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Mammalian cells respond in a variety of ways to concentrations of activated transforming 
growth factor (TGF) in the extracellular domain via intracellular Smad signaling pathways. 
TGF-β/Smad interaction is prevalent in a wide range of tumor environments with both 
autocrine and paracrine mechanisms driving temporal evolution. TGF-β has been reported 
to exhibit both pro- and antagonistic roles in tumor progression and survival. It has 
been argued that tumor cells upregulate TGF-β production by modifying the TGF-β/Smad 
pathway. Although several numerical studies of the tumor microenvironment have been 
conducted, most are based on PDEs where the cells are represented as a continuum or 
on discrete agent-based methods. Here, we develop a hybrid/cells-based model for the 
tumor microenvironment with cells represented as discrete entities in which diffusion and 
reaction in the extracellular environment as well as protein/receptor surface interactions 
are described using immersed interface methods. We develop a model for the cellular 
TGF-β/Smad pathways with the intracellular processes represented by systems of ODE’s. In 
this study, we investigate the variation in cellular response with different levels of TGF-β
in the extracellular environment. Our numerical results show that the model can account 
for experimental results on tumor cell lines when intracellular production and secretion 
of TGF-B based on activated Smad concentrations are included in the model system. 
Additionally, we studied the intracellular and surface levels of TGF-β in two different types 
of cells and observed variation in the extracellular domain.

© 2017 IMACS. Published by Elsevier B.V. All rights reserved.

1. Introduction

The cellular microenvironment is a versatile and responsive system that continuously senses its biochemical and me-
chanical state, transduces the extracellular signals into intracellular signals, and integrates these signals. The intracellular 
response to these signals may involve changes in metabolic state, gene expression, growth, differentiation, cell division, 
cell movement, and programmed cell death [19]. Cellular mutations as well as viral and bacterial agents can disrupt these 
processes and initiate the process of cancer. Most cells in the body are susceptible to mutations. Thus, different types of 
cancer have different features and unique cell types. Development of cancer in many tissues is highly dependent on the 
surrounding microenvironment as well [3,2]. In breast cancer, the transforming growth factor TGF-B plays a critical role in 
the transition from ductal carcinoma in situ (DCIS) to invasive ductal carcinoma (IDC). Stromal fibroblasts surrounding the 
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ducts convert to carcinoma-associated fibroblasts (CAFs) which in turn remodel the local microenvironment and facilitate 
the transition to IDC [20]. The transformation growth factor (TGF) is an important factor in many cancers that controls 
a diverse set of cellular processes including cell proliferation, recognition, differentiation, apoptosis, and specification of 
developmental fate [32,28].

Transforming growth factor is a member of the cytokine family whose members are key players in epithelial and neural 
tissues, the immune system and wound repair [25]. More than 30 different factors make up the human TGF-β superfam-
ily [35]. Virtually all human cell types are responsive to TGF-β since it maintains tissue homeostasis and prevents benign 
tumors from progressing to malignancy by regulating cellular proliferation, differentiation, survival, and the overall mi-
croenvironment. But cancer cells suppress the influence of the TGF-β pathway by inactivating some core components, or by 
disabling the pathway’s tumor-suppressive function. With TGF-β ’s antitumorigenic function suppressed, cancer cells can use 
the remaining TGF-β functionalities to their advantage in invasion, producing autocrine mitogens, or releasing prometastatic 
cytokines [23]. Cells that produce high levels of TGF-β may be shielded from the immune response [25]. Moreover, patho-
logical forms of TGF-β signaling in immune cells promote chronic inflammation and the production of a protumorigenic 
environment. Tumor-derived TGF-β attract other stromal cell types such as myofibroblasts (at the invading tumor front) and 
osteoclasts (in bone metastases), resulting in much more effective spread. Thus, the TGF-β pathway has both anti- and pro-
tumoral activities [14,29]. In early-stage tumors, the TGF-β pathway promotes cell cycle arrest and apoptosis. In contrast, 
by promoting cancer cell motility, invasion, and epithelial-to-mesenchymal transition (EMT), the TGF-β pathway promotes 
tumor progression and metastasis in the later stages [33,10,16].

