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A spectral element algorithm is developed to analyze mixed electroosmotic=pressure driven
 ows in complex two-dimensional geometries. The new algorithm exhibits spectral accuracy
in resolving thin electric double layers. Mixed electroosmotic=pressure driven  ows are
simulated in straight channels. Electrokinetic pumping and the means of producing large
pressure gradients in microchannels are explored. Finally, electroosmotic  ow in a Tjunction geometry is analyzed under various external electric  eld strengths. Flowrate in the
T-junction is shown to vary linearly with the electroosmotic body forces in the Stokes  ow
regime.

INTRODUCTION
Recent developments in microfabrication technologies enabled a variety of
miniaturized ¯ uidic systems consisting of micronozzels, valves, pumps, and various
other injection systems, which can be utilized in medical, pharmaceutical, and
defense applications. These micro¯ uidic systems require seamless integration of
sample collection, separation, biological and chemical detection units with ¯ uid
pumping, ¯ ow control elements, and the necessary electronics on a single microchip. Compliance and reliability of the individual components with the entire
micro¯ uidic system poses many challenges. Subsystems like microvalves and micropumps with moving components are complicated to design and fabricate, and
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dielectric constant
electric ® eld
streamwise component of electric ® eld
electron charge
half channel height
Boltzmann constant
bulk ¯ ow ion density
pressure
pressure normalized by mup =h
volumetric ¯ owrate per channel width
Reynolds number
absolute temperature
time
nondimensional streamwise velocity,
u=up
nondimensional inlet velocity
streamwise velocity component
streamwise velocity at the inlet
Helmholtz± Smoluchowski velocity
velocity vector
valence
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ionic energy parameter, kezb Tz
nondimensional parameter relating to a ,
o , and h
electric double layer displacement
thickness
nondimensional cross ¯ ow distance, y=h
Debye length, 1=o
dynamic viscosity
nondimensional streamwise distance, x=h
electric charge density
¯ uid density
conductivity
nondimensional wall shear stress
External electric ® eld potential
electroosmotic potential
non-dimensional electroosmotic
potential, c =z
electroosmotic potential at the
channel center
zeta potential
Debye HuÄckel parameter

