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Numerical Modeling of Flow
Through Phloem Considering
Active Loading
Transport through phloem is of significant interest in engineering applications, including
self-powered microfluidic pumps. In this paper we present a phloem model, combining
protein level mechanics with cellular level fluid transport. Fluid flow and sucrose trans-
port through a petiole sieve tube are simulated using the Nernst–Planck, Navier–Stokes,
and continuity equations. The governing equations are solved, using the finite volume
method with collocated storage, for dynamically calculated boundary conditions. A sieve
tube cell structure consisting of sieve plates is included in a two dimensional model by
computational cell blocking. Sucrose transport is incorporated as a boundary condition
through a six-state model, bringing in active loading mechanisms, taking into considera-
tion their physical plant properties. The effects of reaction rates and leaf sucrose concen-
tration are investigated to understand the transport mechanism in petiole sieve tubes.
The numerical results show that increasing forward reactions of the proton sucrose trans-
porter significantly promotes the pumping ability. A lower leaf sieve sucrose concentra-
tion results in a lower wall inflow velocity, but yields a higher inflow of water due to the
active loading mechanism. The overall effect is a higher outflow velocity for the lower
leaf sieve sucrose concentration because the increase in inflow velocity outweighs the
wall velocity. This new phloem model provides new insights on mechanisms which are
potentially useful for fluidic pumping in self-powered microfluidic pumps.
[DOI: 10.1115/1.4025869]
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1 Introduction

Micropumps are of significant importance in microfluidic devi-
ces due to their applications in drug delivery, environmental mon-
itoring, lab-on-a-chip analysis, power generation, and printing
[1,2]. Micropumps can be categorized into two types: mechanical
and nonmechanical [2]. Mechanical micropumps utilize either a
syringe, diaphragm, or gear to convert external mechanical energy
into flow energy. Mechanical micropumps have many disadvan-
tages, including pulsating flow, bulky size, complex integration
issue, and incompatibility with biological fluids. To circumvent
the aforementioned shortcomings, nonmechanical pumping meth-
ods have been proposed, such as electrohydrodynamic and magne-
tohydrodynamic micropumps [2]. However, these nonmechanical
micropumps also have issues such as they require large supporting
systems, have limited fluid compatibility, and cause Joule heating.
Joule heating results in high temperatures, which can destroy bio-
logical cells, DNA, or proteins [3,4]. Many of these nonmechani-
cal methods such as electrostatic and electrohydrodynamic
micropumps require high voltage, which has the drawback of
forming gasses, potentially clogging the tiny channels in microde-
vices [5]. Additionally, most microfluidic devices are made to be
disposable; thus, including complex components such as valves,
heaters, and actuators are undesirable due to added cost [6].

Biological systems have long been of interest for scientists in
search of phenomenon to apply in engineering systems. Scientists
have applied Characean cells for mixing, shark skin for drag
reduction, artificial leaves to extract water, and sucrose transport-
ers to actuate [7,8]. The sucrose transporter proteins from phloem
have been shown to be capable of generating enough fluid dis-
placement to deform the cover plate of an actuator.

Plants are capable of self-sustained pumping; where nutrients
are transported from sources such as leaves through stems to sinks
(see Fig. 1(a)), including roots and fruits without external pressure
or power. Nutrients such as sugars are transported through vascu-
lar networks called phloem built up by cells, including sieve ele-
ments for fluid transport, parenchyma cells with specialized
companion cells for sieve biological support, and additional struc-
tural supporting cells. Sieve elements are interconnected with sieve
plates containing pores that allow fluids to pass through, as shown
in Fig. 1(b). These sieve cells have typical diameters from 1–40 lm
with flow velocities from 3–300 lm/s. These ranges come within
microfluidic operation ranges; hence, understanding fluid flow in
plants is of significant interest for microfluidic devices.

Fluid transport in plants is a very complex phenomenon and
many approaches have been used to model this mechanism. An
entire section of a plant may be modeled as a bulk using a series
of resistances to represent mass transport in different plant seg-
ments with different resistances. This method has been applied to
plants to simulate the entire trunks to study flow in both xylem
and phloem [9,10]. While being robust and incorporating the
entire trunk, these methods require that the flow resistance be
known beforehand.

Alternately, there are sieve tube oriented models, which focus
on the mechanics in the phloem. A comprehensive overview of
early models has been covered by Thompson and Holbrook [11].
Many simplified phloem models are developed based on simple
tube flow by ignoring the effect of sieve plates using Hagen–Poi-
seuille approximations. However, pressure distribution in a sieve
tube without any resisting/sieve plates will be significantly differ-
ent. In the presence of a sieve plate the fluid flow resistance may
be eight times higher than those of simple tube models [11]. More
advanced numerical works on flow through phloem used a quasi
1D approach by solving mass conservation equation. In those
works, wall mass flux is used to bring pressure into the governing
equation and pressure drops inside the sieve tube and sieve plates
are calculated based on various assumptions. For instance, Christy
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and Ferrier [12] considered the flow resistance in the sieve plate
by calculating pressure drops through pores. Thompson and Hol-
brook [11] considered the Dagan pressure drop, which are losses
in pores located in an infinitely wide plate, to calculate the flow
resistance in the sieve plate. However, these models do not con-
sider the effects of neighboring pores. To better understand the
effect of sieve plates, numerical simulations of fluid flow over
sieve plates have been attempted [13,14]. However, these studies
did not consider the water flow through walls and the transport of
solutes through the sieve tube.