Several experimental studies have explored TGF interactions with its primary intracellular mediator proteins known 
as Smad [32,6]. Cellular Smads include the receptor-regulated R-Smads (Smad2, Smad3), the common mediator Smads 
(Co-Smad, Smad4) and inhibitor Smads (I-Smad, Smad7) [11]. Without TGF stimulation, the Smads are primarily located in 
the cytoplasm [27]. However, upon binding of TGF-β with cell surface receptors (TGF-β receptor I and TGF-β receptor II), 
the TGF-β-receptor complex phosphorylates Smad2 and Smad3. Phosphorylation facilitates Smad4 binding and accumulation 
in the nucleus. Nuclear Smad complexes regulate the transcription of TGF target genes. At the same time Smad complexes 
are dissociated and dephosphorylated by a nuclear phosphatase [15]. Experimental results indicate that cellular response to 
TGF-β depends both on the ligand concentration [7], as well as the duration of exposure [38]. However, there are still a 
number of important questions that remain unanswered. For instance, it is still unclear how specific genetic modifications 
in cancer cells alter the TGF-β signaling pathways. To this end, a number of mathematical models have been proposed to 
study and explain cellular behavior in TGF-β signaling [5,34]. Earlier models did not explicitly include TGF ligand dynamics 
account [38]. The model proposed by Schmierer et al. included nuclear-cytoplasmic Smad shuttling and compared numerical 
data with experimental results [30]. Zi et al. extended this model by incorporating TGF-β depletion and modification for 
alternating ligand exposure [38]. More recently, Kim and Othmer [18] combined the TGF-β/Smad pathway with epidermal 
growth factor (EGF) interactions for ductal carcinoma in situ (DCIS). Unlike the previous intracellular models, Kim and 
Othmer incorporated cross-talk between stromal and tumor cells, an important feature of in vivo tumor growth. The cells 
were represented as point sources but the model neglected TGF-β production and autocrine signaling.

In the present work, we investigate the spatio-temporal behavior of the cellular microenvironment with an active 
TGF-β/Smad pathway using a hybrid mathematical model. The cells are represented as discrete entities with finite size. 
Receptor internalization and recycling is included in the model as well as TGF-β degradation in the extracellular domain. 
The intracellular reaction network was coupled with the extracellular domain through reactions at the cell membrane. The 
model is validated using experimental results for several levels of TGF-β . Modeling cells as discrete dimensional bodies 
in the domain as opposed to point sources facilitates the investigation of the spatial interaction between cells in a more 
realistic way. For example, the effect of intercellular distance on cellular mutation observed experimentally [31] can be 
investigated using this approach. In addition, the use of finite dimensional cells will enable the extension of the model to 
study contiguous blocks of cells as seen in tumor cultures and in vivo tumor sections.

The rest of the paper is arranged as follows. In Section 2, we present the mathematical formulation for the model 
which includes TGF-β transport in the extracellular matrix (ECM), TGF-β ligand binding with membrane bound receptors, 
phosphorylation of Smad in the intracellular domain as well as production and secretion of TGF-β . In Section 3, we introduce 
a hybrid numerical method for solving the model system using an immersed interface method to solve the PDE’s in the 
extracellular domain with ODE systems for the reaction kinetics on the cell surface and intracellular domain. In Section 4, 
we compare experimental data with numerical results and explore interactions of two cell types to explore the possibility 
of tumor mediated change to stromal cells in the proliferative and metastatic stages of tumor development.

2. Mathematical model

The domain considered in our model is a rectangular region with periodic boundaries as shown in Fig. 1. One or more 
cells with circular membrane are placed within the domain. In the extracellular matrix (ECM), TGF-β diffuses and reacts 
with cell surface receptors. The specific reactions include the binding of TGF ligands to receptors, the dissociation of the 
TGF-receptor complex and secretion of intracellular TGF-β into the extracellular domain. These reactions are captured as 
singular source terms along the cell surface in the reaction-diffusion equation for TGF-β using a two-dimensional delta 
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Fig. 1. Rectangular periodic computational domain � used to model the cellular microenvironment. The cells in the domain have a finite size where 
the cellular boundaries denoted by �. The cell diameter is 10 μm while the domain dimensions a = b = 100 μm. Cell membrane location in the regular 
Cartesian domain was calculated using spline interpolation [22].

