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Time-Periodic Electro-Osmotic
Flow With Nonuniform Surface
Charges
Mixing in a microfluidic device is a major challenge due to creeping flow, which is a sig-
nificant roadblock for development of lab-on-a-chip device. In this study, an analytical
model is presented to study the fluid flow behavior in a microfluidic mixer using time-
periodic electro-osmotic flow. To facilitate mixing through microvortices, nonuniform
surface charge condition is considered. A generalized analytical solution is obtained for
the time-periodic electro-osmotic flow using a stream function technique. The electro-
osmotic body force term is accounted as a slip boundary condition on the channel wall,
which is a function of time and space. To demonstrate the applicability of the analytical
model, two different surface conditions are considered: sinusoidal and step change in
zeta potential along the channel surface. Depending on the zeta potential distribution, we
obtained diverse flow patterns and vortices. The flow circulation and its structures
depend on channel size, charge distribution, and the applied electric field frequency. Our
results indicate that the sinusoidal zeta potential distribution provides elliptical shaped
vortices, whereas the step change zeta potential provides rectangular shaped vortices.
This analytical model is expected to aid in the effective micromixer design.
[DOI: 10.1115/1.4042469]
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1 Introduction

In recent years, lab-on-a-chip microfluidic devices have been
used for biochemical detection [1], DNA hybridization [2], drug
delivery [3], electrokinetic transport [4], and cell cytometry [5].
These devices generally made up of thin glasses or plastic for con-
centration [6], sensing [7], and separation [8]. Two basic unit of
operations for these devices are pumping [9] and micromixing
[10]. Although various pumping mechanisms [11–14] have been
reported, very slow mixing of species is a major concern for ultra-
fast sensing and high throughput separation. Because of the very
low Reynolds number (Re< 1) creeping flow in microdevice,
mixing of species occurs mostly by diffusion, which is inherently
very slow process. Thus, development of an effective micromixer
is imperative [14] for fast separation and sensing in lab-on-a-chip
microfluidic devices.

Depending on the actuation mechanism, micromixer can be
broadly classified into two categories: passive and active. In pas-
sive micromixer, the channel geometry is modified to enhance the
mixing region by stretching and folding of fluid streams [15,16].
In an experimental work, Wu and Li [17] demonstrated an effec-
tive mixing mechanism by using embedded metal hurdle inside a
microchannel. Sudarsan and Ugaz [18] designed different micro-
channels for mixing by altering flow curvature and channel width
to generate multivortex based on the Dean flow. Mengeaud et al.
[19] demonstrated the mixing effectiveness of zigzag shaped
microchannel both experimentally and numerically. Although the
working principle of a passive mixer is quite simple, these type of
micromixers generally need complex three-dimensional (3D)
channel shape, and the resultant pressure drop along the channel
is generally much higher than the planar channel configuration.

Active micromixer can circumvent some of the shortcomings of
their counterparts. A number of different actuation mechanisms

such as acoustic [20], magnetic [21], electrokinetic [22,23] have
been reported for active mixing with various degrees of success.
Among them, the electrokinetic micromixing is the widely used
since the application of localized electric field is much simpler
and can be achieved easily in a microfluidic device. In electroki-
netic micromixer, an alternating current (AC) or time-periodic
electric field is applied to change the flow direction of mixing spe-
cies/fluids [24]. In a comprehensive study, Song et al. [25] sug-
gested a methodology to enhance the chaotic mixing mechanism
by applying low-frequency square wave electric field. Oddy et al.
[26] demonstrated a rapid micromixer by taking advantage of
electrokinetic instability. The performance of electrokinetic
micromixer can be further enhanced by generating surface hetero-
geneity along the channel. Many researchers deliberately manu-
factured the channel surface with particular surface charge
patterns to enhance mixing in microdevice. For instance, Wei
et al. [2] presented an experimental work with nonuniformly
charged microchannel surface fabricated from poly (methyl meth-
acrylate) to enhance DNA–DNA hybridization. Biddiss et al. [27]
experimentally visualized the effects of surface charge patterning
on mixing efficiency of an electrokinetic micromixer. Their
results showed that, with heterogeneously charged micromixer,
the mixing efficiencies can be improved between 22% and 68%
for an applied electric field range of 70�555 V/cm.

