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a b s t r a c t
Electromagnetic heating such as microwave processing has evolved as a promising technique to bond
polymer substrates due to its ability to achieve non-contact, selective heating and localized melting. In
microwave assisted bonding process, two polymer layers such as PMMA (polymethyl methacrylate) substrates can be bonded by heating a thin layer of dielectric material placed between the polymer layers. To
better understand the bonding process of polymer layers, a detailed theoretical analysis has been presented. In this analysis, the bonding process of polymer substrates has been modeled as a multilayered
composite slab exposed to microwave radiations. The electric ﬁeld distribution along each layer is computed from simpliﬁed Maxwell’s equation under plane wave conﬁguration, and the Poynting theorem is
used to ﬁnd the volumetric power absorbed by each layer. The absorbed power is then used as the source
term in unsteady energy equation which is solved by linear decomposition and separation of variables
techniques. Finally, the closed form analytical solution obtained from this analysis is used to study the
effect of material properties on temperature distribution of polymer substrate (PMMA) with poly-aniline
as intermediate sacriﬁcial layer. The analysis was carried out at household microwave frequency
(2.4 GHz) with temperature dependent dielectric properties for both poly-aniline and PMMA layers.
Our results show that dielectric properties, layer thickness, heat transfer coefﬁcient and processing time
have signiﬁcant inﬂuence on the heating pattern. Results also show that the temperature of the PMMA
substrate remains below the melting point globally, except at the interface of the poly-aniline layer
due to its transparent nature to incident microwave radiation at 2.4 GHz.
Ó 2012 Elsevier Ltd. All rights reserved.

1. Introduction
Microﬂuidic devices are ﬁnding numerous applications in areas
such as analytical chemistry, microbiology, drug development and
chemical synthesis [1–7]. These devices have many advantages
such as compact size, disposability, increased functionality and
reliability, reduced analysis time and accuracy. In microﬂuidic devices, glass substrates have been used as the preferred material of
choice due to its low cost. However, fabrication process for glass
microdevice is very challenging especially for complex device.
Moreover, optical characteristics of glass substrates are not suitable for many lab-on-a-chip devices [8]. In recent years, polymers
are found to effectively replace glass as substrate materials in
microﬂuidic device fabrication. Polymers possess wide range of
physical and chemical properties suitable for chemical and biological analysis, offer low manufacturing cost, provide good optical
clarity etc. Different polymers such as polydimethylsiloxane
(PDMS), polymethyl methacrylate (PMMA), cyclic oleﬁn copolymer
⇑ Corresponding author. Tel.: +1 (509) 335 7989; fax: +1 (509) 335 4662.
E-mail address: dutta@mail.wsu.edu (P. Dutta).
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(COC), polycarbonates (PC) are widely used for microﬂuidic device
fabrication [9,10].
In microfabrication process the polymer substrates, with or
without patterned micro feature, need to be bonded to effectively
make a functional microchannel. The bonding process is a very
challenging issue as it should be carried out without changing or
destroying the integrity of the patterned microstructure. Bonding
techniques such as adhesive bonding, thermal bonding, solvent
bonding and resin-gas injection bonding have been reported in
the literatures [11–14]. However, these techniques either cause
geometric deformation of the substrate or induce a chemical reaction that affects the patterned micro channel. Therefore, it is necessary to develop an alternative technique to bond polymer based
microﬂuidic devices.
Recently, the use of microwave technology has been reported to
achieve bonding, and it has been found that this technique is especially very effective for bonding PMMA substrates in microﬂuidic
devices without causing any change or destruction to the patterned microstructures [15–19]. In microwave assisted bonding,
a very thin layer of dielectric material is placed between two layers
of PMMA as shown in Fig. 1, and the ability of material selective
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coefﬁcient for nth layer [V/m]
coefﬁcient for nth layer [V/m]
magnetic induction [Wb/m2]
velocity of light [m/s]
speciﬁc heat capacity [J/kg K]
electric displacement [C/m2]
electric ﬁeld [V/m]
impinging electromagnetic ﬁeld [V/m]
electric ﬁeld in x direction [V/m]
electric ﬁeld in y direction [V/m]
electric ﬁeld in z direction [V/m]
electric ﬁeld in z direction for nth layer [V/m]
electric ﬁeld in z direction in air medium [V/m]
initial condition for nth layer [°C]
modiﬁed initial condition for nth layer [°C]
frequency [Hz]
Green’s function
magnetic ﬁeld [A/m]
magnetic ﬁeld in y direction [A/m]
magnetic ﬁeld in y direction for nth layer [A/m]
heat transfer coefﬁcient [W/m2 K]
incident microwave energy ﬂux [W/cm2]
current density [A/m2]
thermal conductivity for nth layer [W/m K]
thickness of nth layer [m]
Poynting power ﬂux vector [W/m2]
power absorbed by the layer [W]
total incident power [W]
power generation [W/m3]
power generation for nth solid layer[W/m3]
reﬂection coefﬁcient
temperature for nth layer [°C]
surrounding temperature [°C]
time step [s]
total duration of electromagnetic heating [s]
transmission coefﬁcient for wave travelling towards
positive x axis

Fig. 1. Schematic of a three layered object exposed to a plane electromagnetic
wave. In a uniform plane wave, the magnetic ﬁeld is always perpendicular to the
electric ﬁeld. The thickness of each layer is denoted as L1, L2, L3 and the locations of
the interface are presented as x1, x2, x3, and x4. The value for n in each layer denotes
the layer number.