Another important aspect of transport in phloem is sugar influx
mechanisms. One primary route plants use to load sugars into
sieve tubes is through active loading by use of specialized sucrose
transporter proteins (STPs). Active loading is of significant inter-
est since it allows for reduced leaf sucrose concentrations with
potential advantages, including less vulnerability to predators,
faster leaf growth, and less inhibition of photosynthesis due
to sugar buildup [15]. In a recent study, De Schepper et al. [10]
provided active loading mechanisms in their tree model using
Michaelis–Menten kinetics [16] with the sucrose influx dependency
based on external sucrose concentrations. In reality, proton concen-
trations and membrane electric potentials also affect sucrose influx
[17]. However, to our knowledge, no study has included proton de-
pendent sucrose transport through phloem.

In this study we present flow through phloem, considering
active transport of sucrose via STPs using a 6-state sucrose trans-
porter model. We are primarily interested in self-sustained fluid
pumping mechanisms in plants. Thus, we study flow through sieve
tubes by including the active mechanics of sucrose influx in the
system considering the proton, sucrose, and electric potential both
inside and outside of the leaf sieve tube. The rest of the paper is
organized as follows. In Sec. 2, we describe transport through
the petiole sieve tube using relevant governing equations and

boundary conditions. In Sec. 3 the incorporation of leaf sucrose
influx into leaf sieve tubes is presented using a 6-state sucrose
transporter model. The development of the numerical model is
presented in Sec. 4. All physical and chemical properties used in
this study are shown in Sec. 5. Section 6 presents the verification
steps taken for our numerical methods. We present our results and
conclusions in Secs. 7 and 8, respectively.

2 Flow Through Phloem

Plant cell membranes have specialized channels called aquapor-
ins that allow the passage of small neutral molecules such as water,
but prevent ions and larger molecules such as sugars from passing
[18]. Hence, the cell membrane can be seen as semipermeable,
allowing the transport of water. Outside of the cell membrane is the
apoplast, which includes the interconnected space in between live
cells allowing water and solutes to move freely (see Fig. 1(b)).

Phloem in plants operates under osmotic pumping principles,
where sugar and water are transported through sieve tubes. In a
plant the sugar concentration is higher inside a sieve tube than the
surrounding apoplast. Thus the osmotic pressure is higher inside
the sieve tube and the osmotic pressure difference will facilitate
the water transport from apoplast to the sieve tube. In order to
have a higher sugar concentration inside the sieve tube, sugar mol-
ecules must be continuously pumped inside the sieve tubes. In a
plant leaf section, sugars and ions are actively loaded in the sieve
tube through a proton gradient and negative membrane electric
potential between the sieve and apoplast.

2.1 Mathematical Model. We model the petiole of a plant
connecting a leaf, where the sugar is loaded, to the stem of the
plant, as shown in Fig. 1(a). We consider the Solanaceae plant
family; this plant family covers plants such as eggplant, potato,

Fig. 1 (a) Schematic of a petiole section connecting the leaf to the stem. (b) Com-
putational domain and associated boundary conditions for flow through a sieve
tube. Schematic of flow penetration from the (c) bottom, and (d) top surfaces. For
the bottom wall, water enters directly into the sieve. While for the top wall, in addi-
tion to entering directly, water will also first enter into the neighboring companion
cell and then into the sieve tube.
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tobacco, and tomato [19]. To model flow through petiole sieve
tubes, we consider the transport of sucrose in a 2D channel consist-
ing of a chain of sieve elements with porous sieve plates, as shown
in Fig. 1(b). We represent the petiole sieve tube wall as a semi-
permeable cell membrane; permeable to water but not sucrose.

Sugar is produced in the leaves by photosynthesis and trans-
ported into leaf sieve tubes by STPs using active loading, which
then enters the petiole sieve elements. Water can enter petiole sieve
elements both directly and indirectly. In the direct case, water enters
due to the pressure difference, as shown in Fig. 1(c). In the indirect
case, water first enters neighboring companion cells and then the
sieve elements, as depicted in Fig. 1(d). These companion cells are
connected with petiole sieves by plasmodesmata. The geometry of
plasmodesmata is still under debate, but for this work we represent
plasmodesmata as an annular pore and the companion cells are
assumed to be on one side (upper) of the petiole sieve tube.

