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a b s t r a c t
Microwave heating is very popular in food industries as well as in home and ofﬁce to warm up foodstuffs
quickly. However, this technique provides non-uniform heating within the system. The potential existence of standing wave due to the transmission and reﬂection from interfaces is responsible for this
non-uniform heating. Therefore, it is important to study the coupling between electromagnetic wave
propagation and energy transfer in the system to predict the temperature distribution within the foodstuff. In this paper, a closed-form analytic solution is presented to predict the temperature distribution
within a cylindrical shaped foodstuff under microwave heating by solving an unsteady energy equation.
A simpliﬁed Maxwell’s equation is solved for electric ﬁeld distribution within the body. The heat generation by microwave is calculated from the electric ﬁeld distribution within the body using Poynting theorem. The effects of cylinder radius, heat transfer coefﬁcient and incident frequency are studied for
different length of the cylindrical foodstuff. It is found that the temperature within the body is very sensitive to cylinder length and time. The results indicate that uniform and effective heating depend on the
proper integration of geometric parameters and dielectric properties of the object as well as the frequency of the incident electromagnetic wave. This rigorous analytic investigation will provide signiﬁcant
insight to understand and overcome the challenge of non-uniformity in temperature distribution in
microwave heating.
Ó 2010 Elsevier Ltd. All rights reserved.

1. Introduction
Microwave heating is widely used to warm up foodstuffs
quickly. Unlike conventional heating, where heat ﬂows from the
outer surface to the core of the body, heat is generated within
the body in microwave heating due to the transmission of an electromagnetic wave, and heat can propagate in all directions
depending on temperature. From energy point of view, microwave
heating is very efﬁcient method as it does not unnecessarily warm
up the space surrounding the object of interest. Because of its pollution free, rapid heating technique, it has become increasingly
popular in other industries too [1].
In microwave heating, the modulation in electromagnetic ﬁeld
polarizes the molecules in dielectric materials and creates dipole
moments that cause these molecules to rotate. The molecular friction resulting from this dipolar rotation of polar solvent causes
heat generation in the body [2]. Due to this intrinsic heat generation capability, microwave heating can provide prompt rise of temperature within the low thermal conductive product, especially in
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food items. However, this technique is blamed for uneven heating
as the food product processed with microwave technique shows
alternate hot and cold spots [3].
There are a number of adverse consequences of uneven heating
of foodstuff. First, the uneven heating is responsible for poor food
quality such as overheating or burning of part of the foodstuff
where the temperature is the highest. Second, the food texture is
affected by the non-uniform temperature within the food. Sometime it is even difﬁcult to recognize the original texture of the food
if the temperature difference between consecutive hot and cold
spots is extreme. Third, harmful microorganisms such as bacteria
may remain active in the food due to the presence of cold spots.
The presence of live microorganisms in the foodstuff is a major
concern for human health and safety as pathogenic bacteria can
contribute to food borne diseases. A recent study has shown that
non-uniform temperature distribution within chickens facilitates
the pathogenic growth at faster pace [4].
The occurrence of non-uniform heating is the major limiting
factor for widespread application of microwave based heating
technique. The uneven heating is primarily caused by the non-uniform distribution of microwave energy in the foodstuff due to factors such as dielectric loss, penetration depth, thickness, shape and
size of the product [5]. In an experimental study, Sakai and Wang
[6] conﬁrmed the inﬂuence of dielectric properties of material on
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coefﬁcient [V/m]
coefﬁcient [V/m]
magnetic induction [Wb/m2]
velocity of light [m/s]
speciﬁc heat capacity [J/kg K]
electric displacement [C/m2]
electric ﬁeld [V/m]
incident electric ﬁeld [V/m]
frequency [MHz]
magnetic ﬁeld intensity [A/m]
heat transfer coefﬁcient [W/m2 K]
incident microwave energy ﬂux [W/cm2]
current density [A/m2]
kernel
thermal conductivity [W/m K]
length of the food cylinder [m]
normalization integral
unit normal vector
power generation [W/m3]
Poynting vector [W/m2]
reﬂection coefﬁcient
decomposed temperature in r
radial direction
radius of food cylinder [m]
temperature [°C]
time [s]
transmission coefﬁcient
decomposed temperature in z
axial direction

