled system. In this study, ﬁnite volume method is used to form the algebraic equations for numerical solution. One of the
major advantages of the ﬁnite volume method is the conservation of the ﬂux of the
desired parameter across the domain boundary [31]. Parallel solvers are used to solve
the system of equations and an efﬁcient algorithm is used to obtain particle velocity.
The numerical scheme starts with an initial condition for the whole domain.
For particular positions and velocities of particles and known ﬂuid velocity at time
instant tn, the following major steps are used to get solution at a new time tnþ1.
4.1. Finding Indicator Function dh in the Entire Domain (X)
The solid and ﬂuid domains are distinguished in the entire domain (X) by using
an indicator function. The indicator function is implemented through the calculation
of volume fraction occupied by the solid particle in each control volume. Thus, the
indicator function varies smoothly between one and zero in the solid-ﬂuid interfacial
control volume, and reduces the difﬁculties in numerical calculation due to sharp
change in properties at the particle boundary.
4.2. Calculate the DEP Force on Particle and Electrokinetic Body
Force on Fluid
Dielectrophoretic force is calculated using Eq. (5d) from the solution of electric
potential. Accuracy of dielectrophoretic force calculation depends on the accuracy
of capturing the potential variation across the solid boundary. This is achieved in
three steps:
4.2.1. Solving electric potential in entire domain. Eq. (4d) is solved for
the entire domain with regular grid using the ﬁnite volume method.
4.2.2. Solving electric potential in subdomain containing particle. A
subdomain is considered around the particle, as shown in Figure 3c. The solution
from section 4.2.1. is used as a boundary condition for the subdomain, and electric
potential is solved using Eq. (4d) with a ﬁner grid.
4.2.3. Calculating MST force using volume integration. Dielectrophoretic force on the particle is calculated using Eq. (5d). For a spherical particle, the effect
of orientation is not important. So, neglecting the effect of torque on particle, MST
force can the approximated as follows.
R
X
~
fbs ¼ Rp

~
fbs d8

Xp

d8

ð8Þ
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For homogenous property of ﬂuid and negligible Joule heating due to applied electric ﬁeld, the electrokinetic body force term (Eq. (6)) in the ﬂuid domain will be zero.
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4.3. Solve for Motion of Fluid and Solid
Fluid and solid motion have been determined by solving the uniﬁed ﬂuid-solid
problem. As we used an explicit scheme to update the particle, an efﬁcient algorithm is
needed to reduce the computational time. To achieve that between original time steps
k
(tn ! (tn þ 1), we used intermediate time steps tnþm (where m is any integer value and
k ¼ 1, 2, 3 . . . m  1) in the ﬂuid and solid motion solver. The dielectrophoretic force
acting on the particle domain is constant during these intermediate time steps. As the
ﬂuid ﬂow is in the low Reynolds number range, the particle will attain equilibrium
velocity only after a few iterations and it will stay the same until the last intermediate
time steps. In such situation, for reducing the computational time, we check for the
equilibrium velocity at every intermediate steps. If the particle reaches the equilibrium
velocity, we consider that velocity as the particle velocity for the next original time
level, tn þ 1.
In the intermediate steps, the ﬂuid-solid motion problem has been solved
mainly in two–stage fractional algorithm: the ﬁrst step is for the entire domain,
and the second step is only for the solid domain.
~^) and pseudo pressure (^p) from Eqs. (3a and 3b)
. Solve for pseudo velocity (V
(without pseudo force due to rigidity constraint force). The modiﬁed equations
are as follows.
~^  V
~n
V
~ÞV
~^Þ
~^  r
q
þ ðV
Dt

!