Although numerous studies, both experimentally and numeri-
cally, have reported electrokinetic micromixing, very few analyti-
cal models exist to study the flow behavior in an electrokinetic
micromixer. Dutta and Beskok [28] presented a detailed mathe-
matical analysis for time-periodic electro-osmotic flow in a micro-
fluidic channel and compared their work with the Stokes’ second
problem. Erickson and Li [29] analyzed AC electro-osmotic flow
in 3D rectangular channel using Green functions. Moghadam [30]
obtained an exact analytical solution of AC electro-osmotic flow
in an annulus microchannel by using Green functions. Although
these studies explain the fundamental of electro-osmotic flow,
uniform surface potential distribution limits the application of
these studies for micromixing. Later, some researchers investi-
gated direct current (DC) electrokinetic flow with heterogeneously
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charged surface. For instance, Anderson and Idol [31] developed
an analytical solution for DC electro-osmotic flow with sinusoidal
distribution of zeta potential, while Horiuchi et al. [32] presented
analytical solution of flow field for sudden changes in zeta poten-
tial. In addition, Ng and Chen [33] formulated an analytical solu-
tion for steady electro-osmotic flow through a slit microchannel
with longitudinal step changes in zeta potential. Chu and Ng [34]
analytically studied the steady electro-osmotic flow through a cir-
cular tube with variable surface charge conditions. However, no
analytical solution exists for time-periodic electro-osmotic flow
with nonuniform zeta potential along the channel. Nonuniform
surface charges along the channel can create vortices, which can
enhance mixing of two adjacent streams. In this study, a generic
analytical solution is presented for flow field in time-periodic
electro-osmotic flow considering arbitrary surface charge distribu-
tion along a two-dimensional (2D) straight (planar) microchannel.
Two different surface charge distributions are studied to demon-
strate the effectiveness of the model.

2 Mathematical Model

Figure 1 illustrates the schematic view of our two-dimensional
microchannel, where the surface charges on both upper and lower
surfaces can vary in an arbitrary manner. Thus, an electric double
layer (EDL) will form in contact with an aqueous solution. An AC
electric field (E) can be used to generate time-periodic electro-
osmotic flow due to the interaction between applied field and
EDL. The flow generated by the electric field can be modeled by
the continuity and modified Navier–Stokes equations,
respectively,

r � V ¼ 0 (1)

qc

@V
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*
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� �
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þ qeE
*

(2)

where qc is the fluid density, qe is the net charge density, l is the
dynamic viscosity, and P is the pressure. In a typical microfluidic
device, the thickness of electrical double layer ranges from 1 to
10 nm and general microchannel height varies from 10 to 100 lm.
Therefore, for the purpose of modeling, the bulk liquid flow out-
side the EDL, the driving force term, qeE

*

, can be dropped off,
and the electro-osmotic effect can be modeled by introducing a
slip velocity at the channel wall as

uwall ¼ �
ef xð Þ

l
Ex tð Þ (3)

The aforementioned slip boundary condition follows
Helmholtz–Smoluchowski formulation, where e is the permittiv-
ity. Here, it is assumed that both viscosity and permittivity are
constant and they are independent of time and space. Though the
Helmholtz–Smoluchowski formulation, presented in Eq. (3), is
originally developed for steady-state DC electro-osmotic flow,
it can be used for low frequency AC (or time periodic)

electro-osmotic flow since the charge relaxation frequency
(fc ¼ 1=2pð Þ r=eð Þ ffi 106 � 108Hz) is much larger for equilibrium
distribution of ions in the electric double layer [24]. Moreover, the
Helmholtz–Smoluchowski formulation is widely used to model
nonuniform electro-osmotic flow in capillaries [35] and micro-
channels [32,36,37].

For nonuniform surface charge condition, the zeta potentials at
the upper and lower surfaces are a function of location along the
channel, and they are denoted as f1 xð Þ and f2 xð Þ, respectively
(Fig. 1). In our model problem, the external electric field can be
considered as one-dimensional, but it varies with time as

Ex tð Þ ¼ Erefsin Xtð Þ ¼ E0sin Xtð Þ (4)

where E0 (Eref ) is the reference magnitude of the electric field,
and X is the angular frequency.

2.1 Assumptions and Approximations. Like any other ana-
lytical work, this analysis is based on following assumptions and
approximations:

� Liquid inside the channel is considered as an incompressible
Newtonian fluid.

� Channel width (W) is sufficiently larger than the channel
height (H).

� The advective term is much smaller than the transient and
diffusion terms (see the Appendix for justification).

� There is no external pressure gradient along the channel.
� The effect of temperature change is not considered in fluid

properties.
� The solvent is continuous, and its permittivity is not affected

by local or overall electric field strength.