heat generation resulted from microwave radiation is used for
bonding purpose. Since PMMA layers are transparent to microwave

Tn+1,n
Xn
x
y
z

transmission coefﬁcient for wave travelling towards
negative x axis
modiﬁed temperature for nth layer [°C]
location along x coordinate [m]
location along y coordinate [m]
location along z coordinate [m]

Greek symbols
an
thermal diffusivity for nth layer [m2/s]
phase factor for nth layer [rad/m]
bn
c
propagation constant [m1]
cn
propagation constant for nth layer [m1]
dn
dissipation factor for nth layer [rad]
e
permittivity [F/m]
e0
free-space permittivity [F/m]
er
relative permittivity [dimensionless]
e0n
relative dielectric constant for nth layer [dimensionless]
e00n
relative dielectric loss for nth layer [dimensionless]
km
eigenvalues in the x-direction
l
permeability [H/m]
l0
free-space permeability [H/m]
/n
modiﬁed temperature for nth layer [°C]
wn
modiﬁed temperature for nth layer [°C]
hn
modiﬁed temperature for nth layer [°C]
Cn
modiﬁed temperature for nth layer [°C]
q
mass density [kg/m3]
qv
charge density [C/m3]
s
modiﬁed time for Green’s function [s]
rn
attenuation constant [rad/m]
r0
electrical conductivity [S/m]
f
impedance [ohm]
x
angular frequency [rad/s]
Subscripts
j
layer index
m
eigenvalue index
n
layer index

radiation, the temperature rise in PMMA is not as high as in the
sandwiched dielectric layer. This high temperature at the interface
results in a localized melting of the PMMA substrates which is the
main reason for irreversible bonding of PMMA layers.
The microwave bonding of PMMA microﬂuidic devices using
highly dielectric materials such as ethanol, methanol and isopropyl alcohol as a thin sacriﬁcial layer were examined experimentally [17]. Recently, polymers such as poly-aniline and polythiophene have evolved as a new class of sacriﬁcial materials
for PMMA bonding. However, the amount of sacriﬁcial material
required for effective bonding of the PMMA substrate has been
a major issue and requires fundamental understanding for perfect bonding [16,18]. For instance, bonding would be very weak,
if the thickness of the sacriﬁcial layer is less than optimum. On
the other hand, there will be signiﬁcant distortion of the channel
feature if the thickness of the interfacial sacriﬁce layer is very
thick. Also microwave exposure time and intensity are very crucial for successful bonding process. Yussuf et al. [16] experimented with poly-aniline to bond PMMA substrates under
microwave power and found to achieve strong bonding at the
interface that could withstand a pressure up to 1.18 MPa. Lately,
Holmes et al. [19] experimented with varying widths and depths
of the poly-aniline layer to bond PMMA substrates for defect free
seals.
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Although there are numerous experimental studies on the use of
sacriﬁcial layer for bonding PMMA substrates using microwave
radiation, no theoretical study has been reported to understand
the fundamental mechanism of PMMA–PMMA bonding. A detail
thermal analysis can reveal the local temperature distribution within materials as a function of time, which can explain the microwave
assisted bonding process. Moreover, a theoretical analysis can provide the desired correlation between the characteristics of electromagnetic wave and geometric, dielectric, and thermo-physical
properties of materials subjected to microwave heating.
The rest of the paper is organized as follows. First the theory
and governing equations for electromagnetic heating are provided
followed by underlying assumptions for this analytic study. Then
an analysis to ﬁnd the electromagnetic heat generation is presented for each layer. Next, the temperature distribution within
each layer is obtained from the energy equation using linear
decomposition and separation of variables techniques. This is followed by a discussion on polymer bonding by analyzing the temperature distribution in PMMA and poly-aniline materials at
various times for different thicknesses of poly-aniline and PMMA.
Finally, we present our conclusions on this analytic work.
2. Theory
Microwave heating is generally very effective for dielectric
materials which contains either permanent or induced dipoles.
When electromagnetic radiation with alternating electric ﬁeld is
applied across the dielectric material, the positive and negative
charges of the dipole get aligned towards the electric ﬁeld and result in polarization of the medium. Due to the alternating nature of
electric ﬁeld, dipoles rotate as they try to align with the electric
ﬁeld of the incident electromagnetic radiation. The rotation of dipoles results in heat generation inside the dielectric material.
Therefore, to study the microwave heating it is necessary to understand the electromagnetic ﬁeld within the dielectric material as
well as its effects in energy equation.
2.1. Governing equations
The electromagnetic ﬁeld distribution within a material is governed by Maxwell’s equation as [20,21].