~^ þ ð1  dh Þ ~
¼ r^
p þ mr2 V
fbf þ dh ð~
fbs Þ and
~^ ¼ 0
rV

ð9aÞ
ð9bÞ

Note, that Eqs. (9a) and (9b) are identical to the original ﬂuid ﬂow Eqs. (1a) and
(1b). So, the obtained velocity and pressure is the solution for ﬂuid domain. Thus,
we set
~ nþmk ¼ V
~^ and pnþmk ¼ ^p in Xf ðtÞ
V
ð9cÞ
The velocity in the solid domain can be obtained by satisfying rest of Eq. (3) in the
next step.
~ nþmk in particle domain by projecting the ﬂow ﬁeld onto a rigid body
. Solve for V
motion satisfying the following equations
!
~ nþmk  V
~^
V
qs
¼~
fps
Dt
~ nþmk  ¼ 0
r  D½V
k

~ nþm   ~
n¼0
D½V

ð9dÞ
ð9eÞ
ð9f Þ

118

T. Z. JUBERY AND P. DUTTA

Downloaded by [Washington State University Libraries ] at 11:36 02 May 2013

The above equations could be satisﬁed in an iterative way to solve solid velocity,
~ nþmk . However, here we used a noniterative straightforward way to obtain the
V
solid velocity, developed by Sharma et al. [25]. They argued that imposing conservation of total linear and angular momenta in the solid domain is an alternative
way to satisfy Eqs. (9d–9f). Thus, rigid body motion in the solid domain can be
obtained using following equations.
Z
~^d8
~
Mp V r ¼ qs V
ð9gÞ
Z

p

~^d8
~
r  qs V

ð9hÞ

~ nþmk ¼ V
~ r þ xr ~
V
r

ð9iÞ

Ip xr ¼

p

~ r, and xr are the mass, moment of inertia, translational and
where Mp, Ip,V
angular velocity of particle, respectively, and 8 is the volume. Prior to the above
integration, momentum contribution from solid at the solid-ﬂuid interface
control volume (which is shared by both solid and ﬂuid) is approximated using
the following steps.
. Use linear interpolation from surrounding ﬂuid domain to approximate a velocity
~^f Þ in the interface control volume.
ðV
. Calculate the momentum contribution from the solid using the approximated
~^f Þ in the following equation.
velocity ðV
~^s ¼ qV
~^  qf ð1  dh ÞV
~^f
dh q s V

ð9jÞ

~^ ¼ V
~^ ¼ V
~^s in the above integration for the interface control volume.
Set V

4.4 Check for Equilibrium/Quasi-Steady State and Repeat
~ nþmk using an explicit scheme.
Update particle positions with V
~ nþkþ1
~ nþmk þ Dt V
~ nþmk
m ¼ X
X

ð9kÞ

Next, calculate the value of indicator function in the whole domain and solve the
ﬂuid-solid problem for the next intermediate time level. We also check for the
quasi-steady equilibrium velocity of particle at every intermediate time levels. If
particle reaches the quasi-steady equilibrium condition, the equilibrium velocity is
considered as the particle velocity at tnþ1 time level. Finally, the particle position
~ nþ1 using an explicit scheme.
is updated with V
~ nþ1 ¼ X
~ nþmk þ Dtðm  kÞV
~ nþ1
X

ð9lÞ
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All of the steps are repeated to get particle velocity for the further time levels. The
detailed algorithm is shown in Figure 4. A ﬁxed, collocated, ﬁnite volume grid is used
in the entire domain for numerically implementing the above-mentioned steps. For
numerical solution of complex Laplace equation, the linear system of equations is
solved using a parallel algorithm (PARMS) developed by Li et al. [32]. PARMS uses
ﬂexible GMRES iterative solver with domain decomposition based parallel
preconditioners. In our case, we used Block Jacobi as parallel preconditioner and
algebraic recursive multilevel solver (ARMS) as local preconditioner with relative
error 1e-8. In the subdomain, the complex Laplace equation is solved with Paridso
direct solver [33]. The ﬂow ﬁeld in ﬂuid-solid domain is solved with the Chorin-type
projection method [34]. The ﬁrst order explicit Euler-method is used for time discretization. The pressure Poisons equation is solved using the bi-conjugate gradient
stabilized method (BiCGSTAB) with domain decomposition based parallel Jacobi
preconditioner [35]. The above algorithm provides the following advantages.
. For dielectrophoretic force calculation, the electric potential variation in the
solid-ﬂuid interface needs to be captured accurately. Generally a single domain
with ﬁne grid in the particle and particle-ﬂuid interface is used to solve electric
potential. The ﬁne grid increases the memory requirements with the increase in
number of particles in the domain. On the other hand, using a multi-domain