2.2 Flow Analysis. Based on the aforementioned assump-
tions, the component form of Naiver–Stokes equations can be pre-
sented as
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The pressure term from these equations can be dropped by differ-
entiating Eqs. (5a) and (5b) with respect to y and x, respectively,
and then, subtracting one equation from the other. The resultant
equation can be written as

@x
@t
¼ �r2x (6)

where � is the kinematic viscosity, and x is the vorticity which is
defined as

x ¼ @u

@y
� @v

@x
(7)

The u and v velocities are related to stream function (w) as

u ¼ @w
@y

and v ¼ � @w
@x

(8)

respectively. Using the relationship between the velocities and
stream function, Eq. (6) can be transformed into a fourth-order
partial differential equation

� 1
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@

@t

� �
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L2w ¼ 0 (9)Fig. 1 Schematic of time-periodic electro-osmotic flow with

variable surface charge distributions along the channel
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where L stands for Laplace operator. Assuming that both
externally applied electric field and zeta potential distribution
are changing periodically, the target stream function can be
described as

w x; y; tð Þ ¼
X1

n¼�1
un yð Þexp iknxð Þexp iXtð Þ (10)

where kn ¼ 2pn=L and n is an integer. Since � 1
#

@
@t

� �
þ L2 and L2

are commutative to each other [38], the stream function, w x; y; tð Þ
can be linearly decomposed into two parts

w x; y; tð Þ ¼ w1 x; y; tð Þ þ w2 x; y; tð Þ (11)

where

w1 x; y; tð Þ ¼
X1

n¼�1
u1n yð Þexp iknxð Þexp iXtð Þ (12)

and

w2 x; y; tð Þ ¼
X1

n¼�1
u2n yð Þexp iknxð Þexp iXtð Þ (13)

Substituting Eqs. (12) and (13) into Eq. (11), one can get the gen-
eral solutions for u1n yð Þ and u2n yð Þ as follows:

u1n yð Þ ¼ C1nekny þ C2ne�kny (14)

u2n yð Þ ¼ C3nek1ny þ C4ne�k1ny (15)

where k1n ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2

n þ iX
v

q
. Using Eqs. (11)–(15) and converting expo-

nential terms to hyperbolic functions, the stream function can be
presented as a series solution

w ¼
X1

n¼�1
½D1nsinhðknyÞ þ D2ncoshðknyÞ þ E1nsinhðk1nyÞ

þ E2ncoshðk1nyÞ�exp iknxð Þexp iXtð Þ (16)

where D1n, D2n, E1n, and E2n are the coefficients, and their value
will depend on the boundary conditions used on the channel
surface.

For the problem presented in Fig. 1, we have nonhomogeneous
boundary conditions at the upper and lower surface due to
zeta potential f1 xð Þ and f2 xð Þ. Since our governing equation is

linear, the system presented in Fig. 1 can be split into two
model problems: models A and B (Table 1). Both models
have three homogeneous boundary conditions and one
nonhomogeneous boundary condition. For model A, the nonho-
mogenous boundary condition is on the upper wall, while for the
model B the nonhomogenous boundary condition is on the lower
wall.

2.3 Analytical Solution for the Flow Field. The coefficients
of the stream function can be found by using boundary conditions
listed in Table 1. For the model A, these four coefficients
(D1n;D2n;E1n;E2n; Þ can be conveniently reduced to one D1nð Þ
using boundary conditions 1–3. Thus, the stream function for the
model A can be given as

wA ¼
X1

n¼�1
D1nA sinh knyð Þ � bncosh knyð Þ � kn

k1n
sinh k1nyð Þ

�

þ bncosh k1nyð Þ
�

exp iknxð Þexp iXtð Þ (17)

where the eigenvalue (bn) can be found as

bn ¼
sinh knhð Þ � kn

k1n
sinh k1nhð Þ

cosh knhð Þ � cosh k1nhð Þ (18)

The remaining coefficient D1nð Þ can be found from the slip bound-
ary condition at the channel wall. Any periodic zeta potential dis-
tribution along the channel wall (top) can be expressed as a
complex Fourier series using Eq. (19)

f1 xð Þ ¼
X1

n¼�1
Cnexp iknxð Þ (19)

where Cn is the Fourier coefficient, which can be expressed as

Cn ¼
1

L

ðL

0

f1 xð Þexp �iknxð Þdx (20)

Therefore, the slip boundary condition in Table 1 become

uwall ¼
@w
@y
¼ � eE0

l
exp iXtð Þ

X1
n¼�1

Cnexp iknxð Þ (21)

By applying the inhomogeneous boundary condition (Eq. (21)),
the last unknown coefficient, D1n for model A becomes

D1nA ¼ �
eE0

l
Cn

1

kncosh knhð Þ � knbnsinh knhð Þ � kncosh k1nhð Þ þ k1nbnsinh k1nhð Þ

� �
(22)