Table 1
Species considered in the model and their symbols.

Notation Description Initial concentration (nM)

TGF β, T Transforming Growth Factor β 0.01–0.2 [6]
R Cell Surface TGF Receptor 0.2 [39]
TR TGF-Receptor Complex 0.01
TRS TGF-Receptor-SMAD complex 0.0
Smad, S Intracellular Smad 492 [39]
pSmad, S P Phosphorylated Smad 0.0
T in Intracellular TGF 0.0

Table 2
Parameters required for the calculation of intracellular reaction and extracellular transport.

Parameter Value Reference

k+
1 3.0 × 10−2 nM−1 min−1 [8]

k−
1 2.4 × 10−1 min−1 [18]

k+
T 2.4 × 10−2 nM−1 min−1 [18]

k−
T 3.96 × 10−1 min−1 [18]

k0
T 2.4 × 10−1 min−1 [18]

kS 3.96 × 10−1–3.96 × 101 min−1 [18]
kd 0.5 min−1 Estimated
k3 1.0 min−1 Estimated
γ1 4.0 × 10−3 min−1 Estimated
r1 1.0 × 10−3 Estimated
r2 5.0 × 10−3 nM Estimated
n 7.0 Estimated
DT 1.28 × 10−9 m2/min [1]

function. Moreover, the model provides for degradation of TGF-β in the ECM as a sink term in the extracellular domain. The 
general governing equation for the transport of TGF-β can be written as,

∇ · [−DT ∇T (x, t)
] =

∫
�

(
k−

1 T R − k+
1 T · R + k3T in)δ{x − x(s)

}
δ
{

y − y(s)
}

ds − γ1T (x, t) (2.1)

Here T (x, t) and T in are the extracellular and spatially uniform intracellular TGF-β concentrations respectively and R is the 
unbound receptor concentration. The terms in the right-hand side inside the integral represent reversible TGF-β binding 
reactions on the cell surface and the secretion of intracellular TGF-β . x(s) and y(s) are the Lagrangian parameterizations of 
the cell boundary �. The second term is the extracellular TGF-β degradation with a rate γ1. DT is TGF-β diffusivity which 
is assumed constant over the domain. Full names of all symbols are listed in Table 1 and the numerical values of all the 
parameters are included in Table 2.

The interface conditions along the cell membrane for TGF-β include the jump in concentration, and jump in the normal 
flux across the membrane.

[T ] = T out − T in = w(s) (2.2)
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Fig. 2. Schematic of the basic TGF reaction pathways. (1) Extracellular TGF-β (T) reversibly binds with receptors (R) on the cell surface to produce 
TGF-β-receptor complex (TR); (2) The activated TR complex signals for Smad phosphorylation through reversibly forming a TR-Smad intermediate species 
(TRS); (3A, 3B) Phosphorylation of Smad, and (4) Dephosphorylation of Smad through phosphatase; (5A) TGF-receptor complex endocytosis is followed by 
its breakdown and degradation; (5B) Degradation of extracellular TGF-β; (6) Receptors are recycled to the surface; (7A) Phosphorylated Smad mediated 
transcriptional activities leads to intracellular TGF production which is eventually secreted (7B) to the extracellular environment.

[
D

∂T

∂n

]
= DT ,out

∂T out

∂n
− DT ,in

∂T in

∂n
= v(s) (2.3)

Here w(s) and v(s) are functions defined across the interface. As described in Section 3, w(s) is calculated from the changes 
in TGF-β concentration across the membrane and v(s) from the membrane source terms in Eq. (2.1).

The intracellular biochemistry is complex and it depends on both internal and external environments. Active TGF-β
dimer initiates the signaling cascade by bringing together two pairs of receptor serine/threonine kinases known as the type 
I and type II receptors [25]. The bound type II receptor complex phosphorylates and activates the type I receptors that 
then propagate the signal by phosphorylating intracellular Smad2 and Smad3. Other forms of inhibitory Smads can also 
negatively control the TGF-β pathway activity in response to antagonistic feedback [24]. The opposing actions of TGF-β
receptor kinases and Smad phosphatases keep Smad proteins in a rapid phosphorylation-dephosphorylation cycle, tying 
signal flow to receptor activity. Activated Smad complexes additionally recruit transcriptional coactivators, corepressors, and 
chromatin remodeling factors. Through this combinatorial interaction with different transcription factors, a common TGF-β
stimulus can activate or repress hundreds of target genes. The signaling model we use here (shown in Fig. 2) retains the 
essential characteristics of the pathways even though it is greatly simplified to facilitate analysis.