2.2 Governing Equations. To compute the flow through the
petiole sieve tube, we develop a mathematical model based on the
steady state Nernst–Planck, Navier–Stokes, and continuity equa-
tions. We model the fluid, also known as sap, in the sieve tube as
a sucrose water solution. The transport of sucrose is governed by
the Nernst–Planck equation [20]. Since sucrose is electrically neu-
tral, we drop the electromigration term; hence, the Nernst–Planck
equation simplifies to
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If we assume that the fluid is incompressible, the flow will be gov-
erned by the continuity and the Navier–Stokes equations:

@u

@x
þ @v

@y
¼ 0 (2a)

qu
@u

@x
þ qv

@u

@y
¼ @

@x
l
@u

@x

� �
þ @

@y
l
@u

@y

� �
� @p

@x
(2b)

qu
@v

@x
þ qv

@v

@y
¼ @

@x
l
@v

@x

� �
þ @

@y
l
@v

@y

� �
� @p

@y
(2c)

2.3 Boundary Conditions. We simulate flow in the petiole
sieve tube, as shown in Fig. 1(b). For the Nernst–Planck equation,
no sucrose is added or removed and a mixed boundary is used at
the top and bottom surfaces

D
@c

@y
� vc ¼ 0 (3)

At the outlet we consider the sucrose concentration change is neg-
ligible, hence

@c

@x
¼ 0 (4)

At the inlet, the sucrose concentration is the same as the leaf sieve
sucrose concentrations (cLS) [21]. Thus, we use the Dirichlet
boundary condition by setting a fixed sucrose concentration based
on the leaf sieve sucrose concentration:

c ¼ cLS (5)

For fluid velocities, a penetrating velocity due to the pressure dif-
ference will be specified on the top and bottom face of the petiole.
The velocity across a permeable membrane can be represented
using the Kedem and Katchalsky equation [22]

vw ¼ Mp pe � pi � r pðceÞ � pðciÞð Þ½ � (6)

For a semipermeable membrane (impermeable to solute) r is 1.
Osmotic pressures (p) are calculated from sucrose concentrations.

On the bottom wall, there will only be wall flow from the sur-
rounding apoplast into the petiole sieve element. Thus, we use Eq.
(6) to calculate the penetrating velocity (vext!in) and consider no
slip velocity in the x direction. The apoplast (external) thermody-
namic pe and osmotic p(ce) pressures are defined based on plant
values, while the sieve (internal) values are numerically
calculated.

On the top wall, there will be two contributions to wall flow:
from the surrounding apoplast directly into the sieve (vext!in) and
from the apoplast into the companion cell then into the sieve
(vext!cc!in). Thus, the boundary conditions for the top wall are

v ¼ �vext!in � vext!cc!in

u ¼ 0
(7)

Water flow from the surrounding area follows the same process as
described earlier, except that the computational cells will now be
neighboring the top boundary. We represent the companion cell as
a rectangular control volume with a single pressure and sucrose
concentration. The companion cell is assumed to have the same in-
ternal length as the sieve and a height of acch. As a result the net vol-
umetric flow per unit width Qn into the nth companion cell will be

Fig. 2 Six-state model for potato STP adapted from Boorer
et al. [17] for sucrose transport from outside (apoplast) to inside
(leaf sieve). Each protein state is denoted as Pm (m 5 1, 2,. . .,6).
The forward reaction allows entry of sucrose into the sieve ele-
ment from the apoplast. In the first state (P1) unbounded protein
is open to the outside. Transition to the second state (P2) takes
place when a proton (H1) from outside binds to P1. Next a su-
crose molecule binds to P2 to form P3. This is followed by a con-
formational change from the protein being open to the outside
to in (P3 fi P4), bringing the proton and sucrose molecule
inside the leaf sieve tube. The sucrose molecule leaves P4 to
form P5 and, finally, the proton leaves from P5 resulting in P6.
The cycle is completed by the change in confirmation from
being open inwards P6 to outwards P1.
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Qn ¼ 2 LSE � Lplate þ acch
� �

Mp pe � pcc n � pðceÞ � pðcccnÞð Þ½ �
(8)

Here, we assume that the nth companion cell is only connected
with a neighboring nth sieve element. The sieve-averaged sucrose
concentration and thermodynamic pressure pn are found by aver-
aging the top face of the nth sieve. The sieve-averaged sucrose
concentration is used as the companion cell sucrose concentration
(ccc n). The companion cell pressure (pcc n) is calculated based on
the sieve pressure.

If the companion cell is isolated from all surrounding cells
except the sieve element, then flow entering the companion cell
must enter the sieve. Using plant plasmodesmata density (#pl), the
fluid flow (qpl n) across a single plasmodesma can be determined
as a function of net volumetric flow. If the loss between the com-
panion cell and sieve is dominated by plasmodesmata restriction,
then the pressure of the companion cell can be approximated
using annular pore flow [23]

pcc n ¼ pn þ Lpl

pr4
plo

8l
1� j4 � ð1� j2Þ2

ln 1=jð Þ

" # !�1

qpl n;

j ¼ rpli=rplo

(9)

where the dimensions of the plasmodesmata are given by the
length Lpl, outer radius rpl o, and inner radius rpl i. Combining Eqs.
(8) and Eq. (9), we can determine the net volumetric flow into the
companion cell. Using volumetric flow, the flow velocity from the
companion cell to petiole sieve can be determined by dividing the
volumetric flow over the wall surface area

vext!cc!in ¼ Qn= LSE � Lplate

� �
(10)