Table 1 The boundary conditions for models A and B problems

Model A Model B

1
vy¼0 ¼ �

@w
@x
¼ 0 vy¼0 ¼ �

@w
@x
¼ 0

2
vy¼h ¼ �

@w
@x
¼ 0 vy¼h ¼ �

@w
@x
¼ 0

3
uy¼0 ¼

@w
@y
¼ 0 uy¼0 ¼

@w
@y
¼ � ef2 xð Þ

l
E0exp iXtð Þ

4
uy¼h ¼

@w
@y
¼ � ef1 xð Þ

l
E0exp iXtð Þ uy¼h ¼

@w
@y
¼ 0
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The velocity components for the model A can be obtained by taking first derivative of the stream function (Eq. (17)) as

uA ¼
@wA

@y
¼ Im

X1
n¼�1

D1nA fkncosh knyð Þ � bnknsinh knyð Þ
"

�kncosh k1nyð Þ þ bnk1nsinh k1nyð Þgexp iknxð Þexp iXtð Þ
# (23)
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Likewise, the stream function for the model B can be obtained as

wB x; y; tð Þ ¼
X1

n¼�1
D1nB sinh knyð Þ � cncosh knyð Þ þ snsinh k1nyð Þ

�
þ cncosh k1nyð Þgexp iknxð Þexp iXtð Þ (25)

where
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cn ¼
kncosh knhð Þ � k1nsinh knhð Þ

tanh k1nhð Þ

knsinh knhð Þ � k1nsinh k1nhð Þ � k1ncosh knhð Þ
tanh k1nhð Þ þ

k1n cosh k1nhð Þð Þ
tanh k1nhð Þ

(27)

sn ¼
�sinh knhð Þ þ cncosh knhð Þ � cncosh k1nhð Þ

sinh k1nhð Þ (28)

Thus, the velocity components for the model B are

uB ¼
@wB

@y
¼ Im

X1
n¼�1

D1nB kncosh knyð Þ � cnknsinh knyð Þ þ snk1ncosh k1nyð Þ þ cnk1nsinh k1nyð Þ
� �

exp iknxð Þexp iXtð Þ
" #

(29)

vB ¼ �
@wB

@x
¼ Im

X1
n¼�1

�D1nB sinh knyð Þ � cncosh knyð Þ þ snsinh k1nyð Þ þ cncosh k1nyð Þ
� �

iknexp iknxð Þexp iXtð Þ
" #

(30)

3 Validation

In order to validate the results of this work, we have compared our solution with published analytical results [39]. Datta and
Choudhary [39] investigated the DC electro-osmotic flow with sinusoidal surface potential distribution by introducing the Navier slip
boundary condition as, b@u=@yþ u ¼ 0, where b is the slip length. The value of empirical parameter b is important for very limited
cases [40]. By setting b ¼ 0, the results are regenerated from Ref. [39] for no slip velocity boundary conditions at the channel wall and
those results are used to validate our analytical model. Figure 2 shows the comparison between our results and published work [39] for
u-velocity (streamwise direction) distribution at various axial locations. The results are presented for sinusoidal distribution of zeta
potential, f xð Þ ¼ f0cos 2p

L x
 �

where f0 is the (reference) amplitude of the surface potential. With this surface charge distribution, the
Fourier coefficient, Cn for our solution can be determined from Eq. (20). Except for n ¼ 1 and n ¼ �1;Cn has a zero value. For n ¼ 1
and n ¼ �1; Cn can be given as

C1 ¼
f0

2
; and C�1 ¼ �

f0

2
(31)

By substituting these coefficients to Eqs. (23), (24), (29), and (30), the final solutions for velocity components are obtained. As shown
in Fig. 2, except very small region near the channel wall, our results are in good agreement with Ref. [39]. Discrepancy at the wall is
arisen due to the consideration of no-slip at the wall in their work and slip boundary condition at the wall in our model.
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4 Results and Discussion

In this section, the applicability of our general solution is dem-
onstrated with different surface charge distribution along the
channel wall. Table 2 presents the fluid properties and other
parameters used to obtain flow solution from our analytical model.
The frequency of electric field is varied from 100 Hz to 10 kHz
which is selected based on the works of Green et al. [24] and
Chen et al. [41]. Since the frequency of applied electric field is
four to six orders of magnitude smaller than the charge relaxation
frequency, the use of Eq. (3) is justified to model the electro-
osmotic effect. The strength of reference electric field is chosen
from Herr et al. [42], and channel heights are selected based on
Stroock et al. [43]. The buffer solution is same as that used in the
experimental work of Green et al. [24]. Although our analytical
model is valid for any periodic zeta potential distribution along the
length of channel surface, the results are presented only for sinusoi-
dal and step change in zeta potential distributions at both surfaces.