Figure 4. A Fast algorithm for implementing the proposed dielectrophoretic-based particle manipulation
process in a microﬂuidic device (color ﬁgure available online).

Downloaded by [Washington State University Libraries ] at 11:36 02 May 2013

120

T. Z. JUBERY AND P. DUTTA

approach, we observed the same accuracy in numerical results by decomposing the
single domain problem into a main domain and subdomain(s) problem for a
particle or a group of particles if they are very close to each other. A regular grid
is used for the main domain; however, a ﬁne grid is used for the subdomain
problem to capture the electric potential variation. As the main domain and
subdomain problems are solved separately, it requires less memory than the
conventional approach.
. Solving solid-ﬂuid motion with intermediate time steps and stopping at the equilibrium conditions reduce the computing time signiﬁcantly. In existing algorithms,
numerical simulations are performed for all intermediate time steps. The size of
the intermediate time step is generally constrained by several factors, which
depends on stability of the algorithm=solver used. For example, in the explicit
Chorin type projection method, it depends on the Reynolds number of the ﬂow
and normalized value of grid size [36], whereas it depends on the stiffness value
of the solid domain in an immersed boundary based uniﬁed domain solver [37].
Thus, due to the restriction of smaller time steps, performing all of the intermediate
time calculations require signiﬁcantly more time than the proposed algorithm. For
example, if we consider 1 mm grid size for a 40 mm characteristic dimension, then for
a ﬂow of Re ¼ 0.016, the biggest time step can be  0.167 ms. So, to achieve results
at 10 ms it requires about 60 time steps. However, we observed the equilibrium velocity within 1 ms and it required only 6 intermediate time steps. Thus, the proposed
algorithm reduces the computational time than the existing approach.

5. MODEL VALIDATIONS
The above algorithm and formulation are validated for two different cases: one
for dielectrophoretic force calculation and the other for particle rigid body motion.
Dielectrophoretic force calculation for a particle is compared with the experimental
results published by Demierre et al. [4]. They used a microdevice with a set of interdigited liquid electrodes of 56 mm width and 56 mm inter-electrode spacing. A voltage
difference of 25 Vp-p was applied between electrodes with frequency 2 MHz, and the
dielectrophoretic force was measured on 5.14 mm diameter polystyrene beads which
are suspended in buffer. We simulated the experimental setup by replacing the liquid
electrodes with regular metal electrodes, and an equivalent applied voltage difference
is considered between the electrodes. The equivalent voltage is calculated from the
analytical expression presented in the same experimental work [4]. Figure 5 shows
the numerically predicted normalized dielectrophoretic force acting on a particle placed
at different locations on the axis of symmetry between the electrodes. For comparison,
experimental results are also presented; our numerical results are in excellent agreement
with the experimental values except very close to the electrodes. The deviation is
expected as in the liquid electrodes the equipotential surface deﬁning the opening is
not ﬂat, but curved such that the ﬁeld gradients close to liquid electrodes are somewhat
less pronounced than for metal electrodes [4]. However, when the experimental results
are compared with point dipole based calculation, the deviation is much higher.
For uniﬁed solid-ﬂuid solver validation, we consider that a single, neutrally
buoyant, rigid sphere is pulled with a constant force in a rectangular cross-section
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Figure 5. Schematic of experimental set up (bottom left) and dielectrophoretic force acting on a 5.16 mm
particle with electrical conductivity 8e-4 S=m and relative permittivity 3.5 at the middle of two electrodes
(as in the ﬁgure at the top right). The red dotted lines indicates the region considered for numerical
simulation. Here, rm ¼ 1.4e-1 S=m, Em ¼ 80E0, L ¼ 300 mm, W ¼ 20 mm, D ¼ 80 mm, d ¼ 56 mm, w ¼ 56 mm,
and f ¼ 2 MHz. Uniform grid of 0.5 micron and 0.1 micron have been used for computational domain
(Fig. 3(b)) and subdomain (Fig. 3(c)), respectively (color ﬁgure available online).