Greek symbols
a
thermal diffusivity [m2/s]

the temperature distribution. Gunasekaran and Yang [7] studied
the effect of parameters such as size, geometry, pulsating ratio,
and microwave processing time on sample temperature distribution and concluded that the pulsed microwave heating provides
more uniform heating than continuous microwave heating. Funawatashi and Suzuki [8] classiﬁed the reasons for non-uniform heating into two categories based on the size of the object. For smaller
size foodstuff, standing wave is dominant as interaction between
transmission and reﬂection waves takes place within the object.
On the other hand, for larger size object the rapid decay of incident
wave is the primary cause for the non-uniform heating.
There exist a number of numerical works to study the temperature distribution due to microwave heating. Ayappa et al. [9,10]
reported the temperature distribution in food slabs and cylindrical
shaped food materials and suggested avoiding corners and edges to
reduce the localized rapid heating of the samples. Yang and Gunasekaran [11] predicted the temperature distribution in 2% agar
gel cylinder and reported that the Poynting theorem is much more
accurate than that of Lambert’s law for calculating heat generation,
especially in the boundary region. Role of different parameters
such as geometry and composition, dielectric parameters, mode
of incident microwaves are also extensively studied [12–15].
Though numerous experimental and numerical works on
microwave heating were reported, very little attention has been
paid to predict temperature distribution in 2D or 3D foodstuff
using analytic technique. Fleischman [16] obtained an analytic
expression for predicting temperature in 1D beef slab by solving
Maxwell’s and energy equations. In this study, a closed-form analytic solution is obtained to predict the temperature distribution in
3D cylindrical shaped food objects. This analytic solution can be
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modiﬁed temperature [°C]
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Subscripts
i
initial
l
material index
m
eigenvalue index
n
eigenvalue index
1
surrounding
0
free space
1
within food cylinder

used to design foodstuff that requires microwave heating. The rest
of the paper is organized as follows: First the theory and governing
equations for microwave heating are provided. Then an analysis to
ﬁnd the microwave power generation from electromagnetic wave
is presented. Next, the temperature distribution within the body
is obtained from the energy equation using integral transform
technique. This is followed by a discussion on microwave heating
of cylindrical shaped objects of different lengths for various radius,
heat transfer coefﬁcients and incident frequencies. Finally, we
present our conclusions on this analytic work.

2. Theory
Microwave heating takes place when an electromagnetic wave
with a frequency between 300 MHz and 300 GHz [14] passes
through a media to generate heat in the system. The heat generation is primarily due to the molecular friction of dielectric molecules such as water and fat in the system when an
electromagnetic ﬁeld is applied. The dielectric molecules are electric dipoles meaning that they have a positive charge at one end
and a negative charge at the other. Hence, these diploes rotate as
they try to align themselves with the alternating electric ﬁeld of
the microwaves. Therefore, to study the microwave heating one
has to understand the electromagnetic ﬁeld within the system as
well as its effect on energy equation.
There are two approaches for calculating microwave power
generation based on the size of the foodstuff: Poynting theorem
and Lambert’s law. Olievera and Franca [2] reported a comparative
study of Poynting theorem and Lambert law for microwave heating
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of food slabs and cylinders. Ayappa et al. [9] showed that the heat
generated by microwave can be predicted well from Poynting theorem for small size foodstuff whereas Lambert law can be used for
bulky, thick sample size. The microwave power formulation by
Lambert’s law neglects all reﬂection, and hence this approach is valid only for semi-inﬁnite samples [17] and cannot be used for smaller food items such as nuggets. In this study, we adopted Poynting
theorem to calculate the microwave heat generation in the foodstuff from the electromagnetic ﬁeld distribution due to the ﬁnite
size of the cylindrical foodstuff.
2.1. Governing equations
The microwave electromagnetic ﬁeld distribution within the
material is governed by Maxwell’s equations as [18]

@~
B
@t
!
@~
D
~ ¼~
r H
Jþ
@t
!
r ~
D ¼ qv

ð1bÞ

r ~
B¼0

ð1dÞ

!

r ~
E¼

ð1aÞ

ð1cÞ

!