4.1 Sinusoidal Variation of Zeta Potential. For sinusoidal
case, the zeta potential distribution along the channel wall can be

expressed as f xð Þ ¼ f0sin kxð Þ; where f0 is the amplitude of the
zeta potential. The wave number can be presented as k ¼ 2p=k;
where k is the wavelength. The value of wavelength depends on
the number of periodicity along the channel. For example, k ¼ L
corresponds to one complete cycle, whereas, k ¼ L=2 represents
two complete cycles along the channel. For this particular case,
the Fourier coefficient becomes

Cn ¼
f0

L

ikn sin kLð Þ þ k cos kLð Þ
� �

e�iknL � k

k2
n � k2

" #
(32)

4.1.1 Symmetric Zeta Potential Distribution. Figure 3 illus-
trates the velocity vector at different nondimensional time ðXtÞ
for sinusoidal zeta potential distribution along the channel at both
top and bottom surfaces (f1;2 xð Þ ¼ f0sin 2p=Lxð Þ). At Xt ¼ p=2,
due to positive electric field and negative surface zeta potential in
the left half of channel (x < L=2), fluids near the top walls move
in positive x-direction. However, in contrary, due to positive elec-
tric field and positive surface charge in the right half of channel
ðx > L=2Þ, fluids near the top walls move in negative x-direction.
These two opposite directional flows create two counter rotating
vortices in the upper half of the channel (Fig. 3(a)). Due to the
same reason, two counter rotating vortices are also formed in the
lower half of the channel. However, these two vortices are in
opposite phase of upper half vortices due to same surface potential
distribution on both surfaces. Therefore, clockwise circulation of
fluids occurs in the top-left and bottom-right quarters of the chan-
nel and anticlockwise circulation of fluids occurs in the bottom-
left and top-right quarters of the channel. Thus, if the channel is
filled with two fluids in such a way that each fluid fills full height
and one-fourth length of the channel in an alternative patch, this
type of vortices can enhance the mixing.

Fig. 2 The u-velocity distribution at different axial locations for sinusoidal zeta potential dis-
tribution along the channel surface: (a) x 5 0, (b) x 5 L/5, (c) x 5 3L/5, and (d) x 5 4L/5. A DC
electric field (E 5 10 KV/m) is used for both studies.

Table 2 Typical length scale, electrokinetic, and flow parame-
ters considered in this theoretical work

Symbols Parameters Values

l Dynamic viscosity 1� 10�3 Pa � s
# Kinetic viscosity 1� 10�6 m2=s
r Electrolyte conductivity 2:1� 10�3 � 8:4� 10�2 sm�1

er Dielectric constant 80
e0 Permittivity of free space 8:854� 10�12 C=Vm
Eref or E0 Reference electric field 10 kV=m
H Channel height 50; 100; or 200 lm
f frequency of electric field 0.1, 1, 10 kHz
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Figure 3(b) shows vector plot of flow field at nondimensional
time, Xt ¼ 3p=4. This yields similar results as previous case
(Fig. 3(a)) due to similar conditions, however, the magnitude of
velocity components is proportionally reduced with the applied
electric field. At normalized time, Xt ¼ p, the slip velocity at the
wall reaches to zero due to no applied electric field value
(Fig. 3(c)). However, a small bulk fluid motion is still observed at
the center region of the channel. This small motion is arisen from
the phase lag between fluids in the electric double layer and bulk
fluid regions due to the finite time requirement for momentum dif-
fusion [29]. This out of phase behavior, as shown in Fig. 3(c), is
similar to the Stokes oscillating plate problem [44]. When electric
field changes it direction, the velocity streamlines also switch its
direction (Fig. 3(d)). An anticlockwise circulation of fluids occurs
in the top-left and bottom-right quarters of the channel, while
clockwise circulation of fluids are observed in the bottom-left and
top-right quarters of the channel. At any transverse location
(y ¼ cons:), u� velocity varies sinusoidally with axial location of
the channel. However, at low frequency (<100 Hz), u� velocity
at any axial location (x ¼ cons:) varies parabolically along the
transverse direction (data are not shown). Unlike pure electro-
osmotic flow, plug-like velocity profile cannot be achieved in
time periodic electro-osmotic flow.

4.1.2 Asymmetric Surface Zeta Potential Distribution. Next,
we present the velocity distribution for asymmetric surface poten-
tial distributions along the channel. Figure 4(a) shows velocity
vector plot for sinusoidal surface potential distribution at walls,
where the surface zeta potential has a 180 deg phase difference
between upper and lower surfaces. In contrast to symmetric sur-
face zeta potential distribution (Fig. 3), two vortices are formed
instead of four vortices (see Fig. 4(a)). At normalized time p=2;

fluids near the left-half of top surface flow to positive x-direction
due to negative surface zeta potential, whereas, fluids near the
right-half of top surface flow to negative x-direction due to posi-
tive zeta potential. These two opposite directional flows create a
vertically downward motion at the center (x ¼ L=2) of the chan-
nel. An opposite phenomenon occurs near the bottom surface, due
to opposite zeta potential distribution in bottom surface. As a
result, two large vortices are generated in the channel.