For intracellular reactions, the model is based on the following steps: (i) extracellular TGF-β (T ) is first bound to avail-
able free receptors (R) on the cell surface where both type I and type II receptors have been merged. (ii) TGF-β bound 
receptors (TR) phosphorylate Smad2/3, represented as a single Smad entity (S). (iii) Since it was shown the complex are 
internalized through two distinct endocytic routes, the clathrin-dependent endocytosis and the caveolar lipid-raft mediated 
endocytosis [9,26], the internalization and subsequent degradation of TGF-Receptor complex is included in the model. (iv) 
The receptor concentration is generally stable after the initial transient stage. So, the equivalent amount of receptor degraded 
with TGF inside the cell is regenerated. (v) The reversing effect of phosphatase is represented by the dephosphorylation of 
the phosphorylated Smad complex (S P ). (vi) Production of TGF-β is modeled using a pSmad mediated Hill function with 
subsequent intracellular to extracellular secretion. The symbols for the species involved and their definitions are given in 
Table 1. The reactions involved in the model starts with the TGF ligand binding along the surface, and subsequent binding 
with intracellular Smad proteins.

T + R � TR

TR + S � TRS

The TGF-receptor-Smad (TRS) complex produces phosphorylated Smad following a Michaelis–Menten kinetics. However, 
pSmad also gets dephosphorylated inside the cell.

TRS −→ TR + S P

S P −→ S



A. Morshed et al. / Applied Numerical Mathematics 133 (2018) 41–51 45
Table 3
Set of ordinary differential equations governing intracellular reactions.

dR

dt
= k−

1 TR − k+
1 T · R + kdTR (2.4)

dTR

dt
= k+

1 T · R − k−
1 TR + k−

T TRS − k+
T TR · S + k0

T TRS − kdTR (2.5)

dTRS

dt
= k+

T TR · S − k−
T TRS − k0

T TRS (2.6)

dS

dt
= k−

T TRS − k+
T TR · S + kS S P (2.7)

dS P

dt
= k0

T TRS − kS S P (2.8)

dT in

dt
= r1 Sn

P

rn
2 + Sn

P

− k3 T in (2.9)

Production of TGF-β inside the cell with the aid of phosphorylated Smad follows a Hill function kinetics which will be 
discussed in detail in Section 4. The secretion of TGF-β is considered proportional to its concentration inside.

In constructing these ODE system, most of the relevant reaction constants and parameters were chosen from the ones 
reported in literature [30,18,4]. In some cases, reported parameters vary by the source and some are reported with a range 
of values depending on cell line. Additionally, model features such as TGF-receptor degradation after endocytosis and TGF 
secretion rate may have unknown rate parameters. In those cases, parameters (reported in Table 2) have been adjusted to 
match the representative cases to available experimental data. The system of ODEs is shown in Table 3.

3. Numerical methods

In our present work, the mixed set of governing equations involving ODEs for intracellular and a PDE for extracellular 
dynamics are solved at each time step. We use an immersed interface method (IIM) with fast algorithm [21] to solve 
Eqs. (2.1)–(2.3) for calculating TGF-β concentrations with second order accuracy. Time dependence in Eq. (2.1) arises from 
the time dependence of the concentrations of T , R , TR and T in . At each time step we set the jump in flux v(s) = S where,