~ is the
where ~
E is the electric ﬁeld, ~
B is the magnetic induction, H
magnetic ﬁeld,~
J is the current density, ~
D is the electric displacement,
and qv is the electric charge density. The heat generated by the electromagnetic wave can be calculated from Poynting theorem as [18]

1
~
~
q¼ ~
EH
2

ð2aÞ

~
J ¼ r0~
E
~
D ¼ e~
E

ð4bÞ

ð2bÞ

~
~
B ¼ lH

ð4cÞ

!

qÞ
Q ðzÞ ¼ Reðr ~

~ is the complex conjugate of
where ~
q is the Poynting vector and H
the magnetic ﬁeld. For microwave heating, the temperature distribution within the system is governed by the energy equation as
[18]:
!
!
dT
qC p ¼ r ðk r TÞ þ Q
dt

Fig. 1. Schematic of a cylindrical shaped foodstuff heated by microwave. In a
uniform plane wave, the magnetic ﬁeld is always perpendicular to the electric ﬁeld.

ð3Þ

2.2. Assumptions

ð4aÞ

where r0 is the electrical conductivity, e is the dielectric constant,
and l is the magnetic permeability. If microwave incident rays
are propagating in the axial direction, then

Ez ¼ E/ ¼ 0
@Er @Er
¼
¼0
@r
@/

ð5aÞ
ð5bÞ

Therefore, for a uniform plane wave (Fig. 1), the simpliﬁed equation
for electric ﬁeld can be written as:
2

In this study, we considered a cylindrical shaped object (Fig. 1)
which is subjected to microwave heating. For simplicity, we assume
that microwaves are transverse electromagnetic or uniform plane
waves. Although a uniform plane wave cannot be formed in a real
system, the electric ﬁeld distribution obtained from this simpliﬁed
model can approximate the actual electric ﬁeld in the system [18].
The other assumptions used to simplify the problem are:
(i) Food system obeys linear material constitutive laws.
(ii) Electroneutrality condition is satisﬁed within the system.
(iii) The magnetic permeability lðxÞ can be approximated by its
value in free space.
(iv) Dielectric properties are temperature independent.
(v) Material properties such as thermal conductivity, speciﬁc
heat are temperature independent.
3. Analysis
3.1. Microwave radiation and power formulation
Maxwell’s equations can be simpliﬁed by using the assumptions
mentioned above and by applying following material constitutive
relations [18]

d Er
2

dz

þ v2 Er ¼ 0

ð6Þ

where v is the propagation constant, and it can be given as
v2 ¼ x2 l0 e0 ðj0 þ ij00 Þ. The propagation constant can also be expressed as v ¼ r þ ib, where the phase factor [9],

2p f
r¼
c

sﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
j0 ð 1 þ tan2 d þ 1Þ
2

ð7aÞ

and the attenuation factor [9],

2pf
b¼
c

sﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
j0 ð 1 þ tan2 d  1Þ
2

ð7bÞ

For cylindrical object (Fig. 1) with incident microwave radiations
from the top and bottom surfaces, the boundary conditions for uniform plane microwave propagating in z direction can be given as



Er;0 z¼0;L ¼ Er;1 z¼0;L


1 dEr;0 
1 dEr;1 
¼

l0 x dz z¼0 l1 x dz z¼0

ð8aÞ
ð8bÞ

where 0 and 1 indicates the free and food space, respectively. The
solution of the simpliﬁed Maxwell’s equation (Eq. (6)) is given by
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Er;l ¼ Al eivl z þ Bl eivl z

ð9Þ

where subscript l (l = 0: air; l = 1: food) represents the media
through which microwave propagates. Applying the boundary conditions (Eqs. (8a) and (8b)) in the general solution (Eq. (9)), the coefﬁcient of Al and Bl within the food system can be found as:

A1 ¼

T 01 E0
1 þ R01 eiv1 L

ð10aÞ

T 01 E0 eiv1 L
1 þ R01 eiv1 L

ð10bÞ

and

B1 ¼

where the transmission coefﬁcient,

T 01 ¼

2f1
f1 þ f0

ð11aÞ

f1  f0
f1 þ f0

ð11bÞ

and the intrinsic impedance, f ¼ lvx [18]. Since electric ﬁeld propagates along the axial direction only, the subscripts will be dropped
from now on, and the electric ﬁeld distribution in the food system
can be expressed as:

T 01 E0
E¼
ðeiv1 z þ eiv1 ðLzÞ Þ
1 þ R01 eiv1 L

ð12Þ

Once the electric ﬁeld distribution is known, the magnetic ﬁeld distribution can be evaluated eventually as they are related by,

dEr;l
¼ ill xHu;l
dz

ð13Þ

Applying Poynting power theorem, the power dissipated per unit
volume is given by:

Q ðzÞ ¼

T ¼ T i at t ¼ 0
T ¼ finite at r ¼ 0; t > 0
@T
k
¼ hðT  T 1 Þ at r ¼ r 0 ; t > 0
@r
@T
¼ hðT  T 1 Þ at z ¼ 0; t > 0
k
@z
@T
¼ hðT  T 1 Þ at z ¼ L; t > 0
k
@z

1
xe0 j00 jEj2
2

ð14Þ

Using Eq. (12), the volumetric power generation within the food
slab is obtained as:

1
Q ðzÞ ¼ xe0 j00 jE0 j2 jT 01 j2
2
e2bz þ e2bðLzÞ þ 2ebL cosð2rz  rLÞ

1 þ 2jR01 jebL cosðd01 þ rLÞ þ jR01 j2 e2bL

The absolute value of reﬂection coefﬁcient and transmission coefﬁcient can be expressed as a function of the dielectric properties as
[17]


ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1  pj
0  ij00


pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
jR01 j ¼ 
1 þ j0  ij00 




2
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
jT 01 j ¼ 
1 þ j0  ij00

ð16aÞ

at t ¼ 0

h ¼ hi

3.2. Heat equation and temperature distribution
The energy equation for a cylindrical shaped object (Fig. 1) under microwave heating can be simpliﬁed as

in 0 6 r < r 0 ; 0 < z < L

ð17Þ

where a is the thermal diffusivity, k is the thermal conductivity, and
T is the temperature. The expression of volumetric heat source Q(z)

ð18dÞ
ð18eÞ

ð19Þ

ð20aÞ

h ¼ finite at r ¼ 0; t > 0
@h
þ ch ¼ 0 at r ¼ r0 ; t > 0
@r
@h
þ ch ¼ 0 at z ¼ 0; t > 0

@z
@h
þ ch ¼ 0 at z ¼ L; t > 0
@z

ð20bÞ
ð20cÞ
ð20dÞ
ð20eÞ

where hi = Ti  T1 and c ¼ hk. The partial derivative with respect to r
can be eliminated from energy equation (19) by introducing Hankel
transform as [19]

hðkm ; z; tÞ ¼

Z

ro

Kðkm ; rÞhðr; z; tÞrdr

ð21Þ

0

The kernels K(km, r) are the normalized characteristic functions of
the following eigenvalue problem:
2

d R
dr

2

þr

dR
þ k2 r 2 R2 ¼ 0
dr

ð22Þ

R ¼ finite at r ¼ 0; t > 0

ð23aÞ

dR
þ cR ¼ 0 at r ¼ r 0 ; t > 0
dr

ð23bÞ

where k is the eigenvalue. For the above eigenvalue problem, the
characteristic function is J0(kmr), the normalization integral is
Rr
m rÞ
0 ðkﬃﬃﬃﬃﬃ
Nm ¼ 0 o rJ 20 ðkm rÞdr, and the kernel is Kðkm ; rÞ ¼ Jp
. The eigenNm
values (km) are the positive roots of

ð24Þ

The transformation of energy equation (19) with respect to r,
through the use of Eq. (21) yields

k2m h þ

@ 2 T 1 @T @ 2 T Q ðzÞ 1 @T
þ
¼
þ
þ
@r 2 r @r @z2
k
a @t

in 0 6 r < r 0 ; 0 < z < L

km J 1 ðkm ro Þ þ cJ0 ðkm r o Þ ¼ 0
ð16bÞ

ð18cÞ

where h(r, z, t) = T  T1. Therefore, the initial and boundary conditions for this modiﬁed governing equation are reduced to the
following:

r2

ð15Þ

ð18aÞ
ð18bÞ

An analytic expression for temperature distribution can be obtained
from the above second order, nonhomogenous partial differential
equation using integral transform technique. To apply integral
transform technique, the governing equation is simpliﬁed to