Figure 4(b) shows velocity vector plot for another case of asym-
metric surface zeta potential distribution, where a phase difference
of 90 deg is considered between the top and bottom surfaces for
zeta potential distributions. Interestingly, it creates two skewed
elliptical vortices (Fig. 4(b)). Near the left-half of the top surface,
fluids flow to positive x-direction due to negative surface charge,
whereas, near the right-half of the top surface, fluids flow to nega-
tive direction due to positive surface charge. As before, these two
opposite directional flows create a negative downward motion at
the center of the channel. However, near the first and last quarter
of bottom surface, fluids move to positive x-direction due to nega-
tive zeta potential, whereas, fluids near the middle part of the bot-
tom surface move to negative x-direction due to positive zeta
potential in this part of the surface. This type of vortex formation
has great potential for microfluidic mixing applications. For
instance, if the upper half of channel is filled with one fluid and
lower half of the channel is filled with another fluid, this type of
vortices can force fluid streams to mix.

4.1.3 Effect of Periodicity in Zeta Potential Distribution. The
number of vortices formed either in symmetric or asymmetric
case can be increased by increasing the periodicity of the surface
zeta potential distribution along the length of the channel. The
effect of one fold increase in zeta potential periodicity is shown in

Fig. 4 The velocity vector field and u-velocity contours for asymmetric surface potential distribution on upper and lower
surfaces: (a) upper surface: f1(x ) 5 f0sin(kx ), lower surface: f2(x ) 5 2f0sin(kx ) and (b) upper surface: f1(x ) 5 f0sin(kx ), lower
surface: f2(x ) 5 f0cos(kx ). Here f 5 100 Hz ;Xt 5 (p/2);k 5 (2p/L);H 5 100 lm; f0 5 2100 mV;Eref 5 10 kV/m:

Fig. 3 The velocity vector field and u-velocity contours with sinusoidal zeta potential distribution at both top and bottom
walls at various nondimensional times: (a) 5 (p/2), (b) Xt 5 (3p/4), (c) Xt 5 p, and (d) Xt 5 (5p/4). Here f 5 100 Hz; k 5 (2p/L);
H 5 100 lm; f0 5 2100 mV;Eref 5 10 (kV /m).
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Fig. 5 for both symmetric and asymmetric cases. Our analytical
results reveal that number of vortices can be doubled (from four
to eight in symmetric case and from two to four in asymmetric
case) in both symmetric and asymmetric cases by doubling the
zeta potential periodicity. Further increase in the periodicity will
result in proportional increase in number of vorticities in the
microchannel. Thus, we can anticipate that by modifying the zeta
potential patterning along the channel surface, the flow field can
be precisely controlled.

4.1.4 Effect of Frequency of the External Electric Field. The
velocity vector fields are shown in Fig. 6 for symmetric zeta
potential distribution along the channel surface at different elec-
tric field frequencies. Since single period is considered in zeta
potential distribution, four vortices are observed within the chan-
nel for any electric field frequency. However, as frequency of
external electric field increases, the pattern of the flow field
changes significantly. For instance, at low electric field frequency
(e.g., 100 Hz as shown in Fig. 6(a)), each vortex takes possession
of one-quarter of the channel. This is because of the fact that at

low electric field frequency, the flow gets enough time to propa-
gate from surface to the center of the channel. However, as elec-
tric field frequency increases from 100 Hz to 1 kHz, these vortices
are slightly shifted toward surfaces and velocity of bulk fluids
diminish slightly (Fig. 6(b)). When electric field frequency
increases from 1 kHz to 10 kHz, the vortices are absolutely con-
fined near the surface and bulk fluid motion reduces significantly,
as shown in Fig. 6(c). At very high electric field frequency,
(10 kHz or higher), the bulk fluids are virtually motionless, even
though very fast oscillating flow occurring near the channel sur-
face. A logical explanation for this phenomenon is that as the
electric field frequency goes very high, the flow cannot diffuse as
fast to develop a flow across the entire channel. More insight into
the observed scenario can be dugout by bringing in the frequency-
dependent Stokes penetration depth, d. The Stokes penetration
depth is related to frequency and viscosity as

d / v

X

� �0:5

(33)

This length scale is used to describe the oscillatory laminar vis-
cous flows in response to harmonic excitation [44]. Stokes pene-
tration depth shows that the perturbed flow region is inversely
proportional to the square root of the frequency. For that reason,
the vortices shift toward the channel surface as the electric field
frequency increases.