@~
B
@t
@~
D
~ H
~ ¼~
r
Jþ
@t
~ ~
r
D ¼ qv
~
~
rB¼0
~ ~
r
E¼

ð1aÞ
ð1bÞ
ð1cÞ
ð1dÞ

~ is the
where ~
E is the electric ﬁeld, ~
B is the magnetic induction, H
magnetic ﬁeld, ~
J is the current density, ~
D is the electric displacement, and qv is the electric charge density. The time averaged
power ﬂux associated with the electromagnetic wave can be obtained from Poynting vector [21]

1
~
~ Þ
P ¼ ð~
EH
2

ð2aÞ

~ is the complex conjugate of magnetic ﬁeld. The volumetwhere H
ric heat generation can be obtained as

~ ~
PÞ
Q_ ¼ Reðr

ð2bÞ

For electromagnetic heating, the temperature distribution within
the system is governed by the energy equation as [25]:

qC p

dT ~
~ TÞ þ Q_
¼ r  ðkr
dt
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The left hand side term represents the rate of thermal energy
change in the system, while the ﬁrst term in the right hand side accounts for the thermal diffusion.
2.2. Assumptions
In this study, we assume that the thickness of each layer is
much smaller compared to the other (length and width) dimensions and hence one-dimensional analysis of the system, as shown
in Fig. 1, is reasonable for microwave assisted bonding of two
PMMA layers using poly-aniline as sacriﬁcial layer. For simplicity,
we assume that electromagnetic waves are transverse (TEM) or
uniform plane waves. The other assumptions used to simplify the
problem are:
(i) Multilayered system obeys linear material constitutive laws.
(ii) Electroneutrality condition is satisﬁed within the system.
(iii) The magnetic permeability l(x) can be approximated by its
value in free space.
(iv) Dielectric properties are assumed to be temperature independent for a short duration of processing time.
(v) Material properties such as thermal conductivity and speciﬁc heat of each solid are temperature independent.
(vi) Perfect thermal contact exists at the layer interface.
(vii) The surrounding medium (air) is at ambient temperature.
Similar assumptions are used in earlier theoretical studies of
electromagnetic heating [21–24].
3. Analysis
3.1. Electromagnetic power
Maxwell’s equations can be simpliﬁed by using the assumptions
mentioned above and by applying following material constitutive
relations [25]

~
J ¼ r0~
E
~
D ¼ e~
E

ð4bÞ

~
~
B ¼ lH

ð4cÞ

ð4aÞ

where r0 is the electrical conductivity, e is the permittivity, and l is
the magnetic permeability. The expression for permittivity can be
written as [20]:

e ¼ e0 er
er ¼ e0  ie00


ð5Þ

If electromagnetic incident rays are propagating in the x-direction
(Fig. 1), then

Ex ¼ Ey ¼ 0
@Ez @Ez
¼
¼0
@y
@z

ð6aÞ
ð6bÞ

Therefore, for a uniform plane wave, the simpliﬁed equation for
electric ﬁeld can be written as:
2

d Ez
2

dx

 c2 Ez ¼ 0

ð7Þ

In a multilayered system, the electric ﬁeld for the nth layer is
obtained by modifying Eq. (7) as,
2

ð3Þ

d Ez;n
2

dx

 c2n Ez;n ¼ 0 in xn 6 x 6 xnþ1 ; n ¼ 1; . . . ; 3

ð8Þ
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where cn is the propagation
constant, and it can be given as

c2n ¼ x2 l0 e0 e0n  ie00n . The propagation constant can also be expressed as cn = rn + ibn, where the attenuation factor and the phase
factor can be given by Eqs. (9a) and (9b), respectively.

vﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
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ð9aÞ
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e00

where tan dn ¼ en0 is the dissipation factor.
n
For a uniform plane electromagnetic wave propagating in the x
direction of a multilayered sample (Fig. 1), the boundary conditions and interface conditions are given by

Ez;0 ¼ Ez;1
dEz;0
dx

¼

at x ¼ x1

ð10aÞ

9
Ez;n jx¼xnþ1 ¼ Ez;nþ1 jx¼xnþ1 =


;
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;
¼ dx

dx 
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dEz;3
dx

¼

1
Q_ n ðxÞ ¼ xe0 e00n jEz;n j2 ;
2

n ¼ 1; . . . ; 2

ð10bÞ

x¼xnþ1

)

dEz;4
dx

at x ¼ x4

ð10cÞ

where subscripts 0 and 4 denotes the electric and magnetic ﬁeld
surrounding air. The generalized solution for simpliﬁed Maxwell’s
equation for multilayered materials can be expressed as:

Ez;n ¼ An ecn x þ Bn ecn x

in xn 6 x 6 xnþ1 ; n ¼ 1; . . . ; 3

ð11Þ

Applying the boundary conditions (10a)–(10c) in the general solution (11), the coefﬁcients An and Bn for each layer of solid can be
found as,

n ¼ 1; . . . ; 3

ð15Þ

It is important to note that the source term presented in Eq. (15) is a
function of the temperature (T) and location (x). The temperature
dependency comes from the dielectric properties such as dielectric
loss and dielectric constant in the attenuation factor and the phase
factor as well as in the transmission and reﬂection coefﬁcients.
3.2. Energy equation and temperature distribution
The one dimensional energy equation subjected to electromagnetic heating can be simpliﬁed as