@ 2 h 1 @h @ 2 h Q ðzÞ 1 @h
þ
¼
þ
þ
@r 2 r @r @z2
k
a @t

the reﬂection coefﬁcient,

R01 ¼

is presented in Eq. (15). For our problem, the initial and boundary
conditions for energy equation are:

@ 2 h Q ðzÞ 1 @ h
¼
þ
@z2
k
a @t

ð25Þ

 ðzÞ ¼ Q ðzÞ ro J ðkm r o Þ. Our next goal is to remove the partial
where Q
km 1
derivate with respect to z from the transformed energy equation
(25) by introducing Fourier transform [19] as

hðk ; g ; tÞ ¼
m
n

Z
0

L

Kðgn ; zÞhðkm ; z; tÞdz

ð26Þ

Here the kernels K(gn, z) are the normalized characteristic functions
of the following eigenvalue problem:
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2

d Z
2

dz

þ g2 Z 2 ¼ 0

ð27Þ

Table 1
Dielectric properties of beef cylinder at different frequencies.
Properties/frequency (MHz)

dZ

þ cZ ¼ 0 at z ¼ 0; t > 0
dz
dZ
þ cZ ¼ 0 at z ¼ L; t > 0
dz

ð28aÞ
ð28bÞ

where g is the eigenvalue. For z-directional
eigenvalue problem, the
pﬃﬃ
gn zþc sinﬃgn zÞ
n cos
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
kernel can be found as Kðgn ; zÞ ¼ 2ðgp
. The eigenvalues
2
2
Lðgn þc Þþ2c
gn are the positive roots of

tanðgn LÞ ¼

2cgn
g2n  c2

dh
aðk2m þ g2n Þh þ U ¼
dt

ð30Þ

where

aQ ðgn Þ
k

¼

aro
kkm

J 1 ðkm r o Þ

Z

L
0

Q ðzÞðgn cos gn z þ c sin gn zÞdz

ð31Þ

The second transformation gives us an ordinary differential equation (Eq. (30)), and it can be solved readily as

hðk ; g ; tÞ ¼
m
n

Dielectric constant, j [9]
Dielectric loss, j00 [9]
Transmission coefﬁcient, |T01|
Reﬂection coefﬁcient, |R01|
Phase angle, d01 (rad)
Phase factor, r (rad/m)
Attenuation factor, b (rad/m)

2800

2450

915

300

33.6
12.60
0.2867
0.7181
3.08
345.66
62.69

30.5
9.6
0.301
0.7026
3.09
288
44.2

35.4
16.0
0.2773
0.7291
3.07
116.76
25.16

38
47
0.2302
0.7926
3.03
44.08
21.04

ð29Þ

Now the transformation of Eq. (25) with respect to z, through the
use of Fourier transform (Eq. (26)), yields

U¼

0

U

aðk2m þ g2n Þ

þ hi 

U

Table 2
Thermal properties and input parameters for analytic calculations.
Parameters

Values

Heat transfer coefﬁcient, h (W/m2)
Speciﬁc heat capacity, cp (J/kg K)
Thermal conductivity, k (W/m K)
Density, q (kg/m3)
Initial temperature, Ti (°C)
Surrounding temperature, T1 (°C)
Length of beef cylinder (cm)
Incidence microwave energy ﬂux, IT = IB (W/cm2)
Radius of beef cylinder, ro (cm)

1.5, 10, 25, 50
3200
0.466
1030
25
25
1.25, 2.50, 3.75, 5.0
3.00
0.5, 1.0

!

aðk2m þ g2n Þ

2

2

eaðkm þgn Þt

ð32Þ

where



h ¼ hi r o J ðk r Þ sin g L  c cos g L þ c
m o
i
n
n
gn
gn
km 1

ð33Þ

Our next goal is to apply appropriate inversion techniques to obtain
an analytic expression for temperature. First, the inverse Fourier
P

transform 
hðkm ; z; tÞ ¼ 1
n¼1 Kðgn ; zÞhðkm ; gn ; tÞ is used to obtain
transformed temperature as

hðkm ; z; tÞ ¼

1
X
2ðgn cos gn z þ c sin gn zÞ 
hðkm ; gn ; tÞ
Lðg2n þ c2 Þ þ 2c
n¼1

ð34Þ

P

Next the inverse Hankel transform hðr; z; tÞ ¼ 1
m¼1 Kðkm ; rÞhðkm ; z; tÞ
is applied to ﬁnd an expression for temperature as