4.1.5 Effect of Channel Height. The effect of change of chan-
nel heights on velocity field is illustrated in Fig. 7. With an
increase in channel height from 50 lm to 200 lm, the vortices
shift position from center region to near the channel surface
(Figs. 7(a) and 7(c)). In addition to the shift in vortices’ position,
the motion of bulk fluid is gradually diminished with increasing
channel heights. The effect of channel height on flow field is
analogous to the effect of electric field frequency. Due to this sim-
ilarity, several previous studies [29,45], on time-periodic electro-
osmotic flow, discussed the effect of these parameters by defining
a nondimensional frequency as X	 ¼ D2

h=vX, where Dh is the
hydraulic diameter. This nondimensional frequency represents the
ratio of the diffusion time scale tdiff ¼ D2

h=v
 �

and to the period of
the applied electric field tPE ¼ 1=Xð Þ. For a planar microchannel,
the hydraulic diameter is equal to double of the channel height, H.
Thus, an increase in channel height results in an increase in diffu-
sion time scale. This higher diffusion time scale indicates that the
flow needs more time to develop throughout the channel. Due to
this reason, as the channel height increases, the perturbed flow
region become smaller and vortices move closer to the channel
surface.

4.2 Step Change in Surface Zeta Potential. In Sec. 4.1, we
have investigated the electro-osmotic flow through a 2D planar
microchannel with sinusoidal surface charge distribution.
Although it produces various favorable cases for efficient mixing,
fabrication of a microchannel with sinusoidal surface charge dis-
tribution is not feasible with current technology. Literature review

Fig. 6 The effect of external electric field frequency on velocity
vector field and u-velocity contours for symmetric surface
potential distribution: (a) f 5 100Hz, (b) f 5 1kHz, and (c)
f 5 10kHz. Here k 5 (2p/L);Xt 5 (p/2);H 5 100lm; f0 5 2100mV;
Eref 5 10 kV/m.

Fig. 5 The effect of periodicity of zeta potential distribution on velocity vector field and u-velocity contours: (a) upper
surface: f1(x ) 5 f0sin(kx ), lower surface: f2(x ) 5 f0sin(kx ) and (b) upper surface: f1(x ) 5 f0sin(kx ), lower surface:
f2(x ) 5 2f0sin(kx ). Here f 5 100 Hz;k 5 (4p/L); Xt 5 (p/2);H 5 100 lm; f0 5 2100 mV and Eref 5 10 kV/m.

Journal of Fluids Engineering AUGUST 2019, Vol. 141 / 081201-7



yields that many researchers have investigated, either experimen-
tally or numerically, the electro-osmotic flow with a step change
in zeta potential distribution [32]. The results of those studies
revealed that this sudden change of surface potential has a lot of
potential for efficient mixing within the microchannel. However,
there is no analytical model to investigate the time-periodic
electro-osmotic flow through a microchannel with step change in
surface potential. In this section, we applied our generalized ana-
lytical model to investigate the time-periodic electro-osmotic flow
with step change in surface charge. First, we consider that both
top and bottom surfaces have same potential distribution as
(Fig. 8)

f xð Þ ¼
f1 0 < x <

L

2

� �

�f1

L

2
< x < L

� �
8>>><
>>>:

(34)

By expressing this step function in Fourier series (Eq. (19)) as
square wave with wavelength L, the coefficient Cn can be given as

Cn ¼
1

L

ðL
2

0

�f1exp �iknxð Þdxþ 1

L

ðL

L
2

f1exp �iknxð Þ dx (35)

This yield Cn ¼ 0, if n ¼ 0 or n is an even integer. For an odd
value of n, the coefficient, Cn can be given as

Cn ¼
2f1i

np
(36)

The velocity vector fields for time-periodic electro-osmotic
flow through a parallel plate microchannel with symmetric surface

Fig. 7 The effect of channel height on velocity vector field and
u-velocity contours for symmetric sinusoidal zeta potential dis-
tribution: (a) H 5 50lm, (b) H 5 100lm, and (c) H 5 200lm. Here,
f 5 100Hz; k 5 (2p/L);Xt 5 (p/2); f0 5 2100mV;Eref 5 10kV/m.