At the inlet we consider a fully developed flow profile

v ¼ 0

uðyÞ ¼ uin

6

h2
yh� y2
� � (11)

where the parabolic profile is used based on the mean inflow ve-
locity (�uin). The inlet flow velocity is calculated from the sucrose
flux (Jsuc) as

�uin ¼
Jsuc

cin

accL

La
h

(12)

The sucrose flux Jsuc is based on the six-state model, which is dis-
cussed later in Sec. 3. The factor accL is included to incorporate the
conversion between the transfer cell and leaf sieve surface area. At
the outlet boundary we define the pressure based on sieve tube val-
ues. We also consider the outflow velocity as fully developed

@u

@x
¼ 0

v ¼ 0

(13)

3 Sucrose Influx Mechanism

Key plant species such as celery, common bean, potato,
tobacco, and tomato use active loading to transport sugars into
sieve tubes [24]. In this section we present an explanation of the
sucrose loading mechanics based on potato STPs. Active loading
utilizes a proton gradient and membrane electrical potential differ-
ence to move sucrose molecules from the apoplast into the leaf
sieve through STPs. Several models based on experimental meas-
urements from cloned STPs have been proposed [17,25]. Here we
adopted the more complete six-state model provided by Boorer
et al. [17] for potato plants, as illustrated in Fig. 2. The six-state
model represents the sucrose transporter with six individual pro-
tein states utilizing 14 forward (!) and reverse ( ) reactions.
The forward reaction rate constant is denoted as km, while the
reverse rate is k�m. The protein density at a particular state is
denoted by Pm. As shown in Fig. 2, the sucrose transport flux is
dependent on properties such as proton and sucrose concentrations
in the apoplast and leaf sieve tube.

Based on the six-state model, sucrose fluxes representing active
loading can be calculated through the use of rate equations. While
the six-state model derived by Boorer et al. includes a total of 14
rates, proton slippage rates (k7 and k�7) are extremely small in
comparison to other rates; therefore, we neglect the process (see
Fig. 2(g)) in the calculation of Jsuc.

The rate at which a particular protein state occurs can be deter-
mined from the law of mass action. For the system shown in
Fig. 2, protein densities at different protein states can be given as

dP1

dt
¼ k6P6 � k�6P1 þ k�1P2 � k1P1Hþe

dP2

dt
¼ k1P1Hþe � k�1P2 þ k�2P3 � k2P2ce

dP3

dt
¼ k2P2ce � k�2P3 þ k�3P4 � k3P3

dP4

dt
¼ k3P3 � k�3P4 þ k�4P5cLS � k4P4

dP5

dt
¼ k4P4 � k�4P5cLS þ k�5P6HþLS � k5P5

dP6

dt
¼ k5P5 � k�5P6HþLS þ k�6P1 � k6P6

(14)

Additionally, the sum of all protein states must be equal to the
total number of proteins (Po) at a particular time

P0 ¼ P1 þ P2 þ P3 þ P4 þ P5 þ P6 (15)

In this study proteins are considered as not being actively added
to the membrane; hence P0 is a constant. At steady state, individ-
ual quantities of proteins can be solved from Eqs. (14) and (15).
Since there are seven equations for six unknowns, not all equa-
tions are independent. Thus, they can be reorganized in a 6� 6
matrix as

1 1 1 1 1 1

�k�6 � k1Hþe k�1 0 0 0 k6

k1Hþe �k�1 � k2ce k�2 0 0 0

0 k2ce �k�2 � k3 k�3 0 0

0 0 k3 �k�3 � k4 k�4cLS 0

0 0 0 k4 �k�4cLS � k5 k�5HþLS

2
6666666666664

3
7777777777775

P1

P2

P3

P4

P5

P6

2
6666666666664

3
7777777777775
¼

P0

0

0

0

0

0

2
6666666666664

3
7777777777775

(16)
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The net transport of sucrose molecules inwards will be equal to the net rate at which sucrose leaves the protein on the internal site (see
the process in Fig. 2(d)). Thus, the sucrose influx is

Jsuc ¼ k4P4 � k�4P5cLS (17)

By replacing the protein densities, the resulting sucrose flux can be represented as a function of leaf reactant concentrations and rate
constants

Jsuc ¼ Po
Hþe cek1k2k3k4k5k6 � HþLScLSk�1k�2k�3k�4k�5k�6

Uðkm; k�m;Hþe ;H
þ
LS; ce; cLSÞ

(18)

Here the denominator U is composed of 36 terms

U ¼ k�1k�2k�3k�6k5 þ k�1k�2k�3k5k6 þ k�1k�2k�6k4k5 þ k�1k�2k4k5k6 þ k�1k�6k3k4k5

þ k�1k3k4k5k6 þ HþLSk�1k�2k�3k�5k�6 þ HþLSk�1k�2k�5k�6k4 þ Hþe k�2k�3k1k5k6

þHþLSk�1k�5k�6k3k4 þ Hþe k�2k1k4k5k6 þ Hþe k1k3k4k5k6 þ cLSk�1k�2k�3k�4k�6 þ cLSk�1k�2k�3k�4k6