they are prone to mechanical failure due to fatigue and fabrication defects. Electrokinetic body forces can be used in micro¯ uidic control and ¯ uid handling devices with nonmoving components. In this article we examine the electroosmotic
transport.
Electroosmosis is one of the four major electrokinetic e ects. It was ® rst demonstrated by F. F. Reuss in 1809. This was followed later by the work of Helmholtz (1879) on the electric double layer (EDL) theory, which related the electrical
and ¯ ow parameters for electrokinetic transport. In the early 1900s von Smoluchowski made seminal contributions to our understanding of electrokinetically
driven ¯ ows, especially for conditions where the EDL thickness is much smaller than
the channel height. Burgreen and Nakache presented analysis of mixed electroosmotic=pressure driven channel ¯ ows for thin two-dimensional channels, where the
channel height becomes comparable to the EDL thickness [1]. This work was followed by theoretical analysis of electrokinetic ¯ ows in thin cylindrical capillaries
[2, 3].
Recent experimental measurements of electrokinetically driven micro¯ ows
were obtained by molecular ¯ uorescence tagging (MFT) and microparticle image
velocimetry techniques ( m -PIV) [4, 5]. Molho et al. [4] measured the velocity vector
® eld in mixed electrokinetic=pressure driven microchannels and have shown that
Joule heating e ects and the corresponding changes in the ¯ uid viscosity are secondary, compared with the streamwise pressure gradients. In a separate study, Paul
et al. [5] utilized ultraviolet laser pulses to capture the ¯ ow patterns in mixed
electrokinetic=pressure driven microchannel ¯ ows using a caged-dye ¯ uorescence
technique. A combined experimental and theoretical analysis of electroosmotic
¯ ows is presented by Cummings et al. [6], where the m -PIV technique is used to
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obtain the velocity distribution for straight channels and for crossing of
two microchannels. Cummings et al. [7] also introduced the ``ideal electroosmosis’’
concept, which reduces the ¯ ow ® eld outside the EDL to a potential ¯ ow under
some speci® c outer ® eld boundary conditions. In a recent work by Herr et al. [8],
velocity and dispersion rate measurements are presented for electroosmotic ¯ ows
through cylindrical capillaries with nonuniform surface charge distribution. The
experiments performed by the caged-dye ¯ uorescense technique showed strong
dependence of ¯ uid velocity and dispersion rate on the surface charge. Jacobson et
al. [9], developed parallel and serial mixing mechanisms in microcapillary networks
and have shown that parallel mixing devices increase reliability of the micro¯ uidic
systems. Through a series of experiments, Polson and Hayes demonstrated
electroosmotic ¯ ow control [10].
The past decade has also witnessed various numerical modeling and simulation
e orts. Yang and Li [11] used the Debye± HuÄckel approximation to develop a numerical algorithm for elecrokinetically driven liquid ¯ ows. They also identi® ed the
streaming potential e ects and o ered an explanation for deviations from the
Poiseuille ¯ ow results for microscale liquid ¯ ows [12], ® rst reported in [13]. Numerical simulation of micro¯ uidic injection using electroosmotic forces through
the intersection of two channels is presented by Patankar and Hu [14] using the
Debye± HuÄckel linearization. A ® nite di erence algorithm for electroosmotic and
electrophoretic transport and species di usion was developed by Ermakov et al. [15],
for two-dimensional complex geometry ¯ ow conduits. Bianchi et al. [16], studied
electroosmotically driven micro¯ ows in T-junctions using a ® nite element formulation based on the Gouy± Chapman approximation. Liquid ¯ ow and forced
convection heat transfer in electroosmotically driven microchannels are also analyzed using a ® nite di erence method [17].
Considering the di culties associated with performing experiments in microscales, it is desirable to develop reliable numerical models, that accurately describe
electrokinetically driven ¯ ows in complex microgeometries. These numerical models
can provide a further understanding of coupled e ects of the pressure, viscous, and
inertial and electrokinetic forces on ¯ uid motion, and hence can be utilized for an
optimized micro¯ uidic system design prior to the hardware fabrication and experimental veri® cation. In this article, we demonstrate utilization of electrokinetic forces
for ¯ uid handling, which leads to the concept of building micropumps and valves
with nonmoving components. Such devices are not prone to mechanical failure due
to fatigue. Moreover, they are more advantageou s for biomedical applications, since
cell damage due to pumping will be minimized, compared with the microsystems
with moving surfaces, valves, and pistons.
This article is organized as follows: In the following section, the EDL concept
is introduced. In the next section, the governing equations for electroosmotically
driven ¯ ows are presented with underlying assumptions and approximations . The
numerical algorithm used in the analysis of the problem, grid resolution, and numerical accuracy issues are also addressed. In the subsequent section, numerical simulation results are presented and compared with the previously reported analytical
formulas. Next, numerical results of mixed electroosmotic=pressure driven ¯ ows
in T-junctions are presented and ¯ ow manipulation techniques are demonstrated.
Finally, discussions are presented.
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ELECTRIC DOUBLE LAYER
The EDL forms due to the interaction of an ionized solution with static charges
on dielectric surfaces. The static charge on the surface in¯ uences distribution of ions in
the bu er solution, which is determined by the Poisson± Boltzmann equation [18, 19]:
H 2 ( c) =

– 4pr e
D

where the electric charge density r e is given by
³
´
ezc
r e = – 2no ez sinh
kb T

(1)

(2)

The Poisson± Boltzmann equation can be normalized using the zeta potential z and a
characteristic length scale h in the form
H2 ( c ¤ ) =

– 4p h2 r e
= b sinh( ac ¤ )
Dz

(3)

where parameter b relates the ionic energy parameter a and characteristic length (h)
to the Debye± HuÄckel parameter o as shown below:
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The solution of Eq. (3) gives the normalized electroosmotic potential distribution c ¤ ,
which decays exponentially fast within the EDL. An estimate of the EDL thickness
can be obtained by l = 1=o, and it is referred to as the Debye length. The Debye
length is a function of the ion density no . For aqueous solutions at 25¯ C, the ion
densities of 1 mol=m3 and 100 mol=m3 correspond to the Debye lengths of
l = 10 nm, and l = 1 nm, respectively [18].
For our analysis we consider a two-dimensional channel and we assume that
the zeta potential z is known, and it remains constant along the channel. Under these
conditions Eq. (3) is simpli® ed:
d 2c ¤
= b sinh( ac ¤ )
dZ 2