)

dEz;1
dx

Ez;3 ¼ Ez;4

Now applying Poynting power theorem, the power dissipated per
unit volume in each solid layer can be calculated as [25]:

a

@ 2 Tðx; tÞ a _
@Tðx; tÞ
þ Q ðT; xÞ ¼
@x2
@t
k

ð16Þ

where a is the thermal diffusivity and k is the thermal conductivity.
It is important to note that the governing Eq. (16) is nonlinear due
to the temperature dependent source term. Hence, ﬁnding a closeform analytic expression for this system is not trivial. Recently our
group [24] presented an algorithm to incorporate the nonlinear
source term in determining the temperature distribution from
energy equation. In that study it was assumed that for a short duration (Dt) of processing time (t ? t + Dt) the variation in dielectric
properties will be negligible due to small changes in the temperature of the body. Thus, a close-form analytical expression was obtained for temperature distribution for a short period of
processing time (Dt 6 1 s), and that solution was used as the initial
condition for the next time step. This procedure is continued until
the ﬁnal processing time has reached. This algorithm provided very
accurate analytical solution of non-linear energy equation for radio
frequency heating of food stuff [24]. In this study, a similar algo-
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the reﬂection coefﬁcient,
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dEz;n
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rithm is adopted to solve the energy equation (Eq. (16)) for microwave assisted bonding process. Here our next step is to assume that
the source term to be temperature independent for a short period of
processing time (Dt) and then ﬁnd a close-form analytical expression for temperature distribution for that period.
Thus, for the case of a multilayered solid shown in Fig. 1, Eq.
(16) can be expressed as

ð13bÞ

qﬃﬃﬃ
and the intrinsic impedance f ¼ le, [24]. Once the electric ﬁeld distribution is known, the magnetic ﬁeld distribution can be evaluated
easily as they are related by,

ð14Þ
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at xn 6 x 6 xnþ1 ;

n ¼ 1; . . . ; 3
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where n denotes the layer number. The initial and boundary conditions for the multilayered system shown in Fig. 1 are:

k1
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ð17cÞ
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where Ta and Tb are the surrounding temperature at the layer
boundaries x = x1 and x = x4, respectively. Fn is the temperature of
the nth layer at initial time ti.
The problem presented in Eq. (17) is transient heat conduction
for three layered composite medium with temperature independent source term and non-homogenous outer boundary condition.
This problem can be transformed into a one with homogenous
boundary conditions by considering Tn (x, t) as a linear superposition of three simpler problems as explained in Ref. [26],
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þ h11 þ h14 þ kL22 þ kL33
1
h4

L1
k1

1
h1
L1
k1

þ kL11  ðx2kxÞ
2

þ h11 þ h14 þ kL22 þ kL33
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L1
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 ðx1kxÞ
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þ ðx4kxÞ
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þ kL11 þ kL22  ðx3kxÞ
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i

ð22aÞ

i

ð22bÞ

i

ð22cÞ

i

ð23aÞ

i

ð23bÞ

i

ð23cÞ

xjþ1

0

Gnj ðx; tjx0 ; 0ÞF j dx þ

Z

t

ds

Z

s¼0

xj

xjþ1
xj

Gnj ðx; tjx0 ; sÞ

aj _ 0
0
Q n ðx Þ dx
kj

#

ð24Þ

where Gnj(x, tjx0 , 0) represents the Green’s function evaluated for
s = 0 and Gnj(x, tjx0 , s) represents the Green’s function evaluated for
t = s.
Our next step is to obtain the Green’s function Gnj(x, tjx0 , 0). For
s = 0, we consider an auxiliary problem by modifying Eq. (21) with
Q_ n ðxÞ ¼ 0.

@ 2 hn ðx; tÞ @hn ðx; tÞ
¼
@x2
@t

k1

subject to boundary conditions at t > ti

@h1
þ h1 h1 ¼ 0 at x ¼ x1
@x

L1
k1

hn ðx; tÞ ¼

ð20cÞ

ð20dÞ

for n ¼ 1; . . . ; 3

On the other hand, the transient problem with heat generation
term, given in Eq. (21), is solved using the Green’s function approach. The general solution of this problem can be expressed in
terms of Green’s function as,

an

@ 2 hn ðx; tÞ an _
@hn ðx; tÞ
xn 6 x 6 xnþ1 ; n ¼ 1; . . . ; 3
þ Q n ðxÞ ¼
@x2
@t
kn
for t > t i
ð21aÞ

k1

w3 ¼ h

ð20bÞ

Finally, the functions hn(x, t) are the solution of the following transient problem with heat generation and homogenous boundary
conditions,

an

1
h4

ð19dÞ

Similarly, the functions wn(x) are the solution of the following
steady-state problem with no heat generation and one nonhomogenous boundary condition at x = x4,

ð21dÞ

where F n is the modiﬁed initial condition.
The solutions of steady state problems, shown in Eqs. (19) and
(20), can be obtained as

w2 ¼ h

k1

ð21cÞ

hn ðx; ti Þ ¼ F n  /n ðxÞT a  wn ðxÞT b ¼ F n

/3 ¼ h

d d/n
dx dx

x ¼ xnþ1
n ¼ 1; . . . ; 2

and initial condition

ð18Þ

The functions /n(x) are the solution of the following steady-state
problem with no heat generation and one non-homogenous boundary condition at x = x1,

at

@h3
þ h4 h3 ¼ 0 at x ¼ x4
@x

/2 ¼ h

T n ðx; tÞ ¼ /n ðxÞT a þ wn ðxÞT b þ hn ðx; tÞ;