channel, as shown in Figure 6. Generally, the ﬂuid ﬂow created by particle motion in
the microchannel is in the low Reynolds number (1), i.e., inertial force is negligible
compared to viscous force. In this case, particle terminal velocity can be calculated
by equating the applied pulling force to resisting viscous drag. Using analytical
expression of Stokes viscous drag for a sphere in an inﬁnite medium, the terminal
particle velocity can be found 140 mm=s and the corresponding Reynolds number
is 3.6e-4. This terminal velocity is used to ﬁnd the normalized particle velocity in
the computational domain. Figure 6 shows the normalized particle velocity at different times. It is clear that the terminal velocity of the sphere obtained from our
numerical solution is in agreement (within 95%) with the analytical result. These
slight variations (5%) can be attributed due to increased drag coefﬁcient on the
particle in the presence of wall for the case considered in the numerical simulation.
6. RESULTS AND DISCUSSION
The primary objective of this work is to develop a numerical tool to investigate
the physics for particle movement in a liquid under dielectrophoretic force in a
microdevice. To demonstrate the capability of our proposed numerical tool, we have
selected a microdevice to separate two types of particles: particles A and B. Both
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Figure 6. Velocity of a neutrally buoyant 5.16 mm diameter particle pulled through a medium (viscosity
1e-3 Pa-s and density 1000 kg=m3) inside a square microchannel of width 40 mm. A constant pulling force
F ¼ 6.93 pN acting in the downward direction. The velocity is normalized with terminal velocity obtained
from the analytical expression of Stokes viscous drag model (color ﬁgure available online).

particles’ geometry resembles that of a RBC, but they have different dielectric
properties. The properties of particles A and B are given in Table 1, along with
relevant properties of the background buffer.
In a micro-device, the trajectories of particles depend on a number of
parameters, such as applied voltage, frequency, and dielectric properties of particles
and surrounding
When the particle is more polarizable than the buffer
 medium.



medium (j~es j > ~ef ), positive DEP attracts the particle to high electric-ﬁeld region.
 
On the other hand, if the medium is more polarizable (j~es j < ~ef , negative DEP repels
the particle away from high electric-ﬁeld region. Generally, for a speciﬁc cell and
surrounding medium, the permittivity and conductivity are constant. So, the only
control parameter is the applied AC frequency to manipulate cell polarization
behavior, and thus the type of dielectrophoretic force (positive=negative) acting on
the cell. However, the particle proximity with another particle or with the wall can
Table 1. Electrostatic properties of particle A and B and the background buffer

Particle A
Particle B
Buffer

Conductivity (S=m)

Permittivity (F=m)