S = k−
1 TR − k+

1 T · R + k3T in

and the jump w(s) = w(s)old + G , where

G = �t · S · ε
Here, �t is the time-step, and ε is the ratio of cell perimeter to cell area. G is the net change in TGF-β concentration 
during the time step assuming that the net TGF-β released at the surface is uniformly distributed throughout the domain. 
Details of the immersed interface (IIM) algorithm used for the solution can be found in [13,22]. The intracellular reaction 
kinetics are captured by solving the system of ordinary differential equations over each time step using a fourth order 
Runge–Kutta (RK) method. In principle, the dynamics of TGF-β in the extracellular domain is governed by a time dependent 
partial differential equation. In this preliminary study, we employ a quasi-steady state approximation for TGF dynamics. The 
dynamics of TGF-β is governed by a time and spatially dependent reaction diffusion equation (Eq. (2.1)). The source terms 
on the right side of Eq. (2.1) includes delta function terms on the immersed membrane boundary. These terms originate 
from the cell surface chemical reactions for the binding-unbinding of TGF-β with cell surface receptors, as well as secretion 
of TGF produced inside. The cell surface reactions are coupled to the TGF-SMAD intracellular reactions which are presented 
as a system of ODE and solved over time. This results in a time and space dependent source term and jump conditions for 
Eqs. (2.1)–(2.3). At each time step, we solve Eq. (2.1) with updated source terms and jump conditions derived from the time 
dependent ODE solutions. Away from the singular cell boundary, the time rate of change of TGF-β is governed by the small 
TGF-β degradation rate (1/(250 min)). Thus dT /dt would be small away from the boundary.

In this study, the interface is not moving although it is not a requirement for the numerical method used. In the solu-
tion procedure, the jumps were calculated at each time step from the previous solution at the control points on the cell 
membrane boundary. Cubic splines are used to define the cell interface passing through the control points (xk, yk), where 
k = 1, . . . , 128, with equal spacing. The cells considered in these simulations have a diameter of 10 μm and the time-step 
for the global solution was 0.01 seconds. We use a uniform (512 × 512) Cartesian grid with equal mesh size for the 100 
μm square domain. Fig. 3 illustrates the overall solution algorithm used in this study for both extracellular and intracellular 
regions.
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Fig. 3. Flowchart for the hybrid algorithm designed to solve the coupled temporal intracellular and the spatiotemporal extracellular domain. Since the 
extracellular concentration changes due to cellular consumption and secretion, it is necessary to evaluate extracellular TGF levels at each time-step. This 
also directly affects the intracellular production thus creating a coupled system that is solved by iterations.

4. Numerical results

The cellular response to TGF-β depends on the number of bioactive TGF molecules, and also the duration of the ex-
posure [38]. The response however, is also dependent on the receptor concentration, receptor internalization and recycling 
dynamics, as well as presence of others cofactors such as BMP, MMP etc. [36]. From the modeling perspective, this varied 
level of dependence introduces a large number of unknowns in terms of reaction parameters and their dynamics. In our 
model we use parameter values used by Kim and Othmer [18]. We also use some parameters from the studies reported by 
Zi et al. such as the surface receptor and Smad concentrations [38].

In Fig. 4 and 5, we show a comparison of model simulation results with experimental results from Clarke et al. [6]. The 
cell lines used in the experiments were PE25 mink lung epithelial cells. However, the parameters used by Kim and Othmer 
were based on HaCaT cell lines as reported by Schmierer et al. [30] and Hendriks et al. [12]. The in vitro studies in [6]
were initiated with a uniform dose of extracellular TGF-β added to the cells in the cell culture. Measurements of TGF-β and 
pSmad levels were taken at 9 time points over a 24-hour period. The gradual depletion of TGF in the cell culture has three 
primary contributing factors. These include the reversible binding of TGF-β reaction with cell surface receptors, endocytosis 
and degradation of receptor bound TGF-β and the extracellular basal degradation. Depending on the extracellular concen-
tration and the concentration of surface receptors, the TGF-receptor association-dissociation reaction starts immediately 
Although the lower TGF-β concentrations of 10 and 25 pM are predicted reasonably well by the model (Fig. 4(a) and 4(b)), 
with no TGF-β production the model consistently under-predicted TGF-β levels for the 200 pM case (Fig. 4(c) and Fig. 5(b)). 
Kojima et al. working with human breast carcinoma MCF-7-ras cells and fibroblasts proposed an autocrine signaling mecha-
nism with pSmad dependent TGF production. Since pSmad is directly linked to downstream nuclear transcriptional activity, 
we introduced a pSmad mediated TGF-β upregulation. In the model the production is represented by a Hill function which 
allows TGF-β production at higher pSmad levels. The Hill function represents a number of intracellular processes involving 
reaction and binding of different Smad proteins, nuclear shuttling and transcriptional activation. In almost all cases these 
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Fig. 4. TGF-β dynamics depending on cellular activity. A pSmad dependent Hill function of order ‘n’ is used to model intracellular TGF-β production. 
Secretion of produced TGF-β to the ECM slows down the rate of drop in bulk TGF. The kinetics of TGF-β decay is related primarily to available receptor 
concentrations and the rate of TGF-receptor complex internalization. Subfigures (a), (b) and (c) represent temporal extracellular evolution of TGF-β for 
initial concentrations 10, 25 and 200 pM respectively.