(5)

¤

If we multiply both sides of this equation by 2 ddcZ and integrate with respect to Z , we
obtain the following relation:
³ ´
¤1
dc ¤ ( Z )
oh £
=
2 cosh( ac ¤ ) – 2 cosh( ac ¤c ) 2
(6)
dZ
a
where both the electric potential and its spatial gradient at point Z are represented as
a function of the electric potential at the channel center (i.e., c ¤c = c ¤Z= 0 ). For the
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cases where c ¤Z= 0 ! 0, Eq. (6) can be integrated one more time with respect to Z ,
resulting in [20]:
h
±a ²
± p



 ²i
4
exp – ab Z¤
(7)
c ¤ ( Z ¤ ) = tanh – 1 tanh
4
a

where Z ¤ is the normalized distance from the wall (i.e., Z ¤ = 1 – | Z |).
In Figure 1, we present the numerical solution of the electroosmotic potential
distribution as a function of various a and b values. Figure 1a shows the potential
distribution for a = 1. For small values of b , the EDL is thick and it covers the entire
channel. As the value of b is increased, the EDL is con® ned to the channel walls,
resulting in sharp variations in the electric potential. The electric potential distribution for a = 10 is shown in Figure 1b. For a ® xed value of b , comparisons of
a = 1 and a = 10 curves show even faster decay of the electroosmotic potential for
increased values of a .
GOVERNING EQUATIONS
~ in the
The electroosmotic ¯ ow is created by applying an electrostatic ® eld E
streamwise direction, which can be represented as the gradient of an electric potential
~ = – Hf . The externally applied electric ® eld interacts with the electric charge
as E
distribution in the EDL, and creates electrokinetic body forces on the ¯ uid. The
ionized incompressible ¯ ows with electroosmotic body forces are governed by the
Navier± Stokes equations:
Á
!
q V~
~
~
~
‡ ( V ¢ H ) V = – H P ‡ mH 2 V~ ‡ r e E
(8)
rf
qt
The incompressibility condition requires a divergence-free velocity ® eld given by
H ¢ V~ = 0

(9)

H ¢ ( sHf ) = 0

(10)

and subject to no-slip boundary conditions on the walls. Here r e is determined from
Eq. (3). The externally imposed electric potential ( f) is governed by

and the electric potential is subject to the insulating boundary conditions
( Hf ¢ ~
n = 0) on the dielectric surfaces.
The main simplifying assumptions and approximations are as follows:
1. The ¯ uid viscosity is independent of the shear rate. Hence, Newtonian ¯ uid is
assumed.
2. The ¯ uid viscosity is independent of the local electric ® eld strength. This
condition is an approximation. Since the ion concentration and the electric
® eld strength within the EDL is increased, the viscosity of the ¯ uid may be
a ected. However, such e ects are neglected in the current analysis, which
considers only the dilute solutions.
3. The Poisson± Boltzmann Eq. (3) is valid. Hence the ion convection e ects
are negligible.
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Figure 1. Variation of normalized electroosmotic potential c ¤ and streamwise velocity u=up across the half
channel for various values of a and b .
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4. The solvent is continuous and its permittivity is not a ected by the overall
and local electric ® eld strength.
5. The ions are point charges.
Num erical Form ulat ion and Validat ion
We used the h=p type spectral element method to solve of the Poisson±
Boltzmann Eq. (3) and incompressible Navier± Stokes equations given by Eq. (8).
The numerical algorithm employs modal spectral expansions in quadrilateral and
unstructured triangular meshes [21]. Hence we can discretize complex engineering
geometries with great ¯ exibility due to the unstructured grid and can still maintain
the high-order numerical accuracy. The details for numerical discretizations used for
the Navier± Stokes equations with arbitrary body forces are given in [22].
The weak variational form of Eq. (3) is solved via a Galerkin projection. A
Newton iteration strategy for a variable coe cient Helmholtz equation is utilized to
treat exponential nonlinearity in the following form:
£