hðr; z; tÞ ¼ Tðr; z; tÞ  T 1
1 X
1
X
k2m J 0 ðkm rÞðgn cos gn z þ c sin gn zÞ 
¼
4
hðkm ; gn ; tÞ
2 2
½r 0 J 0 ðkm r0 Þðc2 þ k2m Þ½Lðg2n þ c2 Þ þ 2c
m¼1 n¼1
ð35Þ
4. Results and discussion
Analytic expressions for electric ﬁeld, power absorption, and
temperature are obtained for microwave heating of cylindrical
shaped food objects subjected to convective boundary conditions
at all surfaces. For simplicity, we considered the transverse electromagnetic wave which propagates in the direction of incident
microwave. In this study, beef is considered as the food material,
though this technique can be used for any type of materials as long
as the dielectric constant remains constant in the system. The
dielectric properties of beef are presented in Table 1, while other
properties and input parameters related to microwave heating is
presented in Table 2. The incidence microwave energy ﬂux
(I ¼ 12 ce0 E20 ) was kept constant at 3 W/cm2; this value corresponds
to a 1.2 kW household microwave. For brevity, the radius of food

Fig. 2. (a) Electric ﬁeld and (b) absorbed power distribution along the centerline of
a cylindrical foodstuff for f = 2450 MHz.
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item is kept constant at 0.5 and 1.0 cm, while the length of the cylinder is varied from case to case to elucidate the effect of microwave energy in temperature distribution with time.
The electric ﬁeld distribution along the axial direction (z) is
shown in Fig. 2(a) for four different cases based on the length of
the cylinder. For convenience in comparison, a normalized axial
variable (n = x/L) is used in this study. Results show that the length
of the food cylinder has a signiﬁcant effect on the electric ﬁeld distribution. For smaller cylinder the maximum electric ﬁeld strength
is generally found at the middle of the cylinder, while for longer
cylinder the maximum ﬁeld strength occurs at the both ends of
the cylinder. The existence of local maxima is a result of resonance
due to the interaction of transmission and reﬂection waves. The
other parameters that might affect the electric ﬁeld distribution
are dielectric properties and the frequency of the incident radiation, and these effects will be discussed later.
The heat generated by the microwave closely follows the electric ﬁeld distribution in the system as shown in Fig. 2b. Since we
used a uniform plane wave, there is no variation in electric ﬁeld
or volumetric heat generation in the radial (r) or azimuthal (/)
direction. The analytical expression of power distribution (Eq.
(15)) provides the functional relationship among power, length,
frequency and dielectric properties. Therefore, the information of

local maxima or minima of absorbed (microwave) power can be
found based on those parameters before designing an object for
microwave processing. The exact location of maxima is especially
important for microwave treatment of biological tissue [20] and
cancer cells [21]. Ayappa et al. [10] also reported similar observation in their experimental and numerical work.
The microwave power absorption (generation) within the system is used as a heat source in the energy equation. Hence, the
power distribution (Fig. 2b) primarily dictates the microwave heating and the resultant temperature distribution. Fig. 3 shows the
two dimensional temperature distributions for different length cylinders at 120 s. In all cases, the temperature is the highest along
the centerline of the cylinder. Among all cases, the two dimensionality of the temperature distribution is more vivid for L = 3.75 cm
especially at the both ends due to the presence of resonance peaks
(maxima) in power absorption and thermal convection. The analytic expression also indicates that the temperature distribution
in the radial direction will change signiﬁcantly with convective
heat transfer coefﬁcient. The effect of convective heat transfer coefﬁcient on the temperature distribution will be discussed later.
Fig. 3 also shows that the temperature distribution will be more
like 1D (except very close to the top or bottom surface) as the
channel length decreases. However, it is very interesting to note