1.2e-2
6.0e-2
8.67e-2

3.5e-8
6.5e-8
7.08e-10
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also contribute in the particle trajectory. Here, we have presented the effects of
frequency, inter particle separation distance, and particle’s entry position in the
main channel to study the particle’s trajectory.
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6.1. Effect of Applied Electrical Frequency on Particle’s Trajectory
In this section, we present the effect of applied frequency on the particle’s trajectory for an applied electric potential difference of 10 Vp-p. At ﬁrst, we consider only
one particle in the system, either particles A or B, along the center of the domain (at
x ¼ 25 mm). We calculated the dielectrophoretic force based on the MST method.
However, as there is no interaction between the particles and it is spherical, rather
than doing the full scale numerical model we used a Stokes drag-based calculation.
This simpliﬁcation may cause a slight discrepancy from the actual particle trajectory;
however, it provides a qualitative trajectory for a single particle to select the required
frequency for separation of particles. The simpliﬁcation also reduces the computation
time as it does not require solving the ﬂuid ﬂow. To implement that a parabolic ﬂow
proﬁle is considered all over the domain for the buffer ﬂow and particle velocity is
calculated by equating the Stokes drag with the dielectrophoretic force.
We studied the particle’s trajectories in our system for the following frequencies: (1) 1 MHz, (2) 350 kHz, and (3) 100 kHz. The corresponding absolute value
of complex permittivity of particles and buffer medium are presented in Table 2.
For the ﬁrst case, both particles’ absolute value of complex permittivity is higher
than that of surrounding medium. So, both particles will experience positive DEP
and travel towards the edge of the electrode, where the electric ﬁeld is higher. If there
is no external ﬂow, they will attach to the edge of the ﬁrst electrode. However, when
there is an external ﬂow they might move from the edge of the electrode and get
trapped in between the electrodes. The trapping positions of two particles will be
different, as trapping location depends on the relative magnitude of horizontal
and vertical forces acting on a particle. A particle will be trapped if the horizontal
force acting on the particle is negligible compared to the vertical force. Both hydrodynamic and dielectrophoretic forces have contribution in the horizontal force, but
only dielectrophoretic force contributes in the vertical force. The hydrodynamic drag
force is the maximum at the middle of the channel, and it decreases towards the
wall due to the parabolic velocity proﬁle, whereas, dielectrophoretic force becomes
stronger when the particle approaches the edge of the electrodes.
Figure 7a shows that both particles’ trajectories are initially straight along the
x-axis due to negligible dielectrophoresis force compared to hydrodynamic force.
However, as the particles travel and progress towards the electrode, the value of
dielectrophoretic forces increase and particles get some downward direction motion.
Table 2. Modulus of complex permittivity at different frequencies
Frequency
1 MHz
350 kHz
100 kHz

Particle A (F=m)

Medium (F=m)

Particle B (F=m)

3.51e-8
3.54e-8
3.98e-8

1.38e-8
3.94e-8
13.79e-8

6.57e-8
7.05e-8
11.55e-8
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For particle B at around x ¼ 90 mm, x-directional force on the particle becomes
negligible compared to y-directional force and the particle is going to get trapped
between two electrodes. However, particle A experiences lower dielectrophoretic
force than particle B, due to a lower difference in permittivity between particle
and medium. In this case, particle A travels more in the x-direction before it is going
to trap around the edge of the second electrode (x ¼  110 mm).
 
At 350 kHz frequency, particle A will experience negative DEP (j~es j < ~ef ),
 

and particle B should experience positive DEP j~es j > ~ef  . Figure 7b shows that
particle B is going to trap along the edge of the second electrode, and particle A
is moving away from the electrodes towards the lower electric ﬁeld region. After
crossing the second electrode, particle A keeps moving at the same height due to
dominating hydrodynamic force compared to the weak dielectrophoretic force. It

Figure 7. Trajectories of particles A and B in an AC dielectrophoresis for 10 Vp-p at a frequency of
(a) 1 MHz, (b) 350 kHz, and (c) 100 kHz. Particles are initially located at y ¼ 20 mm and z ¼ 20 mm, but
~entry ¼200 mm=s, L ¼ 200 mm,
at different x locations. Both particles are 6 mm in diameter. Here, V
W ¼ 40 mm, D ¼ 40 mm, d ¼ 30 mm, w ¼ 30 mm, and l1 ¼ 50 mm. The red and black rectangles indicate the
position of the electrode along the x axis. Electostatic properties of particles and medium are presented
in Table 1 (color ﬁgure available online).
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is also observed that the trapping position of particle B is different because of lower
permittivity difference between particle and medium than that in the case of applied
frequency 1 MHz.
At 100
 kHz frequency, both particles will experience negative DEP as