)

xn 6 x 6 xnþ1 ; n ¼ 1; . . . ; 3

@h1
þ h1 h1 ¼ 0 at x ¼ x1
@x
)
hn ¼ hnþ1
x ¼ xnþ1
at
@hnþ1
n
kn @h
¼
k
n ¼ 1; . . . ; 2
nþ1 @x
@x

k3

ð25aÞ

ð25bÞ

ð25cÞ

@h3
þ h4 h3 ¼ 0 at x ¼ x4
@x

ð25dÞ

and initial condition

hn ðx; ti Þ ¼ F n  /n ðxÞT a  wn ðxÞT b ¼ F n

for n ¼ 1; . . . ; 3

ð25eÞ

The partial derivatives of hn(x, t) with respect to x and t can be eliminated by the separation of variables technique. The variables can be
separated in the form,

hn ðx; tÞ ¼ Xn ðxÞCn ðtÞ

ð26Þ
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Substitution of Eq. (26) into Eq. (25) and applying the appropriate
boundary and initial conditions to solve for Xn(x) and Cn(t) respectively, we get the solution for the auxiliary problem as,

hn ðx; tÞ ¼

3 Z
X

x0jþ1

x0j

j¼1

0

Gnj ðx; tjx0 ; 0ÞF j dx

ð27Þ

where

Gnj ðx; tjx0 ; 0Þ ¼
Nm ¼

Z
3
X
kj
j¼1

aj

xj

1
X
2
1 kj
ekm t
Xnm ðxÞXjm ðx0 Þ
N
m aj
m¼1
xjþ1

X2jm ðxÞdx

In the above solution, Xnm is obtained by solving the following
eigenvalue problem,

In Eq. (31) the subscript n denotes the nth solid layer being considered and the subscript m denotes the Eigenvalue. Now we have
expression for the three functions /n(x), wn(x) and hn(x, t) that are
required to ﬁnd the temperature distribution. By substitution of
Eqs. (22), (23) and (31) into Eq. (18), the temperature distribution
Tn(x, t) within each solid layer due to microwave heating is obtained
as

T 1 ðx; tÞ ¼ /1 T a þ w1 T b þ h1

ð32aÞ

T 2 ðx; tÞ ¼ /2 T a þ w2 T b þ h2

ð32bÞ

T 3 ðx; tÞ ¼ /3 T a þ w3 T b þ h3

ð32cÞ

The above expression for temperature is valid only for a short duration (Dt) of electromagnetic heating. To obtain the temperature distribution for a processing time of ttotal, we need to solve Eq. (17a) for
N times, whereN = ttotal/Dt. It is to be noted that the dielectric properties and initial condition for each time step will be calculated
using the solution obtained from of the previous time step.

2

an

d Xn ðxÞ
2

dx

þ k2 Xn ðxÞ ¼ 0 xn 6 x 6 xnþ1 ; n ¼ 1; . . . ; 3

dX1
þ h1 X1 ¼ 0 at x ¼ x1
dx
)
Xn ¼ Xnþ1
x ¼ xnþ1
at
dXnþ1
n
kn dX
¼
k
n ¼ 1; . . . ; 2
nþ1 dx
dx

ð28bÞ

k1

k3

ð28aÞ

ð28cÞ

dX3
þ h4 X3 ¼ 0 at x ¼ x4
dx

ð28dÞ

The general solution for Xnm is expressed as

km x
km x
Xnm ¼ Anm cos pﬃﬃﬃﬃﬃ þ Bnm sin pﬃﬃﬃﬃﬃ ;

an

an

n ¼ 1; . . . ; 3

ð29Þ

Now applying the boundary conditions, Eqs. (28b)–(28d), into Eq.
(29) we obtain a set of six linear algebraic equations which can be
used to ﬁnd the coefﬁcients and eigenvalues. The eigenvalues km
are obtained by the requirement that the determinant of the matrix
formed from the above mentioned six algebraic equations should
equal zero. Our next step is to ﬁnd coefﬁcients for the general solution (Eq. (29)). Since our system of equations is homogeneous with
six unknown coefﬁcients, it is not possible to get a trivial solution.
Now by setting A1m = 1, we can ﬁnd remaining ﬁve coefﬁcients
using a set of any ﬁve algebraic equations by applying the matrix
inversion technique [26].
Note that the solution for the auxiliary problem Eq. (27) does
not include the source term Q_ n ðxÞ. Hence, to include the contribution of the source term, it is required to ﬁnd the Green’s function
Gnj(x, tjx0 , s) evaluated at time t = s. The Green’s function Gnj(x, tjx0 , s)
can be obtained from Gnj(x, tjx0 , 0) by replacing s with (t  s) in the
latter as explained in Ref. [26].

Gnj ðx; tjx0 ; sÞ ¼

1
X
2
1 kj
ekm ðtsÞ
Xnm ðxÞXjm ðx0 Þ
N
m aj
m¼1

ð30Þ

Now, to obtain the solution for problem deﬁned in Eq. (21) it
requires the substitution of Green’s function Gnj(x, tjx0 , 0) and
Gnj(x, tjx0 , s) into the general solution (Eq. (24)). After rearranging
the terms in the general solution, the solution for modiﬁed
temperature (h) of each solid layer is expressed as
!
3
3
X
2
kj R xjþ1
0
0
X
þ
6 X nm ðxÞekm t N1m
7
jm ðx ÞF j dx
x
a
j
j
1 6
7
X
j¼1
6
7
! 7; n ¼ 1; . . . ; 3
hn ðx; tÞ ¼
6
3
R