þ cek�6k2k3k4k5 þ cek2k3k4k5k6 þ HþLScLSk�1k�2k�3k�4k�5 þ HþLScLSk�1k�2k�4k�5k�6

þHþLScLSk�1k�3k�4k�5k�6 þ HþLScLSk�2k�3k�4k�5k�6 þ Hþe cLSk�2k�3k�4k1k6 þ HþLScLSk�1k�4k�5k�6k3

þHþe cek�3k1k2k5k6 þ HþLScek�5k�6k2k3k4 þ Hþe cek1k2k3k4k5 þ Hþe cek1k2k3k4k6

þ Hþe cek1k2k3k5k6 þ Hþe cek1k2k4k5k6 þ Hþe HþLScLSk�2k�3k�4k�5k1 þ Hþe HþLScek�5k1k2k3k4

þHþLScecLSk�3k�4k�5k�6k2 þ Hþe cecLSk�3k�4k1k2k6 þ HþLScecLSk�4k�5k�6k2k3 þ Hþe cecLSk�4k1k2k3k6

þHþe HþLScecLSk�3k�4k�5k1k2 þ Hþe HþLScecLSk�4k�5k1k2k3 (19)

4 Numerical Method

In this study we have developed an in-house numerical model
using the finite volume method [26,27] with collocated storage to
study the physics of transport through petiole sieve tubes. The
governing equations are discretized for 2D rectangular coordi-
nates. The semi-implicit method for pressure-linked equations
(SIMPLE) algorithm with collocated mesh is implemented. The
governing equations are solved using the line-by-line tridiagonal
matrix algorithm. Since we use an iterative solver, convergence of
continuum variables is very important. At early iterations the solu-
tion easily diverges; therefore, a smaller relaxation coefficient is
used. For later iterations divergence is less likely to occur; hence,
larger relaxation coefficients can be used.

Sieve plates are incorporated by computational cell blocking. In
the case of the Navier–Stokes equations, a large viscous term is
used to block flow while for the Nernst–Planck equation a large
diffusive term is used to block sucrose flux. Numerical results are
obtained for the first four to six petiole sieve elements and the
least squares method is used to extrapolate the results to the full
petiole length (5 cm).

5 Model Parameters

5.1 Physical Properties. In our numerical simulations, peti-
ole sieve tube dimensions are based on realistic plant values. Peti-
ole sieve elements are modeled as rectangular channels 120 lm in
length and 11 lm in height, based on the dimensions of tobacco
sieve elements [28]. The sieve plate thickness is set as 1.2 lm. We
consider pores as slits with a diameter of 0.69 lm. The companion
cell to sieve tube height ratio acc is set at 70% [29]. The leaf sieve
to petiole sieve length scale factor is estimated from the leaf com-
panion cell surface area, leaf vein density, and stem sieve tubes
resulting in a factor of a¼ 10. The leaf companion cell to sieve
conversion factor is estimated using leaf companion cell values,
giving an estimate of accL¼ 8.95. The dimensions of the plasmo-
desmata are taken from plant roots [30], where the length is
147 nm, the inner radius is 3.6 nm, and the outer radius is 7.6 nm
(based on gap estimates). The plasmodesmata density is set as
10 lm�2 from the ranges of plasmodesmata density in plants.

5.2 Fluid Properties. A sucrose-water solution is considered
as the fluid in this study. Over the simulated sucrose concentration

range, the actual fluid density change is less than 4%, thus incom-
pressibility is a reasonable assumption. We set the fluid density as
1090 kg/m3 based on a 700 mM sucrose solution at 25 �C. How-
ever the fluid viscosity, diffusivity, and osmotic pressure are
strong functions of sucrose concentration. The fluid viscosity l is
calculated from Chenlo et al. [31]

l ¼ 890:5� 10�6 1þ 0:867cð Þ0:164
1þ 0:73c exp 0:4843 c1:1

� �� �
for c � 4:5 m (20)

The sucrose diffusivity D is estimated by applying an exponential
fit to data from Ekdawi et al. [32] and Chatterjee [33]

D ¼ 5:23� 10�10 expð�0:7248cÞ for c � 8:3 m (21)

The osmotic pressure p is calculated using the equation given by
Michel [34]

p ¼ RTqwater 0:998cþ 0:089c2
� �

for 0:1 � c � 1:0 m (22)

The density of pure water (qwater) at 25 �C is considered in this
study to calculate osmotic pressure. The apoplast thermodynamic
pressure is considered as zero with the apoplast osmotic pressure
at the leaf ðpleaf

e Þ and stem ðpstem
e Þ as 0.7 MPa and 0.3 MPa, respec-

tively, based on measured water potentials for tobacco plants [35].
In addition, we assume a linear change in osmotic pressure
between the leaf and stem, as shown in Fig. 1(b).