Fig. 8 Schematic of step change in zeta potential along the channel

Fig. 9 The velocity vector field and u-velocity contours for step change in zeta potential at various nondimensional time: (a)
Xt 5 (p/2), (b) Xt 5 (3p/4), (c) Xt 5 p and (d)Xt 5 (5p/4). Here f 5 100Hz; k 5 (2p/L);H 5 100lm; f1 5 2100mV;Eref 5 10kV/m.
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zeta potential are presented in Fig. 9. Like sinusoidal distribution
of surface charge, four vortices are formed with wavelength L at
nondimensional time, Xt ¼ p=2. However, in case of step change,
the shape of the vortices is not same as vortices formed in sinusoi-
dal case. Instead of elliptical vortices, rectangular shape vortices
are formed for step change in zeta potential case because the v-
velocity component is almost zero except at the start (x ¼ 0), end
(x ¼ L), and mid-section (x ¼ L=2) of the channel where transi-
tion in zeta potential and u-velocity take place. Like, sinusoidal
zeta potential distribution case (Figs. 3(a) and 3(b)), intensity of
velocity field is slightly diminished due to smaller value of elec-
tric field as nondimensional time changes from p=2 to 3p=4.
When the value of nondimensional time becomes zero or p, veloc-
ity of fluids near the surface becomes zero (Fig. 9(c)). However,
like sinusoidal case described before, small motion is observed at
the bulk area because of phase lag between the near surface and
bulk fluid regions. Finally, at Xt ¼ 5p=4, the overall flow direc-
tion reverses in accordance with the change of direction of exter-
nal electric field (Fig. 9(d)).

Similar to sinusoidal surface charge distribution, flow fields for
step changes in charge distribution are analyzed for relevant
parameters such as wavenumber, electric field frequency, channel
heights, and asymmetric charge distribution. However, for brev-
ity, we have not presented them in details. In brief, larger wave-
number generates higher number of vortices. For example, if
periodicity is doubled within the length L, the number of vortices
is also doubled for both symmetric and asymmetric distribution of
step change in zeta potential. Like sinusoidal zeta potential case,
symmetric surface potential produces double number of vortices
than asymmetric case. In asymmetric cases, vortices are larger
and probably have more mixing potential than symmetric zeta
potential distribution. Electric field frequency and channel heights
also have similar effect like sinusoidal zeta potential distribution.
As the channel height or electric field frequency increases, the
vortices shift toward the channel surface. At higher normalized
frequency, the perturbed flow region becomes smaller and the
bulk fluid motion diminishes.

5 Summary and Conclusions

A generalized analytical solution is presented for time-periodic
electro-osmotic flow through a 2D microchannel considering arbi-
trary potential distribution along the channel. The analytical solu-
tion is validated by reproducing some published works for DC
electro-osmotic flow with sinusoidal zeta potential distribution.
The applicability of the developed analytical model was tested for
different surface potential distribution, such as sinusoidal and step
change. Our results show that surface heterogeneity combined
with altering electric field not only generates periodic flow motion
but also develops several counter-rotating vortices inside micro-
channel. Sinusoidal charge distribution produces stronger vortices
than step change in surface potential. In summary, from this ana-
lytical work, the following conclusions can be drawn:

(1) The number of vortices formed inside the microchannel
will depend on the wavelength, i.e., the wave number of
surface potential distribution.

(2) The shape of the developed vortices is mainly determined
by the patterns of surface charge. For instance, sinusoidal
surface charge distribution produces elliptical vortices,
whereas step change in surface charge distribution produces
rectangular vortices.

(3) For the same wavenumber, symmetric surface electric
potential distribution (same distribution in both top and bot-
tom surface) creates double number of vortices than asym-
metric case (different surface potential distribution in each
plate). Asymmetric case vortices are larger in size, stronger
in strength, and probably more useful from practical point
of view than symmetric cases.

(4) Both electric field frequency and channel heights have sim-
ilar effects on the flow pattern. As their value increases, the
vortices migrate toward the channel surface, and the bulk
fluid motion starts to decrease. Our results reveal that a
smaller value of these parameters will help to enhance the
mixing.

Appendix: Dimensionless Momentum Equation

By ignoring the electrokinetic body force term, the nondimen-
sional form of momentum equations can be given as

St
@V

* 	

@t	
þ V

* 	
� r

* 	
� �

V
* 	
¼ �Eur

* 	
P	 þ 1

Re

� �
r
* 	2

V
* 	

(A1)

where St ¼ fH=Vð Þ is the Strouhal number, Eu ¼
P0 � P1=qV2
 �

is the Euler number, and Re ¼ qVH=lð Þ is the
Reynolds number. If we consider the characteristic length (chan-
nel height) is 100 lm, reference zeta potential is �100 mV and
electric field frequency is 100 Hz, the characteristic electro-
osmotic slip velocity will be approximately 0.7 mm/s. For water
as a working fluid, the corresponding flow Reynolds number is
0.07 and the Strouhal number (St) is 14. Consequently, the con-
vective term can be negligible compared to the transient and diffu-
sion terms (see Table 3).
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