n

¤

H2 – ab cosh( a ( c ¤ ) ) ( c ¤ )

n‡1

= b sinh( a ( c ¤ ) n ) – ab ( c ¤ ) n cosh( a ( c ¤ ) n )

where n shows the iteration number. The solution of a previous iteration is used
for evaluation of the nonlinear forcing function, and the resulting system is solved
until the residual is reduced beyond a certain level (typically 10 – 13 ). The numerical
solution of Eq. (3) is challenging due to the exponential nonlinearity associated with
the hyperbolic-sine function. Especially for large values of a , the nonlinear forcing
increases rapidly for any value of b , making the numerical solution challenging.
For very large values of b with a = 1, similar di culties also exist. Accurate resolution of the problem requires high grid density within the EDL. A typical mesh
structure is presented in Figure 2b. The spectral element mesh has 22 elements
across the channel width, spaced in a biased fashion with a minimum width of
0:001 h very near the walls. In the spectral element method the basic mesh structure
is ® xed, and successively higher values of modal expansions are utilized within each
element to further resolve the problem. For rectangular elements shown in Figure
2, N = 2 corresponds to a quadratic solution in c¤ , typically utilized by ® niteelement algorithms.
We used Eq. (7) directly to determine the numerical accuracy of our results. In
Figure 2a we present variation of the L 2 error as a function of the modal expansion
order N. The results are obtained for the mesh topology shown in Figure 2b. Convergence results for a = 1, b = 10;000 and a = 10, b = 10;000 are presented. The L 2
error norm is de® ned as
hR
i1=2
2
R( c m ) dO
O
R
L2 =
dO
O
where O shows the entire ¯ ow domain. The residual of Eq. (7) is given by
h
±a ²
± p



 ²i
4
R( c m ) = c m – tanh – 1 tanh
exp – ab Z ¤
4
a

(11)
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Figure 2. Spectral convergence in the L 2 error norm as a function of the spectral expansion order N (a).
Sample grid used to resolve the sharp EDL (b) consists of 22 elements across the channel, and each element
is discretized with N th-order modal expansions per direction. The quadrature points for subelemental
discretization for select elements are also shown. Simulations are performed for b = 10;000.
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where the superscript m shows the numerical results. The convergence results presented in Figure 2 show exponential decay of the discretization error with increased N,
typical of the spectral element methodology. This high resolution capacity enables us
to accurately resolve the EDLs with relatively fewer elements compared with the
low-order ® nite element schemes. Figure 2 shows exponential convergence for both
a = 1 and a = 10 cases. However, the convergence rate for a = 10 is signi® cantly
slower than the a = 1 case, due to the much sharper variations of the electroosmotic
potential for increased values of a . A comparison of electroosmotic potential variations for a = 1 and a = 10 at a ® xed value of b can be seen in Figure 1.
NUM ERICAL RESULTS FOR STRAIGHT CHANNELS
Let us consider a channel made out of two di erent materials. The ® rst material exhibits negligible electroosmotic e ects, and it is used at the entry and exit
portions of the channel. The second material, on the other hand, exhibits strong
electroosmotic e ects, and it is used in the middle section of the channel. This
con® guration is shown in Figure 3. It may be possible to fabricate such a microchannel by using di erent materials (conductors and insulators) on various portions
of the channel surface. In practice, it is also possible to obtain variations in the wall
potential due to the contamination in the capillary walls, variations in the wall
coating, or gradients in the bu er pH [4]. Therefore, the proposed con® guration has
some practical relevance, and it is a suitable testbed to study mixed electroosmotic=pressure driven ¯ ows.
In our simulations, we speci® ed the volumetric ¯ owrate at the channel entrance
and calculated the corresponding velocity and pressure distributions in the rest of the
channel by numerical solution of Eqs. (3), (8), and (9). In the numerical scheme, we
normalized the velocity components with the Helmholtz± Smoluchowski electroosmotic velocity up = – ezEx =m (i.e., U = u=up and V = v=up ), pressure with m up =h,
and streamwise coordinate (x) with the half channel height h ( x = x=h). The analytical solution of the mixed electroosmotic=pressure driven channel ¯ ow is presented in [23]. The normalized ¯ ow velocity in the mixed zone is
U( Z ) = –