5.3 Chemical Properties. To find the inlet boundary condi-
tion for fluid flow, the sucrose influx should be known. In Sec. 3,
we have provided a model to estimate the sucrose flux in terms
of reaction rate constants. For our simulation we selected rate con-
stants (see Table 1) from Boorer et al. [17] with modifications
made to k�4 and k�5 to account for the dependency on the
leaf sieve proton and sucrose concentration. Rate k�5 is modified
for 1st order dependency to include the leaf sieve proton
concentration by using oocyte pH. In addition, k�4 is estimated by
considering the chemical equilibrium condition with no sucrose
flux.
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While the rate constants for the reactions in Figs 2(b)–2(e) are
known, the rate constants for reactions in Figs. 2(a) and 2(f) (k1,
k�1, k6, k�6) are dependent on membrane electric potential. The
rates for potential dependent steps (k�1, k��1, k�6, and k��6) are given
as [17]

k6 ¼ k�6expð�0:5 dFVm=RTÞ (23)

where Vm is the membrane electrical potential difference, d is the
fraction of the electric field sensed by the process in Figs. 2(a)
and 2(f). For the reactions in Figs. 2(a) and 2(f), d is given as 0.4
and 0.6, respectively.

6 Error Analysis

The grid dependency is tested by simulating for 30� 32,
60� 64, and 120� 128 computational cells per sieve element
with a 600 mM leaf sieve sucrose concentration, 60� 10�14 m/Pa
s cell membrane permeability, and 1 MPa outlet thermodynamic
pressure. To better model the sieve plate, an adaptive mesh is
used with finer grids near the sieve plate. On the contrary, a uni-
form grid size is used in the y direction for consistent pore sizing.
Simulation results for different grid numbers per sieve element
are compared to verify the grid independency. The sucrose con-
centration, pressure, and velocity for coarser grids are compared
with the finest case at x¼ 399 lm and y¼ 5.5 lm. The results for
the relative errors are listed in Table 2. These errors are within a
reasonable value and the finest grid size is used for the
simulations.

7 Results and Discussion

Numerical simulations are presented based on the plant proper-
ties as described in Sec. 5. Typical sieve tube pressures may range
from 0.8 to 1.4 MPa; thus, we consider a petiole sieve outlet pres-
sure of 1 MPa. Membrane permeability is based on Arabidopsis
leaf cell plasma membranes and set as 60� 10�14 m/Pa s [36]. To
calculate the sucrose flux for the inlet flow velocity, the properties
including proton and sucrose concentrations, electric potentials,

Table 1 Selected rate constants for six-state model for potato
plant proton sucrose transporter [17]. Rate k5 is varied in cer-
tain simulations.

Forward
reaction Rate Units

Reverse
reaction Rate Units

k*1 7.0� 107 M�1 s�1 k*�1 2.3� 102 s�1

k2 1.7� 103 M�1 s�1 k�2 5.0 s�1

k3 50 s�1 k�3 50 s�1

k4 1.0� 103 s�1 k�4 3.79� 102 M�1 s�1

k5 4.3 s�1 k�5 1.41� 109 M�1 s�1

k*6 6.0 s�1 k*�6 5.0 s�1

Table 2 Grid refinement analysis results with respect to the
finest grid (120 3 128)

Grid setup u error (%) v error (%) p error (%) c error (%)

30� 32 0.1766 0.4474 4.153� 10�7 8.101� 10�4

60� 64 0.0270 0.0823 3.077� 10�8 4.882� 10�5

Fig. 3 (a) Cross-stream (y) distributions far away from sieve plates for the u-veloc-
ity. (b) Vector plot for fluid flow past simulated sieve plate. (c) Cross-stream (y) dis-
tributions far away from sieve plates for petiole sieve sucrose concentration. In
figures (a) and (c) the open circles are data points from simulations taken at
x 5 400 lm and the solid lines are parabolic curve fits.
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and protein (STP) densities need to be defined. Reactant concen-
trations in the apoplast surrounding the leaf sieve tube are defined
based on potato plants with a pH of 6.1 [37] and a sucrose concen-
tration of 2.1 mM [38]. The leaf sieve pH and membrane electrical
potential difference are chosen as 7.5 and �140 mV, respectively
[39]. A negative membrane electrical potential implies a more
negative voltage on the inside of the leaf sieve compared to the
surrounding apoplast. We use an STP density of 0.12 proteins
nm�2 based on estimates of companion cell sucrose fluxes.

7.1 Flow and Concentration Field in Sieve Tube. Figure 3
shows the numerical results in the petiole sieve tube for a leaf
sieve sucrose concentration (cLS) of 600 mM and k5 of 4.3 s�1.
The streamwise velocity distribution far away from a sieve plate
is shown in Fig. 3(a). The flow distribution closely follows a para-
bolic profile due to the low Reynolds numbers (Re¼ 4� 10�4 to
3� 10�3) in the microscale sieve tube. The flow field distribution
around a sieve plate is shown in Fig. 3(b). Again, due to the low
Reynolds number, the velocity quickly approaches parabolic. The
flow will be distorted as it approaches the sieve plates. Once
inside the sieve pores, the flow quickly becomes a parabolic pro-
file with similar velocities at different positioned pores. Flow field
in sieve pores will be similar because the pores are similarly sized,
uniformly spaced, and located in parallel. Soon after passing the
sieve plates, again, due to the low Reynolds number, the overall

flow becomes a parabolic profile with no noticeable fluid
circulation.