reaction parameters are unknown. Therefore, the use of generalized TGF-β production term streamlines the model without 
sacrificing crucial detail. Different orders for the Hill function (n in Eq. (2.9)) were tested and several cases are also included 
in Fig. 4.

After the adjustment, the model with n = 7.0 was chosen for the goodness of fit as shown in Fig. 5(a) while the ex-
act same cases are presented in Fig. 5(b) without TGF production. It should be noted that, aside from the initial TGF-β
condition, all parameters in the three cases (10, 25, 200 pM) are identical. Comparing Fig. 5(a) and 5(b), it is evident the 
autocrine TGF production behavior used in our model successfully captures the experimental TGF evolution. At the same 
time, it corroborates the autocrine signaling hypothesis suggested by Kojima et al. [20] developed different cell lines and 
experimental conditions. Although a number of previous studies have explored the TGF-Smad dynamics [38,30,18], they do 
not include endogenous cellular production of TGF necessary for autocrine TGF signaling. Further validation of the numer-
ical method along with detailed convergence tests and maximum error percentages have been presented in our previous 
publication [13].

The model pSmad predictions succeed in portraying the steady state behavior for the higher range of extracellular TGF 
(Fig. 6(c)). For the lower end (10 and 25 pM), although the initial transient is captured by the model, the experimental 
data shows a decay in pSmad activity in the long term which is not captured by our model. One reason for this could be 
lack of any basal degradation for Smad and pSmad in the model. Since the experimental data was calculated on a pSmad 
per cell basis, we represent the comparison in normalized form showing the qualitative match in pSmad temporal behavior. 
Kim and Othmer also presented evolution of pSmad for different levels of TGF (Fig. 5(H) in [18]), but they have kept the 
TGF concentrations fixed through the simulation in the ODE model. Nevertheless, their results for both low (1pM TGF, 
black line) and high level (400 pM TGF, red line) show comparable pSmad trends as ours. Although the pSmad numerical 
results show good agreement with the experimental results, stronger agreement could be obtained by adjusting the pSmad 
phosphorylation-dephosphorylation rates based on TGF-β availability as suggested in [37]. Additionally, the Smad pathway 
could be made more realistic by introducing more detailed Smad dynamics including Smad2 and Smad4 binding as well as 
cytoplasmic to nuclear shuttling.
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Fig. 5. Comparison with experimental data for TGF-β activity (a) with intracellular production and (b) without intracellular production for different initial 
concentrations with experimental data from [6]. Except initial concentrations, all parameters are the same as reported in Table 2.

In a tumor microenvironment, different types of cells behave differently upon TGF-β signaling [17]. In Fig. 7, we show 
behavior of two different cell types where one has the same parameters as chosen for model validation, and the second 
type includes a constant rate of TGF-β production. With initial external TGF-β levels set at 80 pM, we see an initial rise of 
intracellular TGF-β in both cases. However, the high rate of production and secretion from the second cell (Fig. 7(b)) results 
in a continuous build-up of extracellular TGF-β . In contrast, the intracellular TGF-β levels reach a steady state after the 
initial rise showing an overall balance in production, secretion and degradation. Although the extracellular measurements for 
TGF-β have been done in several experimental studies, it would be interesting to see additional intracellular measurements 
which would lead to a more complete understanding of intracellular reactions. The overall TGF-β levels across the domain 
are shown for the two cases in Fig. 8. Here, the distribution of TGF-β in the domain is affected by the location of the cell 
and whether it is producing or consuming as shown in Fig. 8(b) and 8(d). While contours of the domain are shown at a 
given instant (after 30 min), the cuts across the cell (Fig. 8(a) and 8(c)) show the evolution of TGF-β across the domain 
over 4 h. We note that the spatial variations are quite small in the field plots for the cases presented. Significant spatial 
variations are observed in our model with larger imposed flux jump conditions at the cell boundary. Using the parameters 
values based on values reported in the literature, the jumps were not strong enough to create a significant spatial variation 
in the field plots.