6
7
X
R
m¼14
t
xjþ1
0
k2m ðtsÞ
1
0 _
0
ds N m
X jm ðx ÞQ n ðx Þdx 5
X nm ðxÞ s¼0 e
xj
2

j¼1

ð31Þ

4. Results and discussion
The schematic representation of electromagnetic heating of
three layered solid is shown in Fig. 1, where poly-aniline is sandwiched between two PMMA layers. Here our goal is to heat polyaniline via microwave processing to above 105 °C, which is the
glass transition temperature of PMMA. The volumetric heat generated in poly-aniline layer is transferred to PMMA by thermal conduction, and eventually heat is dissipated from PMMA surface to
the surrounding by convection. The high temperature of poly-aniline results in localized melting of PMMA substrates close to the
interface. The melted faces of PMMA will join together without
any external force when the PMMA substrates will be allowed to
cool down.
In this analysis the thickness of poly-aniline is maintained as
low as possible to avoid the presence of interfacial layers after
bonding. Throughout the analysis the incident radiation was maintained at 2.45 GHz due to the transparent nature of PMMA to
microwave radiations at that frequency [15,16,18,19]. Close-form
analytic expressions of electric ﬁeld and temperature are obtained
by considering transverse electromagnetic wave with temperature
dependent dielectric properties. The algorithm used to take care of
the temperature dependent dielectric properties are presented in
Fig. 2. The relationship between dielectric properties and temperature are obtained from experimental data [16] using statistical
regression, and are presented in Table 1. Other thermo-physical
properties of PMMA and poly-aniline are also presented in Table
1, while the input parameters are shown in Table 2.
The temperature distribution obtained with analytical solution
(in Eq. (32)) is validated with experimental data from Yussuf
et al. [16]. Here we considered 4 mm thick PMMA layers
(L1 = L3 = 4 mm), 300 lm thick Poly-aniline layer, and 12 W/cm2
input power to match the experimental conditions used in Ref.
[16]. Fig. 3 illustrates that the temperature distribution based on
the current analytic solution which is in good qualitative
agreement with the experimental results. The slight variation in
temperature at or after 6 s is due to phase change of PMMA and
poly-aniline at higher temperature. Here it is important to note
that we did not consider the phase change effect in our analytic
model. Rather, to simplify the mathematical model, the effect of
phase change was taken into consideration through temperature
dependent dielectric properties. Nevertheless, the difference in
temperature is within the experimental uncertainty level validating the current method. We also presented the temperature distribution using the constant dielectric properties which deviates
signiﬁcantly from the experimental observation. These results suggest that the use of temperature dependent dielectric properties is
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Fig. 3. Comparison of analytical solution with experimental data (Yussuf et. al.
[15]). Temperature of poly-aniline layer is shown for various exposure time of
electromagnetic radiation. Here thickness of PMMA layers (L1 and L3) is 4 mm,
thickness of poly-aniline (L2) is 300 lm and IT = 12 W/cm2.

Fig. 2. Algorithm used to calculate temperature distribution within each layer
using temperature dependent dielectric properties.

Table 1
Dielectric and thermo-physical properties of PMMA and poly-aniline.
PMMA

Poly-aniline

Dielectric constant, k0
Dielectric loss, k00

2.5
0.05

Speciﬁc heat capacity,
cP (J/kg K)
Thermal conductivity,
k (W/m K)
Density, q (kg/m3)

1200

0.000003T3 + 0.0003T2  0.0078T + 14.56
For T 6 90,
0.000001T3  0.00004T2 + 0.0126T + 3.6731
For T P 91, 0.0005T2 + 0.1037T  0.0629
1100

0.1

1

1300

1700

Table 2
Input parameters for theoretical calculations.
Parameters

Values

Incident microwave frequency
Thickness of PMMA, L1, L3 (mm)
Thickness of Poly-aniline, L2 (lm)
Initial Temperature, Ti (°C)
Surrounding temperature, T1 (°C)
Heat transfer coefﬁcient, h (W/m2 K)
Incident microwave energy ﬂux, IT = IB (W/cm2)

2450 MHz
3 or 4
100; 150; 200; 250
20
20
1:5; 10; 25; 50
3.0 and 12

much better in predicting the thermal performance during microwave heating process.
For the rest of the article, analytic results are obtained for temperature dependent dielectric properties, and the incidence microwave energy ﬂux (IT = 0.5ce0E2) was kept constant at 3 W/cm2.
Moreover, it is assumed that the microwave radiations are coming