Fig. 3. Two dimensional temperature contour for 120 s microwave heating of a 1 cm diameter beef cylinder of length (a) L = 1.25 cm, (b) L = 2.50 cm, (c) L = 3.75 cm, and (d)
L = 5.0 cm. Here h = 10 W/m2 K and f = 2450 MHz.
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that there is no clear trend on axial temperature distribution in the
system as the length of the cylinder changes. In conventional
(oven) heating system, for the same input power, initial temperature, and convective heat transfer coefﬁcient, one would expect
to have the highest temperature rise for the shortest cylinder
(L = 1.25 cm) and the lowest temperature increase in the longest
one (L = 5 cm). But for microwave heating the maximum temperature occurred for 2.5 cm long foodstuff due to the generation of
strongest power peaks (Fig. 2b). The non-uniformity in the temperature distribution (Fig. 3) indicates that in microwave heating process the heat generation rate is much faster than the heat
conduction rate due to the low thermal conductivity of the food
item. This means that the time scale for generation is shorter than
that of thermal transport.
The effect of cylinder radius on temperature distribution is also
studied by keeping other parameters (frequencies, dielectric properties, heat transfer coefﬁcient) same. The temperature contour in
a 2 cm diameter beef rod is illustrated in Fig. 4 for 120 s of microwave heating. Like Fig. 3, four different cases are considered based
on the length of the cylinder. Although the temperature value is little higher for 2 cm diameter cylinders, the overall trend in temperature distribution is same as 1 cm diameter cylinder. Hence, for the
rest of the paper, the diameter of the cylinder is kept constant at
1 cm.
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We also investigated the temperature increase with time. Fig. 5
presents the temperature distribution along the centerline of the
cylinder. Results show that the temperature increases monotonically with time, and this behavior is consistent with experimental
observation. One can infer that the axial variation of temperature
is governed by the nature of microwave power absorption (Fig. 2b)
as discussed before. For shorter cylinder length, the temperature is
highest at the core and lowest on the edge. However, this trend reverses as the length of the cylinder increases. For instance, the
core region is quite cold compare to the edge (Fig. 5d). With the
increasing time, the difference between the minimum and maximum temperature also increases (Fig. 6a). The temperature distribution in different length cylinders indicates that there might be
an optimum length for a given dielectric material and frequency
where the thermodynamic efﬁciency of the heating system is
highest. This optimum length can be estimated from the number
of resonances occurred during the microwave propagation.
Ayappa et al. [10] demonstrated that the number of resonances
in microwave power distribution within a sample can be
expressed as, n = 2L/1s, where L is the length of the sample and
1s is the wavelength of electromagnetic wave. Therefore the
optimum length for a beef cylinder heated at 2450 MHz frequency
will be 2.19 cm (n  2) where the average output power (heat generation) and efﬁciency become maximum (Fig. 6b). The heating

Fig. 4. Two dimensional temperature contour for 120 s microwave heating of a 2 cm diameter beef cylinder of length (a) L = 1.25 cm, (b) L = 2.50 cm, (c) L = 3.75 cm, and (d)
L = 5.0 cm. Here h = 10 W/m2 K and f = 2450 MHz.
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Fig. 5. The temperature distribution at different times along the centerline of a beef cylinder. (a) L = 1.25 cm, (b) L = 2.50 cm, (c) L = 3.75 cm, and (d) L = 5.0 cm. Here h = 10 W/
m2 K and f = 2450 MHz.

efﬁciency becomes ﬂat once the number of resonance is six or
higher. In that case the temperature is very high at two ends,
but almost no temperature increase in the central region of the
foodstuff (Fig. 5d). From food safety point of view, this type of
heating is unacceptable.
It is interesting to note that the heating efﬁciencies cannot be
used as the only variable in food design for microwave heating.
One has to particularly consider the temperature uniformity within
the foodstuff in addition to the energy efﬁciency. The temperature
uniformity can be evaluated by thermal range which is the difference between maximum and minimum temperature in the system.
Fig. 6a shows that the thermal range is extreme for 2.5 cm long cylinder. At 120 s the thermal range in a food cylinder of length
1.25 cm, 2.50 cm, 3.75 cm and 5.00 cm are 15 °C, 31.25 °C, 13.5 °C
and 27.61 °C, respectively. The higher temperature difference indicates uneven temperature within the sample. This particular trend
can be explained from the difference in maximum and minimum
power absorption within a sample as presented in Fig. 6b. This ﬁgure suggest that a more uniform temperature distribution can be
obtained for n < 1.
We also investigated the effect of heat transfer coefﬁcient on
microwave heating for a speciﬁc length, diameter, heating time
and dielectric properties. The centerline temperature distribution
within a 3.75 cm long cylinder is shown in Fig. 7 for different heat