j~es j < ~ef  . Figure 7c indicates that both particles are moving in the positive
vertical direction while passing over the electrodes and then keep maintaining the
same height. The particle A travelled higher than particle B in the y-direction due
to a higher difference in absolute value of complex permittivity between particle A
and the medium than that of particle B and the medium.
Our numerical results indicate that for frequency 1 MHz and 350 kHz either
one or both particles experience positive dielectrophoretic force and might suffer
from the particle adherence on the electrode. These trapped particles can interact
with untrapped particles and can affect the particle trajectories. In the case of
biological cells, the longtime exposure to the applied electric ﬁeld can also cause cell
damage [38]. However, these disadvantages can be overcome using dielectrophoretic
levitation on both types of particles, and this can be achieved using negative

Figure 8. Trajectories of particles A and B with initial separation distance (a) 20 mm, (b) 30 mm, and (c)
10 mm for a 10 Vp-p applied AC potential at a frequency of 100 kHz. Particles are initially at y ¼ 20 mm
and z ¼ 20 mm, but at different x locations. All other simulation conditions are the same as in Figure 7c
(color ﬁgure available online).
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dielectrophoretic force on both particles, as shown in Figure 7c (f ¼ 100 kHz). This
frequency can be used for continuous separation of particles.
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6.2. Effect of Initial Particle Distances and Orientation
Based on 100 kHz frequency, we have simulated continuous separation of two
particles in the system. Here, we assumed that particles A and B are initially located
at the centerline of the device at different x locations. First, we have investigated the
effect of initial separation distance between the two particles. Here, the aim was to
see how the proximity of one particle affects the other’s pathline. We have varied
the initial position of particle A, while keeping particle B’s position constant at
x ¼ 40 mm. We studied three cases with particle-particle center to center initial distance 10 R, 6.67 R, and 3.33 R, where R is the radius of the particle. Figure 8a shows
the particles, trajectories with the initial separation distance between particles being
6.67 R. Numerical results indicate that after passing the electrodes, particle A reaches
approximately 30.8 mm height and particle B is at 22.75 mm, which are smaller than
the value got from one particle simulation with the Stokes drag model (Figure 7c).
This difference can be attributed to the wall effect, which was not included in the
Stokes drag model, and=or due to particle-particle interaction in the electric and
ﬂow ﬁelds. These effects are expected to increase while particles come closer. However, Figures 8b and 8c show that for initial separation distance of 10 R or 3.33 R,
both particles approximately reach the same height as in the case of 6.67 R
separation distance. These results suggest that particle-particle interaction in the

Figure 9. Inter-particle distance as a function of time for various initial separation distances. All other
simulation conditions are the same as in Figure 8 (color ﬁgure available online).
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electric and ﬂow ﬁelds is negligible in these three cases, and this is only possible if the
particle-particle separation distance increases with time.
Figure 9 shows the inter-particle distance with respect to time for the above
three cases. All the three cases show that distance between particles is approximately
constant initially, but it keeps increasing with positive slope. The constant interparticle distance represents the region before the electrode. In this region, electric
ﬁeld is very weak and motion of particles is governed by hydrodynamic force acting
on the particle due to surrounding ﬂow of the bulk medium. As both particles
maintain the same height in this region, hydrodynamic force due to bulk ﬂuid ﬂow
is the same on both of the particles and they move with the same velocity, and the
inter-particle distance remains the same.
The positive slope of inter-particle distance can be caused by hydrodynamic
force due to bulk ﬂow or dielectrophoretic force due to applied electric ﬁeld or a