from both directions as presented in Fig. 1. Due to the symmetry of
layer materials, the electric ﬁeld, microwave energy and temperature distribution are presented for only one half of the system.
The electric ﬁeld and volumetric power distribution along wave
propagation direction are presented in Fig. 4 for different thicknesses of intermediate poly-aniline layer. For convenience of comparison, the electric ﬁeld and volumetric power distribution for
each case is plotted against the normalized length where x/L1 = 0
denotes the face where the outer PMMA surface reject heat to
ambient air via convection, and x/L1 = 1 represents the interface
between the PMMA and the intermediate poly-aniline layer. The
results obtained from the multi-layer analysis show continuity in
electric ﬁeld (Fig. 4(a)) at the interfaces to maintain the interface
boundary conditions in the Maxwell’s equation. However, there
is a jump in volumetric heat generation (Fig. 4(b)) at the interface
due to the use of different materials property in calculating the
heat dissipation. As presented in Eq. (15), the volumetric power
greatly depends on the dielectric property of the material. The
dielectric loss value which is a measure of the electrical energy dissipation into heat primarily attributes to the difference in volumetric power absorbed by poly-aniline and PMMA. The huge difference
in the source term would facilitate the selective and localized heating of poly-aniline when exposed to microwave radiation.
The thickness of poly-aniline also inﬂuences the electric ﬁeld
distribution in the PMMA substrate. Poly-aniline being highly
dielectric absorbed much higher electromagnetic energy and resulted in higher electric ﬁeld strength compared to the PMMA
layer. It is also noteworthy to mention that the magnitude of
electric ﬁeld decreases as the thickness of the intermediate polyaniline layer increases. This decrease in electric ﬁeld strength is
mainly due to the fact that the intensity of the incident ﬁeld decays
at a higher rate when it penetrates through samples of increased
thickness. To validate the analytic model presented in this study,
results are also obtained for multi-layered materials (not shown
here) where all three layers consist of PMMA materials. These results match well with previous studies [20,21] where one layer
of PMMA is used instead of three layers.
The volumetric power generated by each layer is used as a
source term in solving the energy equation as expressed in Eq.
(17a). Hence, the power distribution in each layer primarily
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Fig. 4. (a) Electric ﬁeld and (b) volumetric power distribution after 1 s processing of PMMA-poly-aniline-PMMA layers. Here the thickness of outer PMMA layers (L1 and L3) is
3 mm and IT = 3 W/cm2. The thicknesses of intermediate poly-aniline layer are:
for L2 = 100 lm,
for L2 = 150 lm,
for L2= 200 lm,
for L2 = 250 lm.

Fig. 5. The temperature distribution (
at t = 25 s,
at t = 50 s,
at t = 75 s and
at t = 100 s) in PMMA and poly-aniline layers for various thicknesses of
poly-aniline. (a) L2 = 100 lm (b) L2 = 150 lm (c) L2 = 200 lm and (d) L2= 250 lm. Here the thickness of PMMA (L1 and L3) is 3 mm, IT = 3 W/cm2 and h = 10 W/m2 K.

K.B. Mani et al. / International Journal of Heat and Mass Transfer 58 (2013) 229–239

dictates the microwave heating and resultant temperature distribution. Fig. 5 present the temperature distribution in PMMA and
poly-aniline for increasing poly-aniline thickness. In all cases,
PMMA thickness was kept constant at 3 mm and the temperature
distribution was analyzed for a processing time of ttotal = 100 s. It
was observed that temperature distribution qualitatively followed
the volumetric power generation proﬁle. The use of highly dielectric poly-aniline layer resulted in high temperatures close to the
layer interface. Theoretical results show that the poly-aniline
thickness as well as processing time signiﬁcantly affects the temperature distribution. The maximum temperature in the system increases with the thickness of the poly-aniline layer, although
volumetric power generation has shown the opposite trend. This
is due to the fact that the thicker poly-aniline layer is producing
more total heat in the system than that of a thinner one. After
100 s of exposure to electromagnetic radiation, the interface temperatures were 70 °C, 89 °C, 107 °C and 124 °C for 100 lm,
150 lm, 200 lm and 250 lm thick poly-aniline layers, respectively. Similar to the power proﬁle, the temperature of poly-aniline
was almost uniform because of the much smaller size and
higher thermal conductivity than surrounding PMMA layer. It is
noteworthy to mention that 100 lm, 150 lm and 200 lm thick
poly-aniline layers required more exposure time to increase the
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interface temperature above the glass transition temperature of
PMMA.
The high temperature of intermediate poly-aniline layer also
inﬂuences the temperature distribution in the PMMA layer. At
the interface the PMMA temperature is same as the poly-aniline,
but temperature changes sharply along the PMMA layer due to
its low thermal conductivity. The sharp temperature change facilitates the localized melting of PMMA close to the interface while a
major portion of PMMA remains much below its glass transition
temperature. For the case of 200 lm thick poly-aniline layer presented in Fig. 5c, PMMA temperature remains above its glass transition temperature (105 °C) only close to the layer interface, and
reduces sharply thereafter. The analytical expression also indicates
that the temperature distribution in both layers is greatly inﬂuenced by the PMMA thickness and the heat transfer coefﬁcient.
In the following sections we discuss the role of PMMA thickness
and heat transfer coefﬁcient on temperature distribution.
The effect of PMMA thickness on temperature distribution was
analyzed and presented in Fig. 6. In this case, the PMMA thickness
was maintained at 4 mm, while the poly-aniline thickness was varied like cases presented in Fig. 5. The thermal analysis was carried
out for a processing time of ttotal = 100 s. Here all other parameters
such as frequency, dielectric properties, input power and heat

Fig. 6. The temperature distribution (
at t = 25 s,
at t = 50 s,
at t = 75 s and
at t = 100 s) in PMMA and poly-aniline layers for various thicknesses of
poly-aniline. (a) L2 = 100 lm (b) L2= 150 lm (c) L2 = 200 lm and (d) L2 = 250lm. Here the thickness of PMMA (L1 and L3) is 4 mm, IT = 3 W/cm2 and h = 10 W/m2 K.
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Fig. 7. The fractional power absorbed by poly-aniline for various thickness of polyaniline layers (L2) after 1 s of processing time. Here f = 2450 MHz and IT = 3 W/cm2.