transfer coefﬁcients. This ﬁgure indicates that overall temperature
as well as the difference between maximum and minimum temperature decrease as the convective heat transfer coefﬁcient increases. At higher heat transfer coefﬁcient the temperature
distribution becomes 1D as the heat transfer rate is directly proportional to the heat transfer coefﬁcient. Moreover, the temperature distribution becomes more uniform with increasing heat
transfer coefﬁcient, though the heating efﬁciency decreases significantly. It is interesting to note that the thermal range within the
foodstuff decreases as the heat transfer coefﬁcient increases. This
means that the heat transfer coefﬁcient of surroundings is also very
important for heating uniformity in addition to the thermal properties of the foodstuff. Therefore, the heat transfer coefﬁcient needs
to be integrated with other factors such as geometry, dielectric
properties to minimize the uneven temperature distribution.
Finally we studied the effect of incident frequency on temperature. The temperature distribution along the centerline of a 2.5 cm
long cylinder is shown in Fig. 8 for varying microwave frequency
and dielectric properties. The dielectric properties used for this
case are shown in Table 1. We speciﬁcally choose 2.5 cm long cylinder as it experiences the most non-uniform heating (Fig. 6a)
along the axial direction at regular (household microwave oven)
microwave frequency of 2450 MHz due to the formation of
two resonance peaks (Fig. 2b) in absorbed power distribution.
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provides the most uniform temperature distribution. This ﬁgure infers that for speciﬁc sample geometry and thermal property, the
uniformity in microwave heating can be obtained by controlling
the microwave frequency as well as dielectric properties. It is
important to note that the degree of non-uniformity in temperature is not linearly related with the number of resonance. Usually,
occurrence of two resonances provides the greater non-uniformity
in the heating process.
5. Summary and conclusions
A closed-form analytic solution is obtained for temperature distribution in food cylinder under microwave heating. The microwave power absorption is computed from Maxwell’s equations,
and used as a source term in a 3D, unsteady, heat equation. The
nonhomogenous heat equation is solved using separation of variables and integral transform techniques. The temperature distributions within the body are presented as a function of cylinder
length, radius, heat transfer coefﬁcient, and microwave frequency.
This study results in following conclusions.

Fig. 6. (a) Variation of thermal range with time for different length cylinders. (b)
Heating efﬁciency and power absorption in a beef cylinder as a function of cylinder
length. Here h = 10 W/m2 K and f = 2450 MHz.

However, the number of resonance decreases with increase in
wavelength for a particular length. That means at lower frequency
(higher wavelength) the number of resonance should be less than
1. As shown in Fig. 8, at frequency of 300 MHz, the beef cylinder

 The temperature distribution in food cylinders reveals that a
slight change in length could cause a signiﬁcant change in temperature variation within the sample. On the other hand, for a
uniform plane wave, the change in the radius has very minor
effect on temperature distribution.
 During the microwave heating process, the heat generation rate
is much faster than the heat conduction rate.
 The effects of microwave frequency and dielectric constants are
very important in obtaining uniform temperature distribution
within a sample.
 The core heating or edge heating can be decided by the length of
the foodstuff in addition to the dielectric properties and microwave frequency.
 The microwave power absorption and temperature variation
within the material are directly related if the heat transfer coefﬁcient is relatively low.
 It is possible to obtain a radially uniform temperature distribution within the foodstuff if the convective heat transfer coefﬁcient is relatively high.
 The heating efﬁciency is highest when the sample length and
microwave frequency allow two resonances in electric ﬁeld or
absorbed power distribution.

Fig. 7. Effect of heat transfer coefﬁcient on temperature contour for 120 s of microwave heating at 2450 MHz frequency. (a) h = 1.5 W/m2 K, (b) h = 10 W/m2 K, (c) h = 25 W/
m2 K, and (d) h = 50 W/m2 K.
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Fig. 8. The centerline temperature distribution within a 2.5 cm long beef cylinder for different microwave frequencies. (a) t = 30 s, (b) t = 60 s, (c) t = 90 s, and (d) t = 120 s.
Here the heat transfer coefﬁcient, h = 10 W/m2 K.
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