Figure 10. Trajectories of particles A and B with initial separation distance (a) 30 mm, (b) 25 mm, and
(c) 20 mm for a 10 Vp-p applied AC potential at a frequency of 100 kHz. Particles are initially at the same
y ¼ 20 mm and z ¼ 20 mm, but at different x locations. All other simulation conditions are the same as in
Figure 7c (color ﬁgure available online).
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combination of both. Figure 9 indicates that the positive slope has the highest value at
the beginning; it refers to the duration of time while particles are above the region of
ﬁrst electrode or space between two electrodes. Here, both hydrodynamic and
negative dielectrophoretic forces provide positive contribution to increase the
inter-particle distance. The value of inter-particle distance slope decreases (Figure 9)
when particles are in the region above the second electrode. Here, hydrodynamic
force has a positive effect but dielectrophoretic force has a negative contribution.
The slope magnitude increases again after the electrode region as only hydrodynamic
force has a positive contribution and negative DEP has very negligible effect. Figure 9
also reveals that the particle-particle distance increases as time progresses in all the
three cases and it diminishes the possibility of particle- particle interaction on the
particle trajectories. Though initially the inter-particle distance is within critical range
for particle-particle interaction, the effect is quite negligible with respect to other
forces acting on the particles.
Next, we study the effect of particles’ relative position=orientation on their
trajectories. In this case, we have varied the initial position of particle B at x ¼ 10
micron to 15 micron and, ﬁnally, to 20 micron, while keeping particle A’s position
constant at (x ¼ 40 mm). The three cases refer to particle-particle initial distance
30 mm (10 R), 25 mm (8.33 R), and 20 mm (6.67 R). Figure 10 shows that particle A
has levitated around the same height for all the three cases and it is slightly lower
than the value found in Figure 8. However, the levitation height of particle B has
varied among the cases; it increases as the inter-particle initial distance changes from
10 R to 8.33 R, and then to 6.67 R. This variation can be explained with the Figure 11
and with recent experimental observation of particle-particle dielectrophoretic

Figure 11. Inter-particle distance as a function of time for various initial separation distances. All other
simulation conditions are the same as in Figure 10 (color ﬁgure available online).
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interactions [39]. Figure 11 reveals that particle-particle distance is decreasing as the
time progresses for all the three cases. In this case, the particle-particle interaction
force becomes comparable to the other forces acting on the particle. Therefore,
we observe variation in levitation height of particle B (Figure 10) for this orientation
than the previous case (Figure 8).
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8. CONCLUSION
In this article, an efﬁcient algorithm is presented for simulating trajectories of
particles in a microdevice under applied AC electric ﬁeld. The ﬂow ﬁeld and the
motion of particles are solved with a ﬁctitious domain approach based on an adaptive version of distributed Lagrange multiplier method. The electric ﬁeld is solved
using a multi-domain approach, and the dielectrophoretic force acting on the particles are calculated using Maxwell stress tensor. The algorithm is validated separately
for particle velocity and dielectrophoretic force calculations. The computational cost
in the simulation is reduced (1) by implementing an equilibrium check strategy for
ﬂuid-solid motion solver, and (2) by solving Laplace equation for electric potential
in two steps by introducing individual subdomains for each particle. This numerical
technique is computationally fast and efﬁcient; it can be used as an efﬁcient tool to
predict particle trajectories in a microdevice.
This numerical model has great potentials in designing device for dielectrophoretic manipulation of particles including microdevices for separation of infected
cells from uninfected ones. We have implemented this algorithm in a microdevice
for continuous separation of two particles of same physical dimension but of different
dielectric properties. The simulation results indicate that the trajectory of multiparticles is quite different than that of single particle based simulation. In close proximity, particle-particle interaction has a signiﬁcant effect and can alter the particle
trajectories which cannot be captured with traditional point-based method. This
numerical method has a shortcoming in accurate tracking of particle-ﬂuid interface
due to the use of indictor function in the ﬁnite volume based ﬁctitious domain
method, However, the proposed fast algorithm can be easily implemented in better
interface tracking based numerical methods such as immersed interface, immersed
boundary or boundary element methods.
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