The sucrose concentration distribution at x¼ 400 lm is illus-
trated in Fig. 3(c). The resulting sucrose concentration distribution
can be closely approximated by a parabolic profile. Due to wall
inflow, the sugar concentration near the wall will be slightly
lower; hence, the higher sucrose concentration will occur near the
center. In the case of our simulation domain, due to the compan-
ion cells being on the top half, more the wall inflow will occur on
the upper side; hence, the sucrose concentration profile is asym-
metrical. Nevertheless, considering the very small change in the
sucrose concentration across the channel, the sugar concentration
could be assumed uniform along the y-direction.

7.2 Sucrose Transporter Dependency. To understand how
the sucrose transporter protein alters active pumping through the
petiole sieve tube, we vary the rate constants. Based on rate con-
stant orders, the value of k5 is varied. The rate constant k5 is
related to the proton dissociation step (see Fig. 2(e)), where
increasing this value means protons will leave the transporter
more freely on the leaf sieve side. Figure 4 shows the outflow ve-
locity distribution for different rates of k5. Increasing the forward
rate constant implies accelerating the forward reaction, which will

Fig. 4 Outflow velocity distribution for different proton disso-
ciation rate constants k5 in units of s21. All other simulation
conditions are the same as in Fig. 3.

Fig. 5 Effects of the proton dissociation rate constant k5 on (a) sucrose influx,
and (b) sieve tube inflow, wall flow, and total outflow. All other simulation condi-
tions are the same as in Fig. 3. Here Q is the volumetric flow per unit depth.

Fig. 6 Petiole sieve tube wall inflow for different leaf sieve tube
sucrose concentrations cLS. All other simulation conditions are
the same as in Fig. 3. Here Qwall is the wall volumetric flow rate
per unit depth.
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increase the quantity of sucrose entering the petiole sieve tube.
This sucrose influx increase will result in more sucrose molecules
to drive a larger flow through the tube; hence, the overall flow ve-
locity will increase.

Figure 5(a) shows the sucrose influx for different k5. The sucrose
flux first rapidly increases and then the increase slows down at
higher k5. This is due to the fact that as the forward reaction (see
Fig. 2(e)) becomes faster, the rate of the overall sucrose transport
process will be more and more limited by other steps. In Fig. 5(b)
we compare the inflow and wall flow with total outflow for different
values of the rate constant k5. The inflow follows the same trend as
the sucrose flux for a given leaf sucrose concentration because of
the linear relationship presented in Eq. (12). Similar to the inflow
and sucrose flux, the wall flow also increases with an increase in the
reaction rate constants. This is due to the fact that more sucrose mol-
ecules will drive more water molecules through the wall at higher
value of k5. Figure 5(b) shows that the wall flow is much smaller
than the inflow at the petiole tube. For the case presented in this
study, the wall flow is more than three times smaller than the inflow.
The value of the wall flow can be increased or decreased by other
parameters such as the leaf sieve sucrose concentration. Neverthe-
less, the wall flow is on the same order of magnitude of the inflow,
indicating the osmotic pumping through the petiole tube.

7.3 Leaf Sieve Sugar Concentration Dependency. In this
section, the leaf sieve sugar concentration cLS is varied based on
known sucrose concentration ranges. We simulate the petiole
sieve tube for a forward rate constant k5 of 4.3 s�1. In our simula-
tions, the leaf sieve sucrose concentration is used as the input con-
centration for the petiole tube. Figure 6 shows that the wall inflow
increases with the leaf sieve sucrose concentration. This is due to
the fact that as the sucrose concentration increases in the petiole
tube, the osmotic pressure will increase, driving a larger flow
from the apoplast to the sieve tube through the wall membrane.
However, the effect of the leaf sucrose concentration on the inflow
is opposite. As the leaf sucrose concentration increases, the inflow
decreases due to two reasons. First, for a fixed sucrose flux, a
higher leaf sieve sucrose concentration will mean that there will
be less water inflow. Second, the STP moves sucrose from low
(apoplast) to high sugar concentration (leaf sieve); hence, a higher
leaf sieve sucrose concentration will mean that sucrose transport
will be difficult. In other words, the water inflow will be increased
as the leaf sieve sucrose concentration is decreased. The benefit of
increased inflow outweighs the reduction in wall flow for a lower
value of the leaf sieve sucrose concentration. Therefore, the out-
flow is higher for lower leaf sieve sugar concentrations, as shown
in Fig. 7.