Finally, we investigate a two-cell case with both cells having the same reaction parameters and production/secretion 
characteristics (Fig. 9). Although the bulk extracellular TGF-β level remains largely unaffected, the field plots show the 
deterministic effect of cell location in the domain in determining the distribution after 30 min. Variation in the TGF-β
distribution in the spatial domain is a direct function of the TGF-β diffusivity, as well as the source/sink contributions 
arising from secretion or absorption of TGF-β along the cell surface. This effect can be more accentuated in cases where 
two completely different types of cells are placed together. As the concentration field in Fig. 9(b) suggests, the location 
of cells in the microenvironment can determine which regions of the domain remains rich in TGF-β . In a growing cancer 
environment, this has implications in directing the direction of tissue growth and the progression of invasive phenotypes. 
In future works, we will explore conditions with cellular parameters for two different cell types that will also allow us to 
investigate paracrine as well as autocrine signaling in our TGF-β/Smad model.

5. Conclusions

The TGF-β pathway contributes significantly to a broad spectrum of tumor–stroma interactions in both pre-cancerous 
and malignant stages, creating a favorable microenvironment for tumor initiation, cancer cell growth and metastasis, and 
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Fig. 6. The pSmad response for (a) 10 pM, (b) 25 pM and (c) 200 pM of initial extracellular TGF dosage. Each case has been normalized with respect to the 
maximum response level for that case. Data from experimental response by Clarke et al. [6] are included for validation.

Fig. 7. Surface and intracellular levels of TGF-β for two different types of cell. (a) The cell has the same parameters as in validation simulations (Fig. 5), 
(b) Cell with same parameters as (a) with additional constant TGF production of 0.01 nM/min. For both cases, initial extracellular TGF level was set at 
80 pM.

establishing a key thread of pro-tumoral activities throughout the steps of carcinogenesis. The effects on the microen-
vironment establishes interdependencies between the cancer cells that display altered or no response to TGF-β , and 
the TGF-β-stimulated and responsive stromal cells. Thus, TGF-β targeted therapy may affect cancer cells by indirect, 
microenvironment-mediated, mechanisms throughout all the steps of carcinogenesis.

In this preliminary study of the TGF-β/Smad signaling pathway, we developed a simplified model and showed that the 
model could produce qualitatively similar results to a set of experiments over a 24-hour time course. We showed that TGF-β
production as hypothesized by Kojima et al. [20] may be required in order to match all the dosage results. We applied the 
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Fig. 8. Variation of domain TGF distribution over time for two different kinds of cells. Model details are the same as in Fig. 7. (a) Decline of TGF level from 
initial 80 pM in the domain over 4 h and (b) corresponding field at 30 min. (c) Rise of domain TGF over 4 h due to cellular production and secretion and 
(d) corresponding field at 30 min.

Fig. 9. Variation in TGF distribution in the extracellular domain with periodic boundaries. For both cases initial TGF concentration is 80 pM in the domain 
and the parameters are the same as reported in Table 2. (a) Cells are in vertical orientation with separation distance of 50 μm. (b) Cells are in diagonal 
configuration with a separation distance of 70.71 μm.
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model to two different cell types showing significant variation from similar initial conditions, and discussed their possible 
implications in the tumor microenvironment.

Numerical models coupling the intracellular signaling network with extracellular signals and nutrients and effects of 
neighboring cells can answer a number of other critical questions such as, when does TGF-β act as a metastatic signal 
and how does the distance and number of carcinoma associated fibroblasts affect the pathway. More importantly, on the 
tissue level, this type of model can provide valuable knowledge to be used to study therapeutic effectiveness of different 
drugs. Our approach to the tumor microenvironment as a collection spatial and temporally active dynamic processes can be 
extended in future to investigate the intercellular cross-talk and their effects on tumor progression
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