¢
1 dP¤ ¡
1 – Z2 ‡ 1 – c ¤ ( Z)
2 dx

(12)

Figure 3. Schematic view of mixed electroosmotic=pressure driven £ow channel. The inlet and exit portions of the channel have negligible electroosmotic e¡ects.
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For pure electroosmotic ¯ ows, U( Z) = 1 – c ¤ ( Z ). This solution is given in Figure 1
for various values of a and b . The normalized pressure gradient in the mixed region
is expressed as
³
´
dP¤
3
d¤



 – Q_
= 3 1 – p
(13)
dx
2
ab
where the EDL displacement thickness d ¤ is de® ned as [23]
p



Z 1 ¤
d¤ =
ab
c dZ
0

¤

Typical d values are presented in Table 1 as a function of a . Therefore, one can use
d¤ to obtain relationships for the velocity and pressure distributions for mixed
electroosmotic=pressure driven channel ¯ ows. The analytical expression for the
normalized wall shear stress is
r















































 dP¤
b p
¤
2 cosh( a ) – 2 cosh( ac c ) –
(14)
tw =
dx
a

In this article, we compare our numerical results with the above analytical
expressions. To eliminate the channel entry e ects, we speci® ed a parabolic velocity
pro® le at the inlet with a maximum inlet velocity of Uin = uin =up . Using Uin we can
generate various levels of pressure gradients in the mixed electroosmotic=pressure
driven zone. The numerical simulations are performed for Re = 0:005, where Re is
based on the average channel velocity and the half channel height. We kept the
streamwise electric ® eld strength and the EDL properties constant at a = 1 (corresponding to z = – 25:4 mV) and b = 10;000. Therefore, the Debye length in the simulations is about 1=100th of the channel half height, and we resolve the entire ¯ ow
domain, including the EDL.
In Figure 4 we present nondimensional pressure distribution along the channels for various values of Uin . The numerical algorithm speci® es zero gauge pressure
at the channel outlet. Hence, all numerical results show zero gauge pressure at the
exit. The entry and the exit portions of the channels are pure pressure driven, and the
electroosmotic forces are present only at 3:1 µ x µ 6:2. The e ective electric ® eld is
in the positive streamwise direction. Figure 4 shows variation of channel centerline
pressure as a function of various Uin values. Using Eq. (13) we can estimate the
theoretical value of Uin that results in a desired pressure gradient in the mixed region.
For example, the theoretical value of Uin = 1:485 for a = 1 and b = 10;000 gives
zero pressure gradient in the mixed electroosmotic pressure driven ¯ ow region. The
analytical and numerical predictions of the pressure gradients at this mixed region

Table 1. Variation of the EDL displacement thickness d ¤ as a function of the ionic energy parameter a.
(Data from [23].)
a

1

3

5

7

10

15

d¤

0.98635

0.89156

0.75670

0.62702

0.47731

0.32765
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Figure 4. The normalized pressure distribution in a mixed electroosmotic=pressure driven channel for
various values of U in. The case U in = 1:485 corresponds to the ``plug-like £ow.’’ The electroosmotic forces
are present only at 3:1 µ x µ 6:2. Simulation results are for a = 1, b = 10;000, and Re = 0:005.

are presented in Table 2 for various values of Uin . The theoretical and numerical
predictions agree within 0.3%, consistent with the convergence results shown in
Figure 2.
The corresponding velocity pro® les across the channel at x = 4:5 are presented
in Figure 5. A ``plug-like velocity’ ’ pro® le is observed for Uin = 1:485, as predicted
by the theory. The velocity pro® les for favorable and adverse pressure gradient ¯ ows
Table 2. The numerical and analytical estimates of the pressure gradient Eq. (13) and wall shear stress Eq.
(14) in the mixed electroosmotic pressure driven £ow regime. Di¡erences between the numerical results
and the analytical formulas are less than 0.3% for a seventh-order spectral element discretization for the
a = 1, b = 10,000 case. The numerical error is consistent with the convergence results shown in F|gure 2.
Uin =
2.500
2.000
1.485
1.000
0.500

ui n
uP

¤
dPnum
=d x

¤
dPana
=d x

t w(num)

t w(ana)

7 2.0268
7 1.0284

7 2.0296
7 1.0296

0.0000
0.9734
1.9676

0.0000
0.9704
1.9704

106.334
105.334
104.301
103.334
102.334

106.249
105.249
104.219
103.249
102.249
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Figure 5. The velocity distribution in a mixed electroosmotic=pressure driven channel for various values of
Uin .The case Ui n = 1:485 corresponds to the ``plug-like £ow.’’ For larger and smaller values of Uin ,we obtain
favorable and adverse pressure gradients, respectively. Simulation results are for a = 1, b = 10; 000, and
Re = 0:005.

are also presented in Figure 5. For example, Uin = 2:5 corresponds to a favorable
pressure gradient case, which is a combination of a plug-like ¯ ow with a parabola in
the bulk of the channel. The corresponding pressure variation shown in Figure 4
indicates signi® cant pressure drops at the entry and the exit portions of the channel.
However, in the mixed zone, the pressure drop is relatively low due to the electroosmotic pumping.
The adverse pressure gradient case of Uin = 0:5 is an electrokinetically driven
micropum p. For this case, the inlet and the exit pressures are the same, corresponding
to the laboratory on a chip device that is exposed to atmospheric pressure at both ends.
The entire ¯ ow is driven by the electrokinetic forces, which overcome the drag force
within the entire channel system. The pressure drops at the inlet and exit portions of
the channel ( x µ 3:1 and x ¶ 6:2) are due to the shear stress. A micropump must be
able to raise the system pressure to be able to drive the ¯ ow. The electroosmotic pump
is doing precisely this. The net pressure gradient is positive within the pump, as shown
in Figure 4. Here we must note that in a pure electroosmotic system, the plug-like
velocity pro® les with zero-pressure gradient will be obtained. In the case of Uin = 0:5,
an adverse pressure gradient is present to overcome the pressure drop at the inlet and
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exit sections. Hence, any mixed ¯ ow system should exhibit a behavior similar to our
simulation results presented in Figure 4. The velocity pro® le for this case indicates a
combination of plug and adverse pressure gradient channel ¯ ow behavior, and the net
volumetric ¯ owrate is positive, as shown in Figure 5.
The shear stress in the mixed electroosmotic pressure driven ¯ ow region is
enhanced due to the presence of the EDL and the pressure gradients. Comparisons
of shear stress estimates obtained by numerical simulations and the analytical Eq.
(14) are also presented in Table 2. The error in the numerical results are less
than 0.1%.
For a closed system it is possible to create large pressure gradients using
electroosmotic forces. These can be used for microscale actuation of micropistons or
microbellow mechanisms. We simulated such a con® guration by closing the exit of
our channel. Due to the presence of the electroosmotic forces, the pressure raises
linearly within the electroosmotic region, as shown in Figure 6. This pressure rise is
accompanied by the electroosmotic ¯ ow near channel walls and a reverse ¯ ow in the
middle of the microchannel, as shown in Figure 6.
FLOW CONTROL IN A T-JUNCTION
The electroosmotic e ects can be selectively introduced for ¯ ow control in
complex microgeometries. In Figure 7 we present the T-junction geometry, which is
widely used for species separation, DNA sequencing, electrokinetic focusing, and
immunoassays. A dielectric material of z = – 25:4 mV is used for channel BC. On the
other hand an electroosmosis surpressing material is used for the side arm A. The
corresponding boundary conditions for the T-junction are shown in Figure 7b. We
assumed that the bu er solution is water and the ion concentration density is
no = 10 – 5 M. The simulation results presented here are performed for a channel half
height of h = 10 m m, corresponding to a = 1, b = 10;000. The Reynolds number
based on the average channel velocity is Re = 0:005, which is practically Stokes ¯ ow
with local electroosmotic body forces.
For ¯ ow manipulation purposes, an external electric ® eld is applied using an
anode=cathode pair far upstream and downstream of the branches A and C,
respectively. Due to the geometric complexity, the electric ® eld is strongly two
dimensional immediately near the junction. However, it reaches a constant
unidirectional value in branches A and C, far away from the T-junction. This constant electric ® eld value is used as the reference electric ® eld EAC to characterize the
¯ ow response. To normalize EAC , we de® ned Eo , which corresponds to a plug ¯ ow
electric ® eld in a straight channel with identical length and electrochemical conditions.
~o k = 282 V/cm. Normalization of the
For the aforementioned dimensional values, kE
external electric ® eld is desired to obtain nondimensional characteristics of the
micro¯ uidic system. Hence, ¯ ow control results are presented as a function of the
EAC =Eo ratio.
The numerical simulations are performed by specifying the ¯ owrate at the
domain entrance A, using a fully developed parabolic velocity pro® le. Since there are
no EDL e ects in channel A, the ¯ ow remains parabolic until it reaches the junction.
The electroosmotic e ects are present at the junction primarily in branch C. By
systematically varying the external electric ® eld strength EAC , we studied the
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Figure 6. Pressure buildup along the microchannel for zero net £ow (a); and the corresponding velocity
distribution across the channel (b).
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Figure 7. Velocity vectors for electroosmotic £ow in aT-junction. The simulations are performed for a = 1
and b = 10;000 at Re = 0:005. (a) Zero external electric ¢eld; (b) external electric ¢eld E A C = 1:043E o .The
electroosmotic potential boundary conditions are shown also.
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combined e ects of pressure and viscous and electroosmotic body forces in section
C, and demonstrated ¯ ow control in the branches of the T-junction.
Figure 7a shows velocity vectors for the T-junction with zero electric ® eld.
Under this condition, the pressure driven ¯ ow is divided uniformly into branches B
and C. The ® gure shows an enlarged view of the computational domain. The inlet
and outlet boundary conditions are imposed su ciently away from the T-junction.
Only 25% of the velocity vectors are shown in order not to clutter the ® gure. The
spectral element mesh and the spectral expansion order (N = 7) are consistent with
the convergence results shown in Figure 2. A numerical resolution study conducted
by p-type re® nements (i.e., increasing the spectral expansion order) did not a ect the
solution, indicating grid independence of the results.
Flow control is obtained by applying an electric ® eld EAC . One representative
case is EAC = 1:043Eo , where the entire ¯ ow is de¯ ected toward branch C. The
velocity vectors for this case are shown in Figure 7b. Figure 8 shows the ¯ owrate in
the B and C branches as a function of the EAC =Eo . The ¯ owrate in each branch can
be altered by changing EAC . For EAC = 1:043Eo , the ¯ ow in branch B is completely
blocked. Since, Eo correspond to a plug ¯ ow in a straight channel under identical
length and electrochemical conditions, the 4.3% increase in the electric ® eld for this

Figure 8. Flow rate variation in the branches of the T-junction as a function of the externally applied electric ¢eld E A C =E o .
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case is due to the two dimensionality and corner e ects in the T-junction. If EAC is
increased beyond 1:043Eo , the ¯ owrate in branch C will be further increased, resulting in suction from branch B. We did not try this case, in order to avoid suction
from the out¯ ow boundar y B, where zero Neumann conditions on the velocity
components are imposed.
DISCUSSION
We presented numerical simulation results for mixed electroosmotic=pressure
driven ¯ ows in straight channels and T-junction geometry. The simulations are
performed for speci® ed inlet ¯ owrate conditions, and the electroosmotic forces are
applied locally for ¯ ow control. In straight channels, we demonstrated electrokinetic
pumping and mechanisms for creating large pressure variations in closed systems. In
the T-junction, we have shown that the ¯ owrate variation as a function of the electric
® eld is linear in the Stokes ¯ ow regime. Hence, the T-junction channel can be used as
an electroosmotically actuated microvalve with nonmoving components. The linear
response of the device allows precise ¯ owrate control for various micro-¯ uidic
applications.
We developed a spectral element algorithm for solution of the Poisson±
Boltzmann and the Navier± Stokes equations, and we have formally shown exponential convergence of our algorithm. Due to the di culties associated with
experimenting in microscales, it is desirable to develop reliable numerical models that
can accurately describe micro¯ udic transport in complex microgeometries. Our numerical methodology has the ¯ exibility of utilizing mixed unstructured=structured
grid topology for discretization of complex geometries, and at the same time it delivers high-order accuracy. Hence, this numerical algorithm can be used for designing
optimized micro¯ uidic systems prior to hardware fabrication and experimental
veri® cation.
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