7.4 Sieve Plate Dependency. In microfluidic devices, the
minimization of frictional resistance is desired. Thus, it is impor-
tant to understand the transport behavior in sieve tubes in the ab-
sence of sieve plates. We have specifically studied the effect of
rate constants in the flow performance of the petiole sieve tube
without sieve plates, where we compare the results with the case
including sieve plates. To simulate the dependency on sieve
plates, the leaf sieve sugar concentration is set as 600 mM.
Simulations are performed with same inlet pressure for comparing
cases with and without sieve plates. Shown in Fig. 8 is the differ-
ence in the outlet thermodynamic pressure (Dpoutlet ¼ pwithout

outlet

�pwith
outlet) for a different reaction rate constant k5. Since the inlet

pressures are equal, the difference in outlet pressure shows the
pressure gained due to the removal of sieve plates. Without sieve
plates, the outlet pressure is much higher than with sieve plates
due to less restriction in the flow. In other words, for a similar rate
constant and leaf sieve pressure, water can be transported for a
longer distance without sieve plates.

8 Conclusions

A cellular level phloem model for studying water and sucrose
transport through petiole sieve tubes is developed considering
plant active loading mechanisms. The main feature of this phloem
model is the incorporation of proton sucrose transporter kinetics
(active loading) through the use of a six-state model based on
potato sucrose transporter proteins. This model allows us to inves-
tigate the impacts of a wide range of physical and biochemical pa-
rameters on the sucrose transport in plants. Governing equations,
including the Nernst–Planck, Navier–Stokes, and continuity equa-
tions are solved for 2D flows using the finite volume method. The
governing equations are discretized and solved using the SIMPLE
algorithm for collocated storage. Based on the grid independent
study when 120� 128 grid points are used per sieve element, the
errors including sucrose concentration, pressure, and velocity are
within reasonable value. Due to the computational expense, fewer
sieve elements are modeled and an extrapolation technique is used
to obtain results for the flow through a petiole sieve tube.

This numerical model indicates that the spatial variation for ve-
locity is parabolic, both in the sieve tube and inside the pores of
sieve plates. However, the spatial variation is negligible for the
sucrose concentration. The sucrose concentration distribution is
asymmetric due to the unequal value of wall inflow from the top

Fig. 8 Effect of sieve plates on flow through the petiole sieve
tube. The outlet pressure difference between without and with
sieve plates for different proton dissociation rate constants k5,

is shown. All other simulation conditions are the same as in
Fig. 3.

Fig. 7 Velocity distribution at the outlet for different leaf sieve
tube sucrose concentrations cLS
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and bottom walls. The influence of the proton sucrose transport
mechanics on the petiole sieve tube is studied by altering the inter-
nal (sieve side) proton dissociation rate constant k5. The numerical
results indicate that accelerating forward reactions in the trans-
porter protein significantly increases sucrose influx. This increase
in sucrose flux significantly increases both the inflow and wall
inflow, leading to a net increase in outflow.

In addition, we consider the influence of altering leaf sieve su-
crose concentrations on transport through petiole sieve tubes.
From our numerical results, a smaller leaf sieve sucrose concen-
tration results in higher outflow. Over the petiole sieve region,
wall inflow is smaller with lower leaf sieve sucrose concentra-
tions. However, a lower leaf sieve sucrose concentration allows
the sucrose transporter to move more sucrose molecules, resulting
in larger inflow outweighing the reduction in wall flow and, hence,
larger outflow.
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Nomenclature

c ¼ sucrose concentration in petiole sieve, mM
ce ¼ sucrose concentration in apoplast (surrounding sieve),

mM
cLS ¼ sucrose concentration inside of leaf sieve, mM

dPore ¼ sieve plate pore diameter, m
D ¼ sucrose diffusivity, m2/s
F ¼ Faraday’s constant, C/mol
h ¼ sieve tube height, m

Hþ ¼ proton concentration, mM
#pl ¼ plasmodesmata density, no./m2

Jsuc ¼ sucrose influx, mol/m2 s
km ¼ mth rate constant
L ¼ petiole length, m

Lpl ¼ plasmodesmata length, m
Lplate ¼ sieve plate thickness, m

LSE ¼ sieve element length, m
Mp ¼ cell membrane hydraulic permeability, m/Pa s

p ¼ thermodynamic pressure, Pa
Pm ¼ mth sucrose transporter protein density, #/m2

P0 ¼ total sucrose transporter protein density, no./m2

q ¼ volume flow rate, m3/s
Q ¼ volume flow rate per unit width, m2/s

rpl ¼ plasmodesmata radius, m
R ¼ ideal gas constant, J/mol K
T ¼ absolute temperature, K
u ¼ streamwise flow velocity, m/s
v ¼ cross-stream flow velocity, m/s

Vm ¼ membrane electrical potential difference, V
x ¼ position along the sieve tube, m
y ¼ position across the sieve tube, m
a ¼ sieve tube leaf to petiole length ratio ce

acc ¼ companion cell to sieve height ratio
accL ¼ leaf companion cell surface area to sieve wall area ratio

d ¼ fraction of electric field sensed
l ¼ dynamic viscosity, Pa s
p ¼ osmotic pressure in the petiole sieve, Pa

pe ¼ osmotic pressure in the apoplast (surrounding sieve), Pa
q ¼ fluid density, kg/m3

r ¼ membrane reflection coefficient
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