transfer coefﬁcient were kept same as in Fig. 5. For all cases, the
temperature results (Fig. 6) showed a slight decrease when compared to the previous cases (Fig. 5) where the thickness of PMMA
layer was 3 mm. For instance, at 100 s processing time, the interface temperatures were 65 °C, 81 °C, 98 °C, and 113 °C for
100 lm, 150 lm, 200 lm and 250 lm thick poly-aniline layer,
respectively. However, there was no change in the pattern of heat
ﬂow in either PMMA or poly-aniline layers. Since an increase in the
PMMA thickness would decrease the interface temperature, more
exposure time is needed to achieve the desired temperature for
bonding of two PMMA layers. In other words, exposure time
should be higher for thicker PMMA substrates.
During microwave heating, the total power absorbed primarily
dictates the temperature of the material. So in order to understand
the drop in interface temperature for increased PMMA thickness, it
is necessary to analyze the total power absorbed by poly-aniline.
The power absorbed (Pabs) by each layer was obtained by integrating Eq. (11) over the thickness of the layer. From the power
absorbed by each layer, the fractional power absorbed (which
ranges from 0 to 1) by each layer were obtained. In Fig. 7 we present the fractional power absorbed by poly-aniline for different
thicknesses of PMMA after 1 s of microwave processing. The

Fig. 8. The temperature distribution (
at t = 25 s,
at t = 50 s,
at t = 75 s and
at t = 100 s) in PMMA and poly-aniline layers for various heat transfer
coefﬁcients. (a) h = 1.5 W/m2 K (b) h = 10 W/m2 K (c) h = 25 W/m2 K and (d) h = 50 W/m2 K. All other parameters are same as in Fig. 5.

K.B. Mani et al. / International Journal of Heat and Mass Transfer 58 (2013) 229–239

fractional power is illustrated for various thicknesses of poly-aniline layers. It is interesting to note that the fractional power absorbed by poly-aniline was greatly inﬂuenced by the thickness of
PMMA. For thick layers of PMMA, the fractional power absorbed
by poly-aniline was low and it resulted in low interface
temperatures.
We also investigated the effect of heat transfer coefﬁcient during microwave heating of PMMA-poly-aniline-PMMA layers. This
analysis was carried out for 3 mm thick PMMA layers and
250 lm thick poly-aniline layer while keeping all other input
parameters same as in Fig. 5. Results show that the heat transfer
coefﬁcient has signiﬁcant inﬂuence on the heat ﬂow pattern inside
PMMA layer. It was observed that after 100 s of exposure time the
interface temperature remained above 120 °C for all cases, while
the temperature at the outer boundary dropped by 30 °C for increase in heat transfer coefﬁcient from 1.5 to 50 W/m2 K. The drop
in outer boundary temperature greatly changes the temperature
distribution inside PMMA layer. During bonding process it is necessary to ensure that only a small portion of the PMMA layer (close
to the interfaces) maintains the glass transition temperature, while
a major portion remains at lower temperatures. This is to ensure
that, the heat transfer process through PMMA does not affect the
patterned micro channel. Our results show that by varying the heat
transfer coefﬁcient it was possible to control the region of PMMA
layer (close to the interface) that can retains the glass transition
temperature (105 °C). For high heat transfer coefﬁcient value, as
presented in Fig. 8d, the localized melting of PMMA occurs only
for a short distance from the layer interface while leaving a major
portion much below the glass transition temperature. It is also
noteworthy to mention that the temperature difference between
outer boundary of PMMA and the PMMA-poly-aniline interface
tends to increases with high heat transfer coefﬁcient values. Therefore, it is very much necessary to control the heat transfer rate at
the outer boundaries to achieve a precise melting of the PMMA
substrate only at the interface.
5. Summary and conclusions
Closed form analytical solutions are obtained for power
and temperature distribution in PMMA and poly-aniline under
microwave heating. The electromagnetic heat generation is obtained from Maxwell’s equation using temperature dependent
dielectric properties which is then used in the energy equation to
ﬁnd the temperature distribution. The temperature distribution is
presented as a function of poly-aniline thickness, PMMA thickness
and heat transfer coefﬁcient for various microwave exposure time.
This study results in following conclusions.
1. The power and temperature distribution in the sample reveals
that the highly dielectric poly-aniline absorbed more microwave power and resulted in high temperatures compared to
PMMA.
2. Due to the Low thermal conductivity, PMMA retained its glass
transition temperature close to the interface and favors a localized melting.
3. The interface temperature rises with an increase in the thickness of poly-aniline. With 250 lm thick poly-aniline layer and
3 mm thick PMMA layer, it is possible to increase the interface
temperature much above 105 °C (glass transition temperature
of PMMA). Whereas for thin layers of poly-aniline, more processing time (exposure to microwave radiation longer than
100 s) is required.
4. For thick sample of PMMA, the fractional power absorbed by
poly-aniline decreases, and more microwave exposure time is
required to rise the interface temperature above 105 °C.
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5. It is possible to obtain elevated temperatures at the layer interface either by increasing the poly-aniline thickness or by
decreasing the thickness of PMMA.
6. Along with PMMA and poly-aniline thickness, the heat transfer
coefﬁcient at the outer boundaries also plays a major role in the
temperature and heat ﬂow pattern inside PMMA.
7. By varying the heat transfer coefﬁcient it is also possible to control the temperature distribution inside PMMA layer as well as
the distance up to which localized melting occurs. With high
heat transfer coefﬁcient at the outer boundaries one can achieve
a precise and localized melting of PMMA without affecting a
major portion of it.
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