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a b s t r a c t
Electromagnetic heating such as microwave processing and radio frequency heating becomes very popular because of its non-contact, pollution free and fast distribution of thermal energy within the object of
interest. In electromagnetic heating, the temperature distribution within a sample greatly depends on the
dielectric properties which are functions of electromagnetic frequency, temperature and the composition
of the object. There are many experimental and numerical investigations on electromagnetic heating
because of its widespread use in food and other industries, but only few researchers have looked at this
problem from analytic point of view speciﬁcally for the temperature dependent properties. In this paper,
we developed an analytic expression for temperature distribution in a three dimensional rectangular
object under electromagnetic heating and presented a method to incorporate temperature dependent
properties of the object in determining the temperature distribution at different times. A simpliﬁed Maxwell’s equation is solved for plane wave to obtain electric ﬁeld distribution in the body, and the electromagnetic power absorption is computed from the electric ﬁeld distribution which was then used as a
source term in the energy equation. Next an unsteady, three dimensional, non-homogenous energy equation is solved by integral transform technique to obtain temperature distribution. Finally, this closed form
analytical solution is used to study the effects of electromagnetic frequency, dielectric properties, and
heat transfer coefﬁcient on temperature distribution in a rectangular salmon ﬁllet. It is found that incident frequency, sample thickness and processing time have signiﬁcant inﬂuence on the heating pattern.
For radio frequency heating, the temperature dependent dielectric properties inﬂuence the temperature
distribution signiﬁcantly, but the effect of temperature dependent dielectric properties is less dominant
for the microwave frequency used in the household microwave oven. Our results also show that microwave heating provides heterogeneous temperature distribution with alternate hot and cold spots. On the
other hand, the radio frequency heating allows almost uniform temperature distribution within the body,
which makes it a better choice for quick and convenient heating process especially for commercial and
industrial heating.
Ó 2012 Elsevier Ltd. All rights reserved.

1. Introduction
In recent days electromagnetic heating is getting popularity as
an alternative heating technique in many industries such as wood,
textile, biotechnology, materials, and food processing. The efﬁcacy
of the electromagnetic heating primarily depends on the ability of
a material to absorb electromagnetic energy and convert it to thermal energy [1]. This ability of a material is reﬂected by dielectric
properties: dielectric constant and dielectric loss. The dielectric
constant is the capacity of a material to store electric energy,
whereas the dielectric loss is the measure of the electrical energy
dissipation into heat. The electromagnetic heating offers fast,
non-contact, and pollution free heating with material selective
heat generation.

⇑ Corresponding author. Tel.: +1 509 335 7989; fax: +1 509 335 4662.
E-mail address: prashanta@wsu.edu (P. Dutta).
0017-9310/$ - see front matter Ó 2012 Elsevier Ltd. All rights reserved.
doi:10.1016/j.ijheatmasstransfer.2012.02.072

Material selective heat generations can be used in fabrication of
polymer based micro/nanoﬂuidic device [2,3] and sintering process. Generally in this type of fabrication process, the electromagnetic heating is exploited for bonding purpose by introducing a
very thin layer (100 nm–1 micron thick) of highly dielectric material between two layers. As the electromagnetic waves pass
through the highly dielectric material it gets melted, and hence
two layers can be bonded irreversibly at moderate pressure. In
addition to the manufacturing process, the electromagnetic heating can be applied in various biotechnology applications such as
polymerase chain reaction (PCR), temperature induced cell lysis,
organic and inorganic chemical synthesis, drug delivery, etc.
[2,4–6]. Electromagnetic heating is also very convenient for processing of low thermal conductive material such as food items as
heat starts ﬂowing from the interior of material body to the outer
surface. As a matter of fact, the single largest user of electromagnetic heating is the food industry where it is used for thawing,
warming, cooking, tempering, blanching, sterilization, etc. [7].
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Nomenclature
a
~
B
b
c
cp
~
D
~
E
Ex
f
~
H
~
H
Hy
h
~
J
K
k
~
P
Q_
R01
T
t
T01
w
X
x
y
z

length of the object (m)
magnetic induction (Wb/m2)
thickness of the object (m)
velocity of light (m/s)
speciﬁc heat capacity (J/kg K)
electric displacement (C/m2)
electric ﬁeld (V/m)
electric ﬁeld in x-direction (V/m)
frequency (Hz)
magnetic ﬁeld (A/m)
~ (A/m)
complex conjugate of H
magnetic ﬁeld in y-direction (A/m)
heat transfer coefﬁcient (W/m2 K)
current density (A/m2)
kernel
thermal conductivity (W/m K)
Poynting power ﬂux vector (W/m2)
power generation (W/m3)
reﬂection coefﬁcient
Temperature (°C)
time (s)
transmission coefﬁcient
width of the object (m)
decomposed temperature in x-direction (°C)
location along x coordinate (m)
location along y coordinate (m)
location along z coordinate (m)

Greek symbols
a
thermal diffusivity (m2/s)
b
attenuation factor (rad/m)

The electromagnetic heating can be divided into two major categories primarily based on the frequency of the incident wave:
radio frequency heating (<300 MHz) and microwave heating
(300–3000 MHz). Microwave heating is very popular in food industries as well as in home and ofﬁce to warm up foodstuffs quickly.
However, the heterogeneous energy absorption in microwave processing leads to uneven temperature distribution in the object. The
non-uniform temperature distribution not only affects the quality
of food but also raises serious concerns for food safety. Uneven
heating of foodstuff may leave bacteria or pathogens alive in cold
spots and may cause various food borne diseases. Goksoy et al.
[8] found that microwave cooking produces islands of cold spots
in poultry meat that facilitates optimum thermal environment
for microorganism growth. On the other hand, radio frequency
heating generally provides uniform heating with low energy consumption [9].
In electromagnetic heating process, a number of factors are
responsible for thermal energy ﬂow within the object. Among
them material composition, dielectric characteristics, sample size
and shape, and incident wave frequency are most important. In
an experimental study, Jeong et al. [10] reported that the presence
of salt in meat increase the processing time and non-uniformity of
temperature distribution in microwave heating. The heterogeneity
in temperature distribution is also observed in microwave thawing
as the dielectric properties vary signiﬁcantly in frozen and defrosted zones [1]. In recent years, the effects of size, shape, moisture content, and dielectric properties have been studied both
experimentally and numerically for radio frequency [9,11–13]
and microwave [7,8,10–19] heating.

v
d
e
e0

c
g
j0
j00
k

l
l0
h

q
qv
r

r0
f

x
n

propagation constant (m1)
reﬂection phase angle (rad)
permittivity (F/m)
free-space permittivity (F/m)
ratio of heat transfer coefﬁcient and thermal conductivity (m)
eigenvalues in the z-direction
relative dielectric constant
relative dielectric loss
eigenvalues in the x-direction
permeability (H/m)
free-space permeability (H/m)
modiﬁed temperature (°C)
density (kg/m3)
charge density (C/m3)
phase factor (rad/m)
electrical conductivity (S/m)
impedance (ohm)
angular frequency (rad/s)
eigenvalues in the y-direction

Subscripts
i
initial
n
eigenvalue index
p
eigenvalue index
q
eigenvalue index
1
surrounding
0
free space
1
within food/object

Although there exist extensive experimental and numerical
studies on electromagnetic heating, only a handful of studies used
analytic techniques to analyze the fundamentals of electromagnetic heating. A close-form analytic expression for temperature
can be obtained for some simpliﬁed problems and these types of
solutions can reveal the correlation among the characteristics of
electromagnetic wave, dielectric and thermo-physical properties
of material subjected to microwave or radio frequency heating. Fleischman [20] provided a one dimensional temperature distribution
for microwave heating. Lately, Hossan et al. [21] presented 3D analytical solution for the temperature distribution within a cylindrical shaped object for microwave heating. All previous analytic
works assumed constant dielectric properties for a particular
working frequency. However, experimental works [22–23] indicate
changes in dielectric properties within the object as the temperature increases with time. This variation is very signiﬁcant at the
lower end of the electromagnetic frequency [22]. The temperature
dependent dielectric properties alters the absorption capability of
electromagnetic energy and penetration depth, and hence the nature of transient temperature distribution. Therefore, to predict the
temperature accurately, one has to consider temperature dependent property change in the energy equation, especially for the
electromagnetic source term. In this paper, we presented an analytical expression for temperature distribution within a three
dimensional rectangular block subjected to electromagnetic heating and proposed an algorithm to evaluate temperature distribution in an object with temperature dependent dielectric properties.
The rest of the paper is organized as follows. First, the theory
and governing equations for electromagnetic heating are provided.
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Then, an analysis to ﬁnd the electromagnetic power generation
from electromagnetic wave is presented. Next, the temperature
distribution within an object is obtained from the energy equation
using integral transform technique for a short period of processing
time, and then a method is presented to implement temperature
dependent material properties for subsequent time steps. This is
followed by a discussion on electromagnetic heating of salmon ﬁllet for various heat transfer coefﬁcients and incident frequencies.
Finally, we present our conclusions on this analytic work.
2. Theory
Electromagnetic heating is generally very effective for a dielectric medium where heat generation takes place due to the dielectric polarization [24]. When an electric ﬁeld is applied across a
dielectric medium, the positive and negative charges are aligned
toward cathode and anode respectively forming dipoles. These diploes rotate as they try to align themselves with the alternating
electric ﬁeld of the electromagnetic waves. Therefore, to study
the electromagnetic heating one has to understand the electromagnetic ﬁeld within the system as well as its effects on energy
equation.

Fig. 1. Schematic of a three dimensional rectangular object heated by electromagnetic wave. In a uniform plane wave, the magnetic ﬁeld is always perpendicular to
the electric ﬁeld. The length, width, and height of the object are a, w, and b,
respectively.

2.1. Governing equations
The electromagnetic ﬁeld distribution within a material is governed by Maxwell’s equation as [25]:

o~
B
ot
o~
D
~ H
~ ¼~
r
Jþ
ot
~ ~
r
D ¼ qv
~
~
rB¼0
~ ~
r
E¼

ð1aÞ
ð1bÞ
ð1cÞ
ð1dÞ

~ is the
where ~
E is the electric ﬁeld, ~
B is the magnetic induction, H
magnetic ﬁeld, ~
J is the current density, ~
D is the electric displacement, and qv is the electric charge density. The time averaged
power ﬂux associated with the electromagnetic wave can be obtained as Poynting vector [25]:

1 ~ ~ 
~
P¼
EH
2

ð2aÞ

~ is the complex conjugate of magnetic ﬁeld. The volumetwhere H
ric heat generation can be obtained as

~ ~
Q_ ¼ Reðr
PÞ

ð2bÞ

For electromagnetic heating, the temperature distribution within
the system is governed by the energy equation as [25]:





dT ~
~ T þ Q_
qC p ¼ r
 kr
dt

ð3Þ

The left hand side term represents the rate of thermal energy
change in the system, while the ﬁrst term in the right hand side accounts for the thermal diffusion.
2.2. Assumptions
In this study, we considered a 3D rectangular shaped object
(Fig. 1) which is subjected to electromagnetic heating. For simplicity, we assume that electromagnetic waves are transverse (TEM) or
uniform plane waves. Although a uniform plane wave cannot be
formed in a real system, the electric ﬁeld distribution obtained
from this simpliﬁed TEM model can approximate the actual electric ﬁeld in the rectangular system [25]. In TEM, both electric and

magnetic ﬁelds are normal to the direction of propagation
(Fig. 1). The other assumptions used to simplify the problem are:
(i) The object of interest obeys linear material constitutive
laws.
(ii) Electroneutrality condition is satisﬁed within the system.
(iii) The magnetic permeability l(x) can be approximated by its
value in free space
(iv) The effect of moisture is not modeled explicitly, but it is
taken into consideration through temperature dependent
dielectric properties of the material. This is reasonable for
electromagnetic heating as the dielectric properties are very
strong function of material composition.
(v) Material properties, such as thermal conductivity and speciﬁc heat are temperature independent.
3. Analysis
3.1. Electromagnetic power
Maxwell’s equations can be simpliﬁed by using the assumptions
mentioned above and by applying following material constitutive
relations [25]

~
J ¼ r0~
E
~
D ¼ e~
E

ð4bÞ

~
~
B ¼ lH

ð4cÞ

ð4aÞ

where r0 is the electrical conductivity, e is the permittivity, and l is
the magnetic permeability. If electromagnetic incident rays are
propagating in the z-direction, the only non-zero component of
electric ﬁeld is E = Ex. Therefore, for system shown in Fig. 1, the
simpliﬁed equation for electric ﬁeld can be written as [7]:
2

d E
2

dz

þ v2 E ¼ 0

ð5Þ

where v is the propagation constant, and it can be given as
v2 ¼ x2 l0 e0 ðj0 þ ij00 Þ. The propagation constant can also be expressed as v = r + ib, where the phase factor and the attenuation
factor can be given by Eqs. (6a) and (6b), respectively [7]
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vﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ

u pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
u 0
1 þ tan2 d þ 1
2pf tj
r¼
2
c
vﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ

u pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
u 0
1 þ tan2 d  1
2pf tj
b¼
c
2

ð6aÞ

3.2. Heat equation and temperature distribution

ð6bÞ

For a uniform plane electromagnetic wave propagating in the z
direction of a rectangular block (Fig. 1), the boundary conditions
at the top and bottom surfaces are given by

E0 ¼ E1
1

ð7aÞ

dE0

l0 x dz

¼

1

dE1

ð7bÞ

l1 x dz

where 0 and 1 indicate the free and object, respectively. The electric
ﬁeld distribution within the object of interest can be expressed as:

E¼

 iv z

T 01 E0
e 1 þ eiv1 ðbzÞ
i
v
b
1
1 þ R01 e

ð8Þ

where the transmission and the reﬂection coefﬁcients are

2f1
f1 þ f0
f  f0
¼ 1
f1 þ f0

T 01 ¼

ð9aÞ

R01

ð9bÞ

and the intrinsic impedance [25] is

f¼

lx
v

ð9cÞ

On the other hand, if the electromagnetic waves come from the one
(bottom) side of the block, then the electric ﬁeld distribution is:

E¼

T 01 E0
1

R201 ei2v1 b

 iv z

e 1 þ R01 eiv1 ð2bzÞ

ð10Þ

Once the electric ﬁeld distribution is known, the magnetic ﬁeld distribution can be evaluated eventually as they are related by

dEx
¼ ilxHy
dz

ð11Þ

Now applying Poynting power theorem, the power dissipated per
unit volume can be calculated as [7]:

1
Q_ ¼ xe0 j00 jEj2
2

ð12Þ

and the volumetric power generation within the sample can be obtained as:

1
Q_ ¼ xe0 j00 jE0 j2 jT 01 j2
2
e2bz þ e2bðbzÞ þ 2 cosð2rz  rbÞebb

1 þ 2jR01 jebb cosðd01 þ rbÞ þ jR01 j2 e2bb

loss and dielectric constant in the phase factor and the attenuation
factor as well as from transmission and reﬂection coefﬁcients.

ð13aÞ

Similarly, for one (bottom) sided incidence of electromagnetic
wave, the volumetric power generation within the food slab can
be obtained as:

1
Q_ ¼ xe0 j00 jE0 j2 jT 01 j2
2
e2bz  2jR01 je2bb cosðd01 þ 2rðb  zÞÞ þ jR01 j2 e2bð2bzÞ

1  2jR01 j2 e2bb cosð2d01 þ 2rbÞ þ jR01 j4 e4bb
ð13bÞ
It is important to note that the source terms presented in Eqs. (13a)
and (13b) are a function of temperature (T) in addition to the location (z) in the direction of wave propagation. The temperature
dependency comes from the dielectric properties such as dielectric

The energy equation for a three dimensional rectangular block
(Fig. 1) subjected to electromagnetic heating can be simpliﬁed as

o2 T o2 T o2 T Q_ ðT; zÞ 1 oT
þ 2þ
þ
¼
ox2
oy
oz
k
a ot
0 6 y < w; 0 < z < b

in 0 6 x < a;
ð14Þ

where a is the thermal diffusivity, k is the thermal conductivity, and
T is the temperature. The initial and boundary conditions for the
system shown in Fig. 1 are:

T ¼ T i at t ¼ 0
oT
k
¼ hðT  T 1 Þ at
ox
oT
k
¼ hðT  T 1 Þ
ox
oT
¼ hðT  T 1 Þ at
k
oy
oT
k
¼ hð T  T 1 Þ
oy
oT
¼ hðT  T 1 Þ at
k
oz
oT
k
¼ hð T  T 1 Þ
oz

ð15aÞ
x ¼ 0;

t>0

at x ¼ a;
y ¼ 0;

t>0
t>0

at y ¼ w;
z ¼ 0;

t>0

t>0

at z ¼ b;

t>0

ð15bÞ
ð15cÞ
ð15dÞ
ð15eÞ
ð15fÞ
ð15gÞ

The governing equation presented in (14) is nonlinear due to the
temperature dependent source term. Hence, ﬁnding a close-form
analytic expression for this system is not trivial. However, one
can consider the problem as linear if the temperature distribution
is sought for a very short period of processing time within which
the variation in dielectric properties is negligible due to small temperature change within the body. Here our approach is to solve the
above second order, nonhomogenous partial differential equation
using integral transform technique for a short, but ﬁnite period of
time assuming temperature independent source term, and then
use the solution as initial condition for the next time step. Hence
our next step is to solve Eq. (14) for a short period of time
(t ? t + s). For electromagnetic heating, the value of s could be
61 s in which the generation term remains almost constant. Thus,
for a short period (s) of electromagnetic heating, the governing
equation for h = T  T1 with temperature independent source term
becomes

o2 h o2 h o2 h Q_ ðzÞ 1 oh
þ
þ
þ
¼
ox2 oy2 oz2
k
a ot
0 6 y < w; 0 < z < b

in 0 6 x < a;
ð16Þ

The initial and boundary conditions for the above equation become

h ¼ hi
oh
 þ ch ¼ 0 at x ¼ 0
ox
oh
þ ch ¼ 0 at x ¼ a
ox
oh
 þ ch ¼ 0 at y ¼ 0
oy
oh
þ ch ¼ 0 at y ¼ w
oy
oh
 þ ch ¼ 0 at z ¼ 0
oz
oh
þ ch ¼ 0 at z ¼ b
oz

ð17aÞ
ð17bÞ
ð17cÞ
ð17dÞ
ð17eÞ
ð17fÞ
ð17gÞ
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where c ¼ hk. The partial derivative with respect to x can be eliminated from energy Eq. (16) by introducing Fourier transform as [26]

hðkn ; y; z; tÞ ¼

Z

a

Kðkn ; xÞhðx; y; z; tÞdx

ð18Þ

0

Next the inverse Fourier transform for y direction, 
hðkn ; y; z; tÞ ¼
P1

p¼1 jðnp ; yÞhðkn ; np ; z; tÞ is applied to ﬁnd second transformed
temperature as
1 1 pﬃﬃﬃ
hðkn ; y; z; t Þ ¼ P P 4
p¼1q¼1

where the kernels Kðkn ; xÞ are the characteristic functions of the following eigenvalue problem:



np cos np y þ c sin np y gq cos gq z þ c sin gq z
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
 r


  


w n2p þ c2 þ 2c
b g2q þ c2 þ 2c



ð28Þ
 h kn ; np ; gq ; t


2

d X
2

dx

þ k2 X 2 ¼ 0

ð19Þ

dX
þ cX ¼ 0 at x ¼ 0
dx
dX
þ cX ¼ 0 at x ¼ a
dx

ð20aÞ



ð20bÞ

where k is the eigenvalue. For the
pﬃﬃabove eigenvalue problem, the
n cos kn xþc sin kn xÞ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
kernel can be found as Kðkn ; xÞ ¼ 2ðkp
: The eigenvalues
aðk2n þc2 Þþ2c
kn are the positive roots of

tanðkn aÞ ¼

kn ð2cÞ

ð21Þ

k2n  c2

The transformation of energy Eq. (16) with respect to x, through the
use of Eq. (18) yields

k2n h þ


o2 h o2 h Q_ ðzÞ 1 oh
¼
þ 2þ
2
oy
oz
k
a ot

ð22Þ

h
i

where Q_ ðzÞ ¼ Q_ ðzÞ sinðkn aÞ  kcn cosðkm aÞ þ kcn . Similarly the partial
derivative with respect to y and z are removed by Fourier transform
and the energy equation becomes an ordinary differential equation
with respect to time (t) as




dh

a k2n þ n2p þ g2q h þ U ¼
dt

ð23Þ

where





 c

 c
sin np w  cos np w þ
kn
kn
np
np
Z b


Q ðzÞ gq cos gq z þ c sin gq z dz
ð24Þ


U ¼ sin ðkn aÞ 

c

cos ðkn aÞ þ

c



Finally, the inverse Fourier transform for x direction, hðx; y; z; tÞ ¼
P1

n¼1 jðkn ; xÞhðkn ; y; z; tÞ is applied to ﬁnd an analytic expression of
temperature as

hðx; y; z; t Þ ¼

 

1 P
1 P
1 
P

A kn ; np ; gq ; x; y; z h kn ; np ; gq ; t

ð29Þ

n¼1p¼1q¼1

where Aðkn ; np ; gq ; x; y; zÞ ¼

pﬃﬃﬃ ðkn cos kn xþc sin kn xÞðnp cos np yþc sin np yÞðgq cos gq zþc sin gq zÞ
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ﬃ
8
2
2
2
2
2
2
ðaðkn þc Þþ2cÞðwðnp þc Þþ2cÞðbðgq þc Þþ2cÞ

Note that the above expression is only valid for a short period (s) of electromagnetic heating. To obtain temperature distribution at any instant
of time (tf), we need to solve the Eq. (16) for N times, where N = tf/s.
For each time step, the initial condition for the Eq. (16) is the solution
of previous time step starting with time, t = 0 and boundary conditions
at any time are given by Eqs. (17b)–(17g). Thus, the close form analytical
expression at tf becomes


1 P
1 P
1 




P
h x; y; z; t f ¼ T x; y; z; t f  T 1 ¼
A kn ; np ; gq ; x; y; z
n¼1p¼1q¼1

2 
3


U
x;
y;
z;
t
2
2
2
f s
 1  eaðkn þnp þgq Þs 5
4 
a k2n þ n2p þ g2q
þ


1 P
1 P
1 
P
A kn ; np ; gq ; x; y; z

n¼1p¼1q¼1




2
2
2
 C kn ; np ; gq ; a; w; b; h x; y; z; t f  s eaðkn þnp þgq Þs ð30Þ

0

Here the eigenvalues in the y and z directions can be found from
np ð2cÞ

tanðnp wÞ ¼ n2 c2 and tanðgq bÞ ¼
p

gq ð2cÞ
,
g2q c2

respectively. Now the ordinary


differential equation (Eq. (23)) for transformed temperature ð
hÞ can
be solved as



h k ; n ; g ; t ¼ 
n
p
q

a

U
k2n

þ

n2p

þ g2q



2
2
2
 1  eaðkn þnp þgq Þs

2
2
2

þ hi eaðkn þnp þgq Þs

ð25Þ

where


 Z aZ wZ b

hi ðkn cos kn x þ c sin kn xÞ
hi ¼ C kn ; np ; gq ; a; w; b; hi ¼
0
0
0



 np cos np y þ c sin np y gq cos gq z þ c sin gq z dxdydz
ð26Þ
Our next goal is to apply appropriate inversion techniques to obtain
an analytical expression for temperature. First, the inverse Fourier
P


transform in z direction, 
hðkn ; np ; z; tÞ ¼ 1
q¼1 Kðgq ; zÞhðkn ; np ; gq ; tÞ is
used to obtain transformed temperature as


pﬃﬃﬃ

2 gq cos gq z þ c sin gq z 
h kn ; np ; g ; t
rﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
q


q¼1
b g2q þ c2 þ 2c

1
hk ; n ; z; t  ¼ P
n
p

ð27Þ

4. Results and discussion
In this study close-form analytic expressions of electric ﬁeld
and temperature are obtained for electromagnetic heating of a
3D rectangular shaped object. Electromagnetic wave frequency
ranges from radio frequency (27 MHz) to household microwave
frequency (2450 MHz) is considered here. It is noteworthy to mention that the dielectric properties are a strong function of the working frequency as shown in Table 1. The other material properties
are assumed to be constant for the simplicity in calculation and
presented in Table 2. Although the analytic results presented in
this study are valid for any 3D rectangular shaped object, for illustration purpose, we have considered temperature distribution in a
salmon ﬁllet (7  4  1.5 cm). We have speciﬁcally addressed the
effect of temperature dependent dielectric properties in evaluating
the source term from the electric ﬁeld distribution and its consequence in the ﬁnal temperature distribution. Although dielectric
properties changes with temperature, they can be considered as
temperature independent for short period of processing time as
the temperature change is very low (<1 K) if the processing time
is less than 1 s [19,22]. Hence our strategy is to calculate the temperature distribution for a short period of time (s) by assuming
constant property and update the source term in the energy equation (Eq. (16)) for the next time step using the latest temperature
information. To estimate the temperature dependent source term,
we derived empirical relations between dielectric properties of
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Table 1
Temperature dependent dielectric properties for salmon ﬁllets [22].
Frequency (MHz)
27
40
433
915
2450

Dielectric constant, j0
0

04 2

Dielectric loss,

j =  4e T + 0.6064T + 80.87
j0 = 4e05T2 + 0.3575T + 77.03
j0 = 7e04T2  0.1302T + 63.37
j0 = 5e04T2  0.1393T + 59.91
j0 =  0.0045T2 + 0.4793T + 42.03

00

j
j00
j00
j00
j00

j00

2

¼ 0:0429T þ 4:8592T þ 365:74
¼ 0:0284T 2 þ 3:4078T þ 248:51
¼ 0:0027T 2 þ 0:3865T þ 29:49
¼ 0:0015T 2 þ 0:1498T þ 19:47
¼ 0:0012T 2 þ 0:2616T þ 12:45

Table 2
Thermal properties and input parameters for analytic calculations.
Parameters

Values

Heat transfer coefﬁcient, h (W/m2)
Speciﬁc heat capacity, cp (J/kg K)
Thermal conductivity, k (W/m K)
Density, q (kg/m3)
Initial temperature, Ti (°C)
Surrounding temperature, T1 (°C)
Thickness of salmon ﬁllet, b (cm)
Incidence electromagnetic energy ﬂux, I (W/cm2)
Length of salmon ﬁllet, a (cm)
Width of salmon ﬁllet, w (cm)

1.5, 10, 25, 50
3589.40
0.4711
1047.89
20
20
1.5
3.00
7
4

salmon ﬁllet and temperature (Table 1) from experimental data
[22] using statistical regression. The algorithm used to calculate
the temperature distribution is shown in Fig. 2.
All temperature results presented in this study are for the twosided heating cases, though analytical expressions for electric ﬁeld
and source term distribution are presented for both one-sided and
two-sided electromagnetic heating. One can easily ﬁnd the temperature distribution for one-sided heating using the expression
shown in Eq. (13b). In this study, the incidence microwave energy
ﬂux (I = 0.5ce0E2) was kept constant at 3 W/cm2; this value corresponds to a 1.2 kW household microwave. For the rest of the paper,
the microwave frequency and convective heat transfer coefﬁcient
are varied from case to case to elucidate the comprehensive effect
on temperature distribution during electromagnetic heating.
To validate the algorithm proposed above (Fig. 2), we have
solved the energy equation (Eq. (14)) numerically for convective
boundary conditions (Eqs. (15b)–(15g) with temperature dependent source term. The ﬁnite element (numerical) solution is obtained by COMSOL 3.2 using general PDE mode where we solved
the coupled Maxwell’s equation (Eq. (5)) and unsteady energy
equation (Eq. (14)) with temperature dependent dielectric properties as shown in Table 1. Fig. 3 shows comparison between numerical and analytic results for 75 s of electromagnetic heating with
temperature dependent source term. The temperature distributions along the propagation (z) direction are extracted from the
3D solution at the center point of the ﬁllet. Four different electromagnetic frequencies, radio frequency (40 MHz) and microwave
frequencies (433, 915 and 2450 MHz) which are allocated by the
US Federal Communications Commission (FCC) for industrial heating and microwave oven systems, are used to illustrate the temperature distribution within the system.
The temperature results between the numerical method and
the proposed analytical technique have matched perfectly validating the method presented here. Fig. 3 also presents the temperature distributions for constant dielectric properties. It is evident
that analytic results with constant dielectric properties over-predict the temperature distribution for the radio frequency
(f = 40 MHz) as shown in Fig. 3(a). This is because of the fact that
the penetration depth, a length scale at which the incident energy
reduces to its 1/e th value, decreases with temperature for the

Fig. 2. Algorithm used to calculate temperature distribution within a sample using
temperature dependent dielectric properties.
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Fig. 3. The comparison between numerical and analytic results for temperature distribution with and without temperature dependent dielectric properties for various
electromagnetic frequencies. Electromagnetic frequencies are (a) f = 40 MHz, (b) f = 433 MHz, (c) f = 915 MHz, and (d) f = 2450 MHz. The convective heat transfer coefﬁcient is
10 W/m2 K.

radio frequency heating which retards the transmission of electromagnetic waves. On the other hand, for low range of microwave
frequencies (f = 433 MHz and 915 MHz) the constant dielectric
properties under-predict the temperature within the body. This
under prediction can be explained from the relationship among
dielectric properties and temperature. Dielectric properties are expressed by two parameters: dielectric constant (j0 ) and dielectric
loss ðj00 Þ. The dielectric loss is a measure of heat dissipation in
the body and the dielectric constant quantiﬁes the energy storing
ability. For lower range of microwave frequency, the dielectric constant decreases slightly with temperature while the dielectric loss
increases with temperature. That means, for variable dielectric
properties an object will be able to dissipate more heat with time
and the temperature will be higher than the constant dielectric
properties case. However, the temperature difference between
constant and variable (temperature dependent) dielectric cases
are much less for the microwave heating than that of the radio frequency heating. Interestingly, at the domestic microwave oven frequency (f = 2450 MHz), the dielectric properties are not a strong
function of temperature. Hence, both constant and variable dielectric properties predict almost similar temperature, and the minor

discrepancy is due to the small change in properties. In other
words, the constant dielectric property based temperature prediction is acceptable for the frequency used in the household microwave oven.
Next we present the three dimensional temperature proﬁles in
a salmon ﬁllet with temperature dependent dielectric properties
for microwave (Fig. 4(a)) and radio frequency heating (Fig. 4(b)).
The absorbed electromagnetic power is used as a volumetric heat
generation term in the energy equation, and hence distribution
of generation term mainly dictates the temperature distribution
in the ﬁllet. For radio frequency heating the generation term is almost uniform in the propagation direction due to much longer
penetration depth. On the other hand, for microwave heating, the
volumetric heat absorption depends on the electromagnetic frequency and thickness of the object in addition to the dielectric
properties [21]. For identical heating power and time, the radio frequency heating is able to generate higher temperature increase
than microwave heating.
We also extracted the temperature distribution at different x–
y planes from the 3D contour plot, and shown in Figs. 4(c) and
(d) for microwave and radio frequency heating. Due to the sym-
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Fig. 4. Temperature distribution for 30 s electromagnetic heating of 7  4  1.5 cm salmon ﬁllet. (a & b) three dimensional contour for f = 2450 MHz and f = 40 MHz. (c & d)
Illustration of temperature distribution at four different planes for microwave (f = 2450 MHz) and radio frequency (f = 40 MHz) heating. The convective heat transfer
coefﬁcient is 10 W/m2 K.

metry in the heating conditions, the temperature proﬁles are
presented for four selected planes at the upper half of the ﬁllet.
For radio frequency heating (Fig. 4(d)), the temperature at a particular point remains almost uniform at different sections (zlocation) of ﬁllet, but signiﬁcant changes in temperature are evident for the microwave heating (Fig. 4(c)). The variations in temperature do exist in the x–y plane for both radio frequency and
microwave heating due to convection heat transfer from the
boundaries.
The effect of electromagnetic wave frequency on temperature
rise is shown in Fig. 5 for 75 s processing of 1.5 cm thick salmon

ﬁllet. In this case two-dimensional temperature contours are presented along the x–z plane at y = 2 cm for a convective heat transfer
coefﬁcient of 10 W/m2 K. For this type of convective heat transfer
from boundary, the temperature proﬁle remains almost one
dimensional except very close to the edge. Again the temperature
distribution along the propagation direction is greatly inﬂuenced
by the wave frequency. For lower frequency, the temperature
distribution is more uniform, but heterogeneity in temperature is
observed for the microwave heating with alternate hot and cold
spots especially for the domestic microwave oven (f = 2450 MHz)
heating.
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Fig. 6. Two dimensional (x–z) temperature contours for 75 s microwave heating of
7  4  1.5 cm salmon ﬁllet at y = 0.02 m and f = 2450 MHz. Heat transfer coefﬁcients are (a) h = 1.5 W/m2 K, (b) h = 10 W/m2 K, (c) h = 25 W/m2 K, and (d)
h = 50 W/m2 K.

Fig. 5. Two dimensional temperature contours for 75 s electromagnetic heating of
7  4  1.5 cm salmon ﬁllet at y = 0.02 m plane. Electromagnetic frequencies are (a)
f = 27 MHz, (b) f = 40 MHz, (c) f = 433 MHz, (d) f = 915 MHz, and (e) f = 2450 MHz.

Fig. 6 illustrates the effect of heat transfer coefﬁcient on electromagnetic heating of a salmon ﬁllet at the 2450 MHz frequency.
Two dimensional temperature results are presented along the x–z
plane for 75 s of microwave heating. The surfaces of the ﬁllet are
cooled by the convective heat transfer to the surrounding air space.
For 1.5 cm thick sample, core heating as well as surface heating
take place for 2450 MHz frequency if the convective heat transfer
coefﬁcient is small. With the increase in heat transfer coefﬁcient,
the surface heating gets reduced because of the higher heat transfer rate from the outer surfaces, but the core heating remains less
affected. This is because of the fact that the salmon ﬁllet has much
lower thermal conductivity and hence, the heat diffusion rate is
much slower than the generation rate. Thus by increasing the heat
transfer coefﬁcient, one can avoid surface heating, but not the core
heating. Core heating can be avoided by pulsating the electromagnetic waves [27]. It is claimed in literature that a pulsating
microwave might provide better temperature distribution because

the pulsating time could make up the lag time between the generation and the thermal transport by conduction [27]. Other thermal
properties such as speciﬁc heat of the material are also important
in electromagnetic heating (not shown in ﬁgures). A material with
lower speciﬁc heat requires less energy for unit change of temperature. For example, fats and oils heat up quickly in microwave due
to their low speciﬁc heat capacity, although they have relatively
low dielectric properties [10]. Therefore, the heat transfer coefﬁcient along with the other thermal properties of foodstuff need
to be integrated with the factors such as geometry, dielectric properties to predict the accurate temperature distribution.
The one dimensional temperature distributions along the z
directions at the center of the ﬁllet are shown in Fig. 7 for various
electromagnetic frequencies and processing time. For the same
incident energy ﬂux and time, 40 MHz frequency provides higher
temperature because at this frequency the salmon ﬁllet possesses
higher dielectric loss for which it can dissipates energy much faster
rate than any other frequency. The power distribution results presented in Fig. 7 reveals that the volumetric heat generation decreases with time for the radio frequency processing, but
increases moderately or slightly for the microwave heating. The
decrease in power absorption for radio frequency (f = 40 MHz) is
due to the lower penetration depth at higher temperature as described earlier. On the other hand, the slight increase in power
absorption for f = 433 and 915 MHz is due to increase in the dielectric loss with temperature. Since the dielectric properties is a weak
function of temperature for f = 2450 MHz, the power absorption remain unaltered with time.
Fig. 7 also shows that the temperature distribution becomes almost uniform for radio frequency heating, which is highly desirable from food safety point of view. On the other hand, the
alternate hot and cold spots are noticed for higher frequency
microwave especially for f = 2450 MHz. Similar nonuniform
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Fig. 7. The center line temperature distribution (
t = 30 s;
t = 45 s;
t = 60 s and
t = 75 s) along with electromagnetic power absorption (
t = 30 s;
t = 45 s;
t = 60 s and
t = 75 s) for various processing time within a 7  4  1.5 cm salmon ﬁllet for electromagnetic heating. The temperature results are
extracted at x = 3.5 cm and y = 2 cm, and the convective heat transfer coefﬁcient is 10 W/m2 K. Electromagnetic frequencies are (a) f = 40 MHz, (b) f = 433 MHz, (c)
f = 915 MHz, and (d) f = 2450 MHz.

temperature results have been presented in the past for microwave
heating [20–21]. As a matter of fact, temperature distributions
directly follow the power absorption trends. As seen from the
microwave power absorption (Fig. 7(b)–(d)), the occurrence of
resonance during microwave heating attributes to unusually large
local heating rates and facilitates greater heterogeneity in temperature distribution. At 2450 MHz, the salmon ﬁllet experiences two
resonances which is the worst situation for temperature distribution [21]. The formation of peaks and dips can be explained from
the wavelength of the electromagnetic wave. The wavelength
within a sample is a function of the wave frequency, temperature,
and dielectric properties. For a particular size of a salmon ﬁllet, the
wavelength generally decreases with the increase of temperature
and frequency. As the wavelength decreases, more resonances
(peak and dip) formed in the sample. Conversely, for the radio
frequency heating, the wavelength is much larger than the sample
thickness. Because of longer wavelength, radio frequency wave can
penetrate deeper and can avoid surface heating and occurrence of
alternate hot and cold spots within the object. Although wavelength changes slightly with temperature, it is not large enough
to make any nonuniformity in the temperature distribution for
the radio frequency heating (Fig. 7(a)).

It is interesting to note that the temperature increases monotonically without altering the temperature distribution for all
frequencies (Fig. 7). An increased processing time allows more friction and alterations of dipoles/molecules in a given specimen and
provides elevated temperature. The difference between maximum
and minimum temperature also increases with time. The differences between maximum and minimum temperature at processing time of 75 s for 40, 433, 915 and 2450 MHz are 4.7, 5.2, 6.3
and 10.6 °C, respectively.

5. Summary and conclusions
An analytical expression with an adaptive algorithm for temperature distribution is presented for a rectangular block whose
dielectric properties are temperature dependent during electromagnetic heating. The electromagnetic power absorption is
obtained from Maxwell’s equation, and is used as a non-linear
generation term in a three dimensional, unsteady, heat equation.
The non homogenous heat equation is solved using integral transform techniques. The temperature distribution within a salmon
ﬁllet shows that using proposed algorithm one can predict the
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solution of non-linear energy equation from constant property
analytical solution. We also presented a rigorous discussion on
the effect of frequency, dielectric properties, and heat transfer coefﬁcient on temperature distribution in electromagnetic heating.
This study results in following conclusions.
(1) For constant value of dielectric properties, the analytical
solution of temperature over-predict and under-predict for
radio frequency and lower frequency range microwave heating, respectively.
(2) For frequency above 2000 MHz, both constant and variable
(temperature dependent) properties provide identical temperature proﬁle.
(3) In electromagnetic heating the temperature proﬁle closely
follow the power absorption distribution except very close
to the surface where the inﬂuence of convective heat transfer is present.
(4) The volumetric power absorption decreases with temperature for the radio frequency heating, but its value increases
or remain same for the microwave heating.
(5) The temperature distribution in salmon ﬁllet reveals that
electromagnetic heating with lower frequency waves provides better temperature distribution. In particular, the
radio frequency heating gives almost uniform temperature
distribution.
(6) With same incident energy ﬂux, the radio frequency provides faster heating compared to microwave heating.
(7) In addition to other thermo-physical properties, the heat
transfer coefﬁcient of the surroundings has signiﬁcant
impact on temperature